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Abstract

We propose a semantics for disjunctive logic programs, based on the single
notion of forcing. We show that the semantics properly extends, in a natural way,
previous approaches. A fixpoint characterization is also provided. We also take a
closer look at the relationship between disjunctive logic programs and disjunctive-
free logic programs. We present certain criteria under which a disjunctive program
is semantically equivalent with its disjunctive-free (shifted) version.

1 Introduction

Disjunctive logic programs are a generalization of logic programs (i.e. Prolog) where
disjunctions are allowed in the heads of the rules and negation may occur in the bodies
of those rules. Allowing disjunctions in the head, permits a natural specification style
in cases where a choice must be made, as in the following example.

Consider a situation where a person is either healthy or sick. We know that, if she is
sick, she suffers from either a cold or bronchitis. Moreover, she should go to work
unless she has bronchitis.

The knowledge above can be succinctly represented by the following disjunctive logic
program .

healthy V sick —
cold V  bronchitis <+ sick
work < —bronchitis

Intuitively, there are three possibilities:

1. The person is healthy, which means that she is not sick. So we can conclude that
she has neither a cold nor a bronchitis and she can go to work.

*Wishes to thank the FWO for its support.



2. The person is sick and by that not healthy but she suffers from a cold and not
bronchitis. So she can go to work.

3. The person is sick, not healthy, and has a bronchitis instead of a cold. Hence she
has to stay home from work.

The total semantics of the example disjunctive logic program is given by the following
three total models, each corresponding to one of the above situations.

My = {healthy,—sick,—cold, —bronchitis, work}
M, {—healthy, sick, cold, —~bronchitis, work}
Ms = {-healthy, sick,—cold, bronchitis, ~work}

One should note that the usual way of representing disjunction in ordinary logic pro-
grams, using negation, does not always work. This can be seen from the, admittedly
contrived, example program.

Example 1

aVb <+
b «~ a
a «~ b

Representing the disjunction in the first rule by two disjunction-free rules b «+ —a and
a + —b does not work as this does not yield any total stable model while the disjunc-
tive version has the natural total stable model [LRS97] {a, b}.

Much research has been done to extend semantics for normal logic programs to dis-
junctive logic programs and some specific new approaches have been proposed as
well [BG94]. One widely acknowledged semantics is the extension to disjunctive
logic programs of the stable model semantics of [GL88]. According to this semantics
[Prz91, LRS97] a disjunctive logic program may have several alternative models (but
possibly none), each corresponding to a possible view of reality, where every propo-
sition is either true or false. This is also the semantics used in the first example. In
[LRS97], stable models are expressed using unfounded sets.

Another common semantics for disjunctive logic programs is the three-valued stable
semantics introduced by [Prz91]. With three-valued stable models, it is possible for
some propositions to remain unknown, i.e. they are neither true nor false. In [ELS97]
a characterization of these three-valued stable models is given in terms of unfounded
sets, which are different from the unfounded sets in [LRS97]. Also the well-founded
semantics for normal logic programs has been extended to disjunctive logic programs,
albeit in different ways: [BLM89] uses a generalization of the closed world assump-
tion while [Ros89] allows disjunctions of literals in the interpretation. Both approaches
embody the idea that the well-founded model contains those literals, possibly in a dis-
junction (JRos89]), which are true or false in every minimal model of the program.



A different approach, called “possible model semantics”, was developed in [Sak89]
and extended in [S194]. It supports treating disjunction as either inclusive or exclusive,
depending on the problem at hand. Unlike other semantics, the possible-model seman-
tics is able to detect whether a disjunction should be considered inclusive or exclusive.
So this semantics can treat two different disjunctions in the same program totally dif-
ferent, where the other semantics are fixed to either inclusive or exclusive.

The general principle of the possible model semantics is to transform a program in
several disjunctive-free programs and calculate their minimal models. Afterwards one
keeps those atoms to be true that are present in every possible model. [Cha93] proposes
a “possible world semantics” which turns out to be equivalent to the possible model se-
mantics. Another interesting semantics for disjunctive logic programs is the regular
extension semantics [YYG98]. Regular extensions are based on maximal alternating
fixpoints of the Fp-operator. Given a set of “semi-negative atoms”*, Fp computes all
the atoms that are not derivable from the program using the semi-negative informa-
tion. Then, it returns those derived atoms in semi-negative form. For the derivation,
[YYG98] uses the rules from first-order logic augmented with a rule of Assumption
Commitment (RAC): given not_a and a V b one can derive b. This allows them to
derive disjunctions as exclusive as possible. A set S of semi-negative information is an
alternating fixpoint if 72(S) = S.

In this paper, we develop a new model based semantics for disjunctive logic programs,
based on a single natural notion of “forcing”. Intuitively, a set A of atoms is forced
by interpretation I if I must (be made to) contain part of A in order to be(come) de-
ductively closed. Put in another way, I forces those sets of atoms containing some
elements that have a good reason to be considered true.

The main results of this paper are summarized as follows :

e Using the notion of forcing, it is natural to consider those sets that are not
forced by an interpretation nor by any of its extensions (such sets are “nega-
tively forced”). It turns out that these sets can be characterized by a property
that strongly resembles the notion of unfounded set from [LRS97]. In fact, the
property coincides with the version in [LRS97] in all but so-called “unnatural”
programs, and it appears from examples that our notion is more natural for such
programs.

o We call those sets that are not forced by an interpretation assumption sets. It turns
out that interpretations are “self-enforcing” iff they are free of assumptions. It
can be shown that assumption sets are equivalent to a similar notion defined in
[LVZ91] for disjunctive-free programs.

e Based on the above, we define a forced model as an assumption-free set of atoms
M that does not force its complement, i.e. a maximal self-enforcing positive in-
terpretation. We show that such sets are indeed models, i.e. deductively closed;
and we provide a fixpoint characterization. It turns out that total forced models
are exactly the set of stable models of [LRS97]. For disjunctive-free programs,

1[YYG98] do not use classical negation, instead they replace negative literals —p by atoms not_p.



forced models recover most other proposed semantics, from well-founded to par-
tial stable semantics.

e Finally we will see that a weaker form of forcing can be used to detect which
disjunctive logic programs can be converted with the shift-operator of [LRS97]
to equivalent disjunctive-free programs, thus shedding more light on the power
of disjunctive rules.

The rest of this paper is organized as follows. In Section 2, we give a short introduc-
tion to disjunctive logic programs. Forcing is introduced in Section 3. In Section 4, we
investigate the relationship between unfounded sets and forcing. Section 5 is dedicated
to the extension of the notion of assumption sets to disjunctive logic programs. Section
6 presents forced models for disjunctive logic programs. Several equivalent charac-
terizations, e.g. based on fixpoints, are given. Section 7 relates our work with other
approaches. We investigate the relationship between stable and forced models, forced
models for disjunctive-free programs, and the relationship between logic programs and
disjunctive-free programs generated with the shift-operator.

2 Préiminaries

The terms of our language are inductively defined. A variable or a constant is a
term. A function symbol using terms as arguments is a term. An atom is a formula
a(ty,...,t,), where a is a predicate symbol and the arguments ¢, . . ., ¢, are terms. A
literal is either an atom p or a negated atom —p. The literals p and —p are each other’s
complement.

Where [ is any literal, we denote its complement by —/. This notation is extended to
sets so that for a set X of literals, =X denotes {-l | { € X}.

Definition 1 A digunctive logic program [Prz91, RM95, LRS97] is a set of rules of
the form H « B where H, the head of the rule, is a finite nonempty set of atoms? and
B, the body of the rule, is a finite set of literals.

Aterm, an atom, a literal, a rule or a program is called ground if no variables appear
in it.

For a program P we use Up to denote its Herbrand universe i.e. the set of ground
terms that use the function symbols and the constants appearing in P. For a program
P we use Bp to denote its Herbrand base, i.e. the set of all possible ground atoms that
can be constructed from the predicates used in P and the terms occurring in Up.

A ground instance of a rule r is obtained from r by replacing every variable by a term
from Up. The grounded version of P, denoted ground(P), is the program obtained by
replacing every rule by all its ground instances.

2Note that we hereby exclude constraints, i.e. rules with empty head.



If r is a rule in a disjunctive logic program P, we will use H,. to denote its head and
B, to denote its body.

Since the order of the atoms or literals in the head or body of (the usual definition of) a
rule does not influence the semantics, we simply define them as sets.

Intuitively, the head of the rule should be interpreted as a disjunction while the body
should be read as a conjunction. We will use the usual notation where a V b < ¢,d
stands for {a, b} < {c¢,d} when considering concrete programs.

A grounded set X of literals is consistent if X N =X = 0.

For any grounded set of literals X and a disjunctive logic program P, we will use X

to denote the complement of X w.rt. BpU-Bp, i.e. X = (BpU-Bp)\ X. The
positive complement of X, denoted X is defined by X = Bp \ X. Suppose a program
P such that Bp = {a, b}, then the positive complement of {—a} equals {a, b} while
its complement is {a, b, —b}.

From now on we will always work with the grounded version, ground(P), of a pro-
gram P (note that ground(P) may be infinite). This will have no effect on any of the
definitions or properties presented in this paper.

Definition 2 Let P be a disjunctive logic program . A (partial) interpretation of P is
any consistent subset of Bp U —Bp. The set of all interpretations of P is denoted by
Ip.

For a partial interpretation I of P, we use I+ to denote its positive part,i.e. It = I N Bp.
Similarly, we use I~ to denote the negative partof I, i.e. I~ = =(I N —=Bp) (note that
I~ C Bp). The undefined part I° of P is definedas I° = Bp \ (It U 7).

An interpretation I is total iff IT U T~ = Bp.
The following is a simple local restriction on disjunctive logic programs.

Definition 3 Let P be a disjunctive logic program . Arule r € P is called natural if
=B, U H, is consistent. P is natural iff all the rules in P are natural.

The natural version P, 3 of a disjunctive logic program P is obtained by removing
unnatural rules from P, i.e.

P. =P\ {r € P|-B,U H, is inconsistent}
Atoms in Bp \ Bp, are called doomed since they appear only in unnatural rules.
Thus, in a natural program we forbid rules such as a < a and b < a, —a. Thisis nota

serious restriction since, as we shall see?, such rules cannot contribute to a model under
any intuitive notion of semantics.

3The notion P, stand for consistent version of P, the historical name for natural version. We had to
change it because [Sak89, S194] introduced also a consistent program.
4See e.g. Proposition 22.



One reasonable demand on a model is that it is deductively closed, i.e. all applicable
rules are applied. This is formalized in the following definition.

Definition 4 Let P be a disjunctive logic program . An interpretation I satisfies®a rule
r € Piff (H.N1I) # (§ whenever B, C I. An interpretation I is deductively closed iff
it satisfies all the rules in P.

In the following example, the interpretation I = {a, b} is not deductively closed.

Vd b

> o
TTT

Note that I can be extended to a deductively closed interpretation by simply adding ¢
or d to the interpretation I.

3 Forcing

In this section, we introduce the main notion of this paper, namely forcing. The choice
for the term “forcing” is inspired by a similar notion (with the same name) from clas-
sical model theory [Kei91], that was originally proposed by Robinson [Rob70].

Definition 5 Let P be a disjunctive logic program and let I be an interpretation of P.
We say that I forces a set of atoms A C Bp, denoted I I-p A iff there exists a rule
r € Psuchthat H.NA#0, B.CI, B.NnA=0and (H,\A)NI=4.

For A C Bp, we havethat I negativelyforces A, denoted as I Ip — A iff no extension
of I forces A, i.e.
VJeEIp-JODI= JKp A

Intuitively, a set of atoms A is forced by an interpretation I if a part of A mustbe in I
(or be added to it) in order for I to be deductively closed. This obligation stems from
the simplest of reasoning mechanism, namely (disciplined) rule application ("modus
ponens”). Moreover, for A to be genuinely forced by a rule =, » must be applicable
(B, C I)and have a literal from A as consequence (H, N A # (). To avoid circular
inferences, the applicability of » may not rely on the presence of (part of) A (B, NA =
(). Moreover, rule application must be parsimonious i.e. » may not have been applied
already for a consequence outside of A ((H, \ A) NI = {).

The definition of "negatively forcing” closely follows the original one in [Kei91] (where
interpretations play the role of “conditions” in [Kei91]).
Intuitively, a set A is negatively forced if there is no need to adopt any element of A

5Note that this notion of rule satisfaction differs from the three-valued one (see Definition 12).



in I in order for I to be(come) deductively closed. Moreover, even if I were to be
extended (e.g. by adding elements from forced sets), A would still be "superfluous” in
the above sense.

Roughly then, a set A is negatively forced, if there is no good reason (and nor will
there be) to adopt any of its elements. This strongly resembles® the intuition behind
“unfounded set” and the connection between the two notions will be investigated in
Sect. 4. Consistent with the notation, we will often say that “I forces —=A” when
IFp —A.

Example2 Consider the following disjunctive logic program P:

a V b < ¢ —d
c + e
d V e +

and consider the following interpretation I:
I= {Ca a, _'d7 6}
Then , I forces the following sets:

I'lkp {a}’ {e}’ {a, b}a {aa e}, {aa d}, {d, e}, {ea b}a {ea C}a
{a,b,e},{a,d, e}, {b,d,e},{c,d,e},{b,c,e},{a,b,c,e},
{a7 b7 d7 e}’ {a7 c7 d7 e}’ {b7 CJ d7 e}’ {a7 b7 C’ d’ e}'

Note that I is already deductively closed, and that each set A that is forced by I has
a non-empty intersection with 7: 7N A # . In Proposition 2 will prove that this is
generally true.

Still, intuitively, I is not a good model, e.g. because it contains atoms, such as ¢, that
can be dropped without loosing the deductively closed property of I.

I negatively forces the following sets:

{b}7 {0}7 {d}7 {b7 c}7 {b7 d}7 {b7 C7 d}7 {a7 c}? {a7 b7 C}, {a7 c7 d}7 {a7 b7 C, d}
Hence, I contains quite a few unjustified atoms. In fact, only {e} is justified in that it
is forced and does not contain any negatively forced atoms.

Note that a set may be forced without any of its elements being forced as in the follo-
wing example.

Example 3 Consider the program P containing the single rule
aVvVbVc+

If I ={b,c}then Ilkp {a,b,c}while I ¥p zforany z € {a,b,c}.

6However, negatively forced sets are not identical to (traditionally) unfounded sets ([LRS97]). In fact,
we believe the notion of negatively forcing to be more fundamental: in order to define "what cannot possibly
be true”, one naturally first defines “what must be true”, as in [Kei91].




Conversely, if an atom (singleton) is forced, it may be that a set containing this atom is
not forced.

Example4 Let P = {b < a} with I = {a}. Here I I-p bwhile I ¥p {a,b}.

Note that I ¥p A should be understood as “no part of A can be motivated by I”. This
is further discussed in section 5.

As for forcing a set of negative literals, the definition is a formalization of the “negation
as failure” principle where a literal is presumed false if there is no hope of proving it
true. Here we use (interpretation) extension instead of proof and sets instead of single
literals. The latter reflects the possibility of choice which is built into disjunctive logic
programs, as is illustrated in example 3.

We note that it is impossible to force the empty set.

Proposition 1 Let P be a disjunctive logic program and let I be an interpretation.
Then I ¥p 0.

Proof: The first condition in Definition 5 cannot be satisfied. O

The next proposition shows that, as forcing reveals those atoms that need to be added
to an interpretation in order to make it deductively closed and the ones that are re-
sponsible for making it already partially deductively closed, deductively closed inter-
pretations can only force those sets that already contain at least one element from the
interpretation.

Proposition 2 Let P be a disjunctive logic program and let I be a deductively closed
interpretation. Then,

VS CBpsuchthatIlkp S-SNT#0

Proof: We proceed by contradiction. Suppose that there exists a set S C Bp such that
Ilkp Sand SN I =@. According to Definition 5, there exists a rule » € P such that:

1. H.NnS # 0, and
2. B, C 1,and
3. B,NnS =40,and
4. (H\S)NI=90
Condition (4) together with SN I = @ yields H,. NI = (. This is in contradiction with

I being deductively closed as B, C I.
Thus we can conclude that for all sets S forced by I holds that S N T # 0. |



Definition 6 Let P be a disjunctive logic program and let M be a positive interpre-
tation. We use M~ to denote the union of all sets that are negatively forced by M,
i.e.

M " =U{X|MIp-X}

The closure of M, denoted M *, is defined by

M*=MU-M"

Note that M * does not need to be consistent, as can be seen from the following exam-
ple.

Example5 Let P contain
a V b
b

TT

a

<

andlet M = {a,b}. Itiseasy toverify that M~ = {a} and thus M* is not consistent.

Also, M ™ may not itself be negatively forced.

Example6 Let P consist of the single rule a VV b + and consider I = {a,b}. Then
M~ = {a,b} but M I+p {a,b}.

4 Unfounded Setsvs. Forcing

The intuition of forcing negative literals strongly resembles the intuition underlying so-
called unfounded sets as defined in [GRS88] for disjunctive-free logic programs and in
[LRS97, ELS97] for disjunctive logic programs. In this section we will investigate and
formalize this connection.

We will use a slightly more general definition than the one defined in [LRS97].

Definition 7 Let P be a disjunctive logic program and let I be an interpretation for
P. Aset X C Bp is called an unfounded set of P w.r.t. I, denoted as X € Up(I) iff
for each p € X andfor each r € P suchthat p € H, one of the following conditions
holds:

1. B, U I isinconsistent, or
2. B,NnX #0,0r
3. (HA\X)N(IUB,)#0



For any interpretation I we define’” UUSp(I) = Uxeu,nX. I is called unfounded-
freeiff INUUSE(I) = (. The set of all unfounded-free interpretations is denoted
Ty,

The differences between Definition 7 and the definition used in [LRS97]are:

e Instead of requiring B, N —I # () ([LRS97]), we demand that B, U I be in-
consistent. This subsumes B, N —I # (} and also covers rules like a < b, —b
which could never be used to introduce a, and should therefore not prevent a
from belonging to an unfounded set.

e The original condition (H,\X)NI# @ (“r has already been used”) is re-
placed by the more general condition (H, \ X)N (I U B,) # § which has a
similar intuition (observe that B, C I will be needed to apply r). This change
acknowledges that a rule such as a v ¢ « b, c is useless since, if it were applica-
ble, it could not be used to introduce new atoms. In particular, it cannot be used
to prove a and therefore should not prevent a from belonging to an unfounded
set. It should be noted that our condition is less general than the corresponding
one in [ELS97]. Essentially, [ELS97] allows unfounded atoms to be deduced
from unknown antecedents, which is not the case, in general, in our notion.

The following example illustrates the difference between the notion from [LRS97] and
Definition 7:

Example 7 Consider the program P:

c « a, —a
a < a

According to [LRS97], I = () has no nonempty unfounded sets, i.e. Up(I) = {0}
while, following Definition 7, we obtain that {c} € Up(I).

This example clearly indicates that our notion of unfounded sets, which we will show
to be equivalent to “negatively forced” set, see Corollary 5, is more natural than the
original one. Indeed, no extension of I can ever force ¢, so there is no way to “ever”
conclude ¢ and thus, according to the intuition of "minimal undefinedness” [YY95], ¢
should be in Up(I).

The relationship between unfounded sets and negatively forced sets is clarified by the
following propositions.

Proposition 3 Let P be a disjunctive logic program and let X € Up(I), for some
interpretation I. Then I ¥p X.

"Note that the union of all unfounded sets UUS p(I) may not be unfounded, i.e. it may be that
UUSp(T) ¢ Up(T). We have opted for the notation of UUS p(TI) instead of the notation GUUS which
is used in normal logic programs, since we cannot guarantee that the union of all unfounded sets is also an
unfounded set, as is the case for normal logic programs.

10



Proof: This is a straightforward consequence of Definition 5. m|

Proposition 4 Let P be a disjunctive logic program, I an interpretation of P, and let
A C Bp besuchthat I ¥p A. Then either

o AeUp(I),or
e dJeZp-JDI N JIkp A

Proof: See appendix on page 36. O

Thus if T ¥p A, i.e. nopart of A is motivated by I, then either A is unfounded or A
can be forced by some extension of I. This allows us to strengthen Proposition 3.

Corollary 5 Let P be a disjunctive logic program and let I be an interpretation. Then
X eUp(I)iffIlFp —X.

Proof: Straightforward from Corollary 3 and Proposition 4. m|

Thus unfounded sets are exactly those sets that cannot be added to any extension of 1.
Note that the proof of the above corollary, which formalizes this well-known intuition,
relies on the modified Definition 7 of unfounded sets.

Corollary 6 Let P be a disjunctive logic program and let M be a positive interpreta-
tion. Then M* is consistent iff M is unfounded-free.

Proof: Immediate from corollary 5. O
The following proposition will be needed later on.

Proposition 7 Let P be a disjunctive logic program and let I and J be interpretations
suchthat I C J. Then Up(I) CUp(J).

Proof: Obvious. O

Proposition 8 Let I be an unfounded-free interpretation of a disjunctive logic program
P(i.e. I € T%). ThenUUS p(I) is unfounded,

Proof: We show that Up(I) is closed under union. Let X; and X, be unfounded.
X1 U X5 is unfounded iff for each rule r € P such that (X; U X2) N H, # 0, we
have one of

B, U isinconsistent \ 1)
B.N(X1UX3)#0 Vv 2
(H\N (X1 UXo)NIT#D \Y (3)
(H-\ (X1 UX2))NB,#0 \% 4)

11



If any condition corresponding to (1) or (2) holds for X; or X5, then (1) or (2) also
hold. (3) is equivalentto H, NI # () because I is unfounded-free. Consequently, if
any of the conditions corresponding to (3) hold for X; or X5, (3) holds. Finally, if
neither of the above, (4) reduces to H, N B, # () (because both B, N X; = and
B, N X5 = (), which must hold for both X; and X5. m]

Corollary 9 Let P be a disjunctive logic program and let M be a positive interpreta-
tion. If M* is consistentthen M IFp =M ™.

Proof: Immediate from Proposition 8 and Corollary 5. m|

The following proposition shows that we may as well restrict to sets of atoms when
considering unfounded-free interpretations.

Proposition 10 Let P be a disjunctive logic program and let I be an unfounded-free
interpretation. Then UUSp(I) = UUSp (I U ~UUS p(I)).

Proof: See appendix on page 37. O

It is straightforward to show that the same property also holds with the definition of
unfounded set from [LRS97].

Since negatively forced sets and unfounded sets coincide, we can rephrase the previous
proposition in terms of negatively forcing.

Corollary 11 Let M be a positive interpretation such that A/* is consistent. Then
M*" =M.

Proof: M* is consistent implies, by Corollary 9, that M is unfounded-free. This
yields with Proposition 10 that UUS p (M) = UUS p(M U ~-UUS p(M)). Since M is
unfounded-free, by Proposition 8, UUSp(M) € Up(I). By Corollary 5, this implies
M~ = M*". O

5 Assumption Sets

Intuitively, if a set is not forced by an interpretation, then no atom from this set can
be motivated from the interpretation and thus, accepting it would mean making an
assumption. Hence the following definition.

Definition 8 Let P be a disjunctive logic program and let I be an interpretation. A
set A C Bp is called an assumption set, w.r.t. I, denoted A € Ap(I), iff I ¥p A.

The union of all assumption sets w.r.t. I is denoted® GASp(I) = Uacap(nA. T is
called assumption-freeif INGASp(I) =0 .

8Note that G.AS p(I) need not be an assumption set.

12



Example8 Consider the following disjunctive logic program P:

a V. b « e -d
d < ~f
e V f « b

and assume the following interpretation I:
I= {"Cl, _'fa e, _'d}
This program has the following assumption sets:

Ap(I) = {{a},{b},{e},{f} {a,;b},{a,e},{a, f},{D, e},
{b, 1}, {e, f}:{a,b,e},{a,b, f}, {ae, [}, {b,e, f},{a, b,e, f}}

Then,
GASp(I) = {a,b,e, f}

This interpretation is assumption-free (I N GASp(I) = 0) and GASp(I) is an as-
sumption set w.r.t. I (GASp(I) € Ap(I)).

Example9 Reconsider the program P of example 8 and assume the following inter-
pretation I:
I= {C,f,b,ﬁa,d}

This program has the following assumption sets:

Ap(I) = {{a},{b},{e},{f},{d},{a, b} {a,e} ,{a, f} {a,d},
{b,e},{b, f},{b,d}, {e,d},{f.d}, {a,b,e}, {a,b, f},{a, b, d},
{b,e, f},{a,e,d},{a, f,d}, {b,e,d}, {b, f,d},{a,b,e,d},{a,b, f,d},
{a,b,e, f},{b,d,e, f},{a,b,d,e, f}}

Notice that there is no assumption set that contains both e and f without also assuming
the element b. This is a result of the third condition in the definition of forcing (Defini-
tion 5) that states that (H, \ X)N I = 0.
Then GAS p(I) equals:

g-ASP(I) = {a: b,e, fa d}

This interpretation is not assumption-free since GAS p(I) NI = {e, f,b,d} # 0. Note
that this does not prevent GAS p(I) to be an assumption set for I, as GASp(I) €
Ap(I).

The following is an immediate consequence of Proposition 3.

Corollary 12 Let P be a disjunctive logic program and let I be an interpretation.
Then Up(I) C Ap(I) and UUSP(I) C GASp(I). Consequently, I is unfounded-
free if I is assumption-free.

13



Note that the inclusion may be strict as in the program p < —p with I = (), where
Up(I) = {0} while Ap(I) = {0, {p}}.

Proposition 13 Let P be a disjunctive logic program and let I be an interpretation.
If I is assumption-free then Ap(I) is closed under union.

Proof: Let A; € Ap(I),fori =1,2. Toshowthat A = A; U Ay € Ap(I), we verify
that, for each » € P, one of the following holds:
H.NA=0 \Y
B, ZI v
B.NA#() v
(H \A)NT#0

This is not hard to verify, given that both A; and A, satisfy a similar condition, and
using the fact that 7 N (4; U 43) = (. (E.g. the last condition reducesto H,. NI =10
since both A; and A, are assumption-free.) O

Corollary 14 Let P be a disjunctive logic program and let I be an interpretation. If
I is assumption-free then GAS p(I) is the unique maximal (according to the subset
partial order) assumption set.

Proof: Immediate from Proposition 13. m|

We show that assumption-free interpretations are self-motivating in the sense of the
following definition.

Definition 9 An interpretation I for a disjunctive logic program P is called self-
enforcingiff TI-p Jforall J C It,J#0.

Proposition 15 Let P be a disjunctive logic program and let I be an interpretation of
P. I is self-enforcing iff I is assumption-free.

Proof: Suppose I is assumption-free. If I were not self-enforcing, there would be
some J C I'suchthat 7 ¥p J,butthen,since T N J # @, I would not be assumption-
free, a contradiction.

Conversely, suppose that I is self-enforcing. If I were not assumption-free, there would
be some A C Bp suchthat T ¥p Aand B = ANI # . Since I is self-enforcing,
I I-p B and thus there exists some rule r € P such that

H.NB#0) A (5)

B, CI A (6)
B.NB=0 A ©)
(H-\B)nI=10 8)

14



On the other hand, since I ¥ p A, this same rule r must also satisfy

B, ¢gI Vv )
B.NA#() \Y (10)
(H-\A)NT#0D (11)

Clearly, (6) is inconsistent with (9) and (8) contradicts (11). Thus (10) must hold. But
(6) implies that B, N A C B, N B, and thus (7) does contradicts (10), characterizing
r out of existence. m|

Note that the analogue of Proposition 10 does not hold for GAS, i.e. GASp(M) is
not necessarily equal to GAS p(M*), as is shown in the next example.

Example 10 Consider P with a single rule a V b + —¢ and an interpretation M = §.
Then GASp(M) = {a,b,c} while GASp(M*) = GASp({-c}) = 0.

Also GASp(I) is not necessarily equal to GASp(M U -GASp(M)), as illustrated
by the following example.

Example 11 Reconsider the one single rule program P of the previous example and the
interpretation M = (). Then GASp(M) = {a,b,c} while GASp(M U -GASp(M)) =
GASp({—a,b,~c}) = {c}

6 Forced Models

We are now in a position to define a semantics based on forcing. Intuitively, a model
M C Bp should both be deductively closed, i.e. every applicable rule should be ap-
plied, and "justified”, i.e. each atom form A should be motivated by a legitimate rule
application. The latter condition can be rephrased as "M * is self-enforcing” (Defini-
tion 9).

Moreover, while such a definition turns out to be sound and valid (Corollary 19), it can
still be simplified by removing the explicit dependence on "deductive closure”.
Indeed, "deductive closure” can be formalized, albeit inaccurately, as “any atom that
is not an assumption is in M”, i.e. GASp(M*) C M. On the other hand, "self-
enforcing” is equivalent (Proposition 15) with assumption-freeness, i.e. M C GAS p(M*).
Hence the following definition is based solely on the notion of forcing.

Definition 10 Let M be a positive interpretation of a disjunctive logic program P. M
is called a forced model of P iff M = GASp(M*)

Note that we base our semantics on sets of atoms. Negative literals occur in the resul-
ting interpretation only because they need to be negated (they are negatively forced). A
similar approach to negation is advocated in e.g. [GL88] and [LVZ91] for disjunctive-
free logic programs. Likewise, we do not need an explicitly three-valued approach as
“undefined” atoms correspond trivially to A \ M ™ for any forced model M.

15



Let us consider some examples:

Example 12 Consider the following program:

a V b « -d, e
d « d, f
e V f «

This program has three forced models:
F = {a,e},F2 = {b,e} and F3 = {f}

This is easy to verify since GASp(F}) = GASp({a,e,-b,~f,~d}) = {b,d, f},
GASp(Fy) = GASp({b,e,~f,na,~d}) = {f,d,a} andfor F;5 holds GAS p(Fy) =
gASP({f7 ﬁe? _|d7 _|a7 _lb}) = {67 d7 a’? b}'

Example 13 Consider the following disjunctive logic program:

p < —q
qg < p
a V b «

This program has six forced model : {a}, {b}, {a,p}, {a,q}, {b,p}, {b,q}. Notice
that the closures of these forced models coincide with the three-valued stable models.

Unfortunately, the forced model semantics is not universal, as the following example
will illustrate.

Example 14 Consider the following disjunctive logic program:

w V s V
-t

t
w
s —w
t

TTTT

S

This program has no forced models.

Although the forced model semantics may not be universal, it has still some interesting
properties.

Corollary 16 Let M be a forced model of a disjunctive logic program P.

e M is unfounded-free and therefore M * is consistentand M Ikp =M™,

e M* is assumption-free and thus M* ¥ p M.

16



Proof: Obvious. O

The positive complement of any assumption-free and deductively closed interpretation
is an assumption set for this interpretation.

Proposition 17 Let I be an interpretation of a disjunctive logic program P which is
both assumption-free and deductively closed. Then I € Ap(I),i.e. Iisanassumption
set.

Proof: We proceed by contradiction. Suppose I & Ap(I), ie. IlkpI. Fol-
lowing Definition 5, there exists a rule r € P such that, among other conditions,
(H,\I)NI=0. Hence, since INI =0, H.NI=40, contradicting that I is de-
ductively closed. O

Of course the closure of any forced model is deductively closed.

Proposition 18 Let M be a forced model of a disjunctive logic program P. Then M*
is deductively closed.

Proof: We proceed by contradiction, i.e. suppose that
IreP-B.CM*ANH.NM=0

We show that GASp(M*) N H, = . Indeed, if GASp(M*) N H, were not empty,
we would have one of

1. B, € M*, which is false since B, C M*; or
2. (H \GASp(M*)) N M # 0, which is false since H. N M = {; or

3. B, NGASp(M*) # 0, which is false since B, C M* and M* is assumption-
free.

Hence GASp(M*) N H, = 0, and, since M is forced, H, N M # ), a contradiction.
0

Note that it is not enough that M C GASp(M*) for M to be deductively closed, as is
illustrated below.

Example 15 Consider P containing

and M = {a}. Then {a,c} € Ap(M) while M* is not deductively closed and even
not consistent.

17



Corollary 19 Let M be a positive interpretation of a disjunctive logic program P. M
is a forced model iff A* is self-enforcing and deductively closed.

Proof: If M is forced then A * is assumption-free and thus Proposition 15 implies
that M* is self-enforcing. Also, Proposition 18 implies that M * is deductively closed.

Conversely, if M* is self-enforcing then, by Proposition 15, it is assumption-free.
Combined with Proposition 17, this implies that M = GASp(M*), i.e. M is forced.
m|

From the above corollary we know that closures of forced models are deductively
closed. This can be strengthened further as in the following proposition.

Proposition 20 Let M be a positive interpretation. Then M is a forced model iff M *
is a minimal deductively closed interpretation containing UUS p(M).

Proof: We will first prove the “if-part”. We proceed by contradiction. Suppose J
is a deductively closed interpretation such that J= = UUSp(M) and J* C M™.
Let X = M+t \ J*. We will demonstrate that M* ¥ p X which contradicts the self-
enforcing property of M*, as M is a forced model (Corollary 19). Because M*t = M
we obtain X C M. As J is deductively closed we have:

Vre Pwith H,NX £0- (H,\X)nJ+t £0orB, ¢ J

The former yields (H, \ X) N M # 0, as J* C M, while the latter implies either
B, ¢ M*orB,NX,asJ = M*tuUX U-M*—. With this we can conclude, follo-
wing Definition 5, that M ¥ p.

Thus, M* has to be aminimal deductively closed interpretation with M*~ = UUS p(M).
To prove the “only-if-part”, we also proceed by contradiction by assuming that M * is
not forced. As M* is already deductively closed, we have, according to Corollary 19,
that AM* cannot be self-enforcing. Following Definition 9, this implies that 3X C M
such that Vr € P with H, N C # ( the following conditions hold:

e B, ¢ M* and
e B.NX #0,and
o (H\X)NM#0.

Construct now the interpretation J such that J*™ = M \ X and J~ = UUSp(M) =
M*~. Now it is easy to see that J is deductively closed. However, this is in contra-
diction with M * being minimal, as J* C M and J— = M*~. Thus, M has to be a
forced model. |

Corollary 21 (Equivalence summary) Let P be a disjunctive logic program and let
M be a positive interpretation for it. Then, the following statement are equivalent:

1. M is a forced model.
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2. M* is self-enforcing and deductively closed.

3. M* is a minimal deductively closed interpretation containing UUUS p(M).

Proof: (1) < (2): Corollary 19.
(1) & (3): Proposition 20. m|

As expected, forced models are not influenced by unnatural rules.

Lemmal Let P be a disjunctive logic program and let I,7.,A,A. be subsets of
Bp U-Bpsuchthat I, = IN(Bp, U-Bp,)°and A. = AN (Bp, U-Bp,). Then

Irp A 4ff I.lkp A, (12)
Ikp-A  4ff I Ikp A, (13)
Proof: See appendix on page 39 O

Proposition 22 Let P be a disjunctive logic program . M is a forced model of P iff
M is a forced model of P,.

Proof: Suppose that M is a forced model of P. It is easy to show that M* ¥ p a for
any a € Bp \ Bp, and thus we can conclude from Proposition 19 that M C Bp,.

We use M to denote the closure of M w.r.t. P.. Using Lemma 1, in particular (13), it
is straightforward to show that M* = M* N ( Bp, U —Bp,). From Lemma 1(12), we
also obtain that A/* is self-enforcing. Obviously, M is also deductively closed w.r.t.
P, and thus, by Proposition 19, M is a forced model of P..

The reverse can be shown in a similar manner. O

Next we provide a simple and natural fixpoint characterization for forced models, based
on singleton forcing.

Definition 11 Let P be a disjunctive logic program . We define the Dp operator as
follows:
Dp : 2Br — 2B
I — {a€Bp|I*Ipa}

Lemma 2 Let P be a disjunctive logic program and let M be an assumption-free
fixpoint of D_ Then M is a forced model.

Proof: See appendix on page 40. O

Lemma 3 Let P be a disjunctive logic program and let M be a forced model. Then
M is a fixpoint of Dp.

9Recall that P, is the natural version of P, obtained by deleting every rule = in P with H,. N B, # 0 or
B, N=B, £0
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Proof: See appendix on page 40. O
Proposition 23 M is a forced model iff M is an assumption-free fixpoint of Dp.

Proof: This follows immediately from Lemmas 2 and 3. O

The assumption-freeness condition is necessary, as can be seen from the following
example.

Example 16 Consider P
b « a
a « b

Dp({a,b}) = {a, b} but {a,b} is not assumption-free.

7 Reationship with Other Approaches

Stable vs forced models

In [LRS97], the notion of (total) stable model is defined, based on a definition of
unfounded-set which is slightly different from the one derived in the present paper,
as illustrated in example 7 (page 10).

The program in example 7 is not natural®®. It turns out that this is necessary to obtain
a collection of unfounded sets that differs from the one obtained using the definition in
[LRS97].

Proposition 24 Let P be a natural disjunctive logic program and let I be an interpre-
tation of P. Then, X € Up(I) iff X is unfounded according to [LRS97].

Proof: Since P is natural, we have, according to Definition 3, that each rule » € P sa-
tisfies both B, N =B, = @ and H, N B, = (. Thus the first condition ( B, U I is in-
consistent) from Definition 7 reduces to B, N —I # (), because B, is consistent. Sim-
ilarly, the third condition, (H,\ X)N(IUB,) #0 reduces to (H-\X)NI#0
because H, N B, = (. As the second condition is identical in both definitions, this
completes the proof of the proposition. O

Both notions also coincide for total interpretations.

Proposition 25 Let P be a disjunctive logic program and let I be a total interpretation
of P. Then, both definitions of unfounded set are equivalent.

Proof: We will first show that every unfounded set X according to Definition 7 is also
an unfounded set according to [LRS97]. Hence for every rule z € X and every rule
r € P such that x € H, at least one of the following conditions hold:

105ee Definition 3 on page 5

20



1. B, U I isinconsistent, or
2. B,NX #0,or
3. (H\NX)N({IUB,)#0

The first condition can be rewritten as B,. N —I # () since I is consistent and if B, is
inconsistent, then also B, N —I # () because I is total. Suppose the first condition is
false, i.e. B, U I is consistent. This implies that B, C I because I is total. In this
case, the third condition can be rewrittenas (H, \ X)NI #@or (H.\ X)NB, #0.
The latter implies the former since B, C I.

So in every case at least one of the conditions for unfounded sets according [LRS97] is
satisfied.

The second inclusion is also obvious since Definition 7 is a generalization of the Defi-
nition in [LRS97]. |

Proposition 26 Let P be a disjunctive logic program and let I be a total interpreta-
tion. I is a stable model iff I = M* for some forced model M.

Proof: From Theorem4.8in[LRS97], it followsthat I € Zp isstableiff -1~ = UUSp(I)
(where we use Proposition 25 to justify using Definition 7 instead of the one in [LRS97]).
Now let M be a “total” forced model (in the sense that A/* is total).

Then M*™ = UUSp(M) = UUS p(M™), by Definition 10 and Proposition 10. Hence

M is a stable model.

To show the reverse, assume that 1 is a stable model, i.e. —=I~ = UUSp(I). Define
M =TI+, By Corollary 12, M = UUSp(I) € Ap(I) and thus it remains to show
that M* is assumption-free. Assume the contrary, e.g. there exists an assumption set
X € Ap(M*)suchthat M N X # 0. Since M is unfounded-free (because I = M*
is consistent), X cannot be an unfounded set. By Definition 7, there isa rule r € P
suchthat X N H, # 0 for which

B, U M?* is consistent A
B.nX=90 A
(HT\X)O(M*UBT):Q) (14)

Since B, U M* is consistent and M * is total, it follows that B, C M*. Using this,
(14) reduces (H, \ X) N M* = (). Together, these conditions prevent any of the con-
ditions associated with Definition 8 to hold for r, yielding a contradiction. O

The following proposition shows that the difference between the unfounded sets of an
arbitrary program P and those of its consistent version P, reduces to doomed atoms.

Proposition 27 Let P be a disjunctive logic program such that Bp = Bp,, i.e. P has
no doomed literals. Then Up(I) = Up. (I) for any interpretation®! I.

1Note that P and P, have the same interpretations.
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Proof: Clearly, since P, has fewer rules than P and Bp = Bp,, Up(I) C Up,(I).

To show the reverse, assume that, on the contrary, there is some X € Up, (I) \ Up(I).
Hence, for any rule r € P. which is such that H,.N X # (), we have that either
B, U isinconsistent,or B, N X # (,or (H,\ X)N(IUB,) # 0.

On the other hand, since X ¢ Up(I), we know that there exists rules ' € P such that
none of the above conditions holds. Thus, for such r' we have that

1. B, U is consistent, and
2. B, NX =0,and
3. (H\X)N(IUB.) =0

Because r' € P\ P., —=B,» U H,» must be inconsistent. It follows that either B, is
inconsistent or B,» N H, # ().

If B, is inconsistent then so is I U B,., contradicting (1) above.

If, on the other hand, B,» N H, # 0, thenr' is of the form H., U U, < B.., U U, for
some U, # 0.

Then (3) can be rewrittenas ((H,, UU,») \ X)N (I U B, UU,») = 0. Itis not diffi-
cult to see that the above equality cannot hold if U, \ X # 0. On the other hand, if
U \X=0,ie Uy CX,then B, NX DU, # 0, contradicting (2) above. O

Proposition 28 Let P be a disjunctive logic program with an interpretation I and let
a be a doomed atom of P. Then {a} € Up(I).

Proof: If a does not appear in the head of any rule, then Definition 7 holds vacuously.
Let r be such that a € H,.. Since r is inconsistent, we know that either B, is inconsis-
tentor B, N H, # 0.
If B, is inconsistent, so is I U B,. (condition 1 in Definition 7). If B, N H, # 0, we
consider two subcases:

e If a € B,, B,N{a} # 0, i.e. condition 2 in Definition 7.

o If a ¢ B,,itiseasytoseethat (H,\ {a})N (I UB,) # @, which is condition
3 of Definition 7.

Assumption setsin digunctive-free logic programs
In [LVZ91], the notion of assumption set was defined for disjunctive-free logic pro-

grams and positive interpretations. We show that our definition properly extends the
one from [LVZ91].
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Proposition 29 Let P be a natural disjunctive-free logic program and let M C Bp
be an unfounded-free positive interpretation. Then Ap(M) contains exactly the as-
sumption sets w.r.t M according to [LVZ91].

Proof: According to [LVZ91], X C Bp is an assumption set iff for each rule r € P
such that H, € X, one of the following holds
B.N-M # Qv
B.NX # 0V
B, ¢ MU-UUSp(M)

The last condition is correct because of Proposition 24.

On the other hand, the conditions for X € Ap(M) can be rewritten as (note that
(H-\ X)N M = (is vacuously true since H, is a singleton):

B, &€ MNUUSp(M)V
B.NX # 0
Thus X € Ap(M) implies that X is unfounded according to [LVZ91]. To show the
reverse, it suffices to consider the case where B,.N—-M # (. Because M C Bp,

this implies that B, € M UUUS p(M) since otherwise, =M U-UUSp(M) # 0,
contradicting our assumption that M is unfounded-free. m|

The above proposition does not necessarily hold for unnatural programs.

Example 17 Let P have the rules

c + a, —a
d + -—c¢
a +— —a

and consider the interpretation M = (. Clearly, UUSp(M) = {c}
and GASp(M*) = GAS p(—c) = {a, c} while, according to [LVZ91], the GAS p(0)
is {a,d,c}.

Corollary 30 ([LVZ91]) Let P be a natural disjunctive-free logic program.

e The forced models of P are its three-valued stable models which are equivalent
with its grounded models.

e The unique minimal forced model of P exists and is equal to the well-founded
partial model [GRS88] of P.

e The maximal forced models of P are its stable partial models [SZ90] which are
equivalent with the regular models [YY90] and preferred extensions. They all
correspond with the regular extensions [YYG98]
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e The greatest lower bound of all maximal forced models of P exists and is equal
to the maximal deterministic model [SZ90].

Proof: Immediate from Proposition 29 and theorems in [LVZ91], [YY95], [KM92],
[WB93] and [YYG98]. O

Forced models and three-valued partial stable models

In [Prz91], three-values (partial) stable models are defined as follows.

Definition 12 ([Prz91]) Define three truth values T3 = {f,u,t} where t stands for
“true”, f for “false” and u for ““‘unknown’” with the order f < u < t.

Let P be a disjunctive logic program . Given a truth assignment ¢ : Bp — T3, we
define the truth value of a conjunction, disjunction and negation by

p(aAd) = min{g(a),p(b)}
¢p(aVvd) = maz{d(a),s(d)}
{ £ if ¢la)=t
¢(-a) = t  if ¢(a)=f
u if ¢la)=u

Arule H « B is satisfied by a truth assignment if ¢(H) > ¢(B), where H is con-
sidered a disjunction and B a conjunction. A three-valued model of a disjunctive logic
program P is a truth assignment that satisfies all rules in P. Truth assignments are
ordered using

¢1 < ¢2 iff VYa € Bp - ¢1(a) < ¢2(a)

Definition 13 ([Prz91]) Let P be a disjunctive logic program. Given two three-valued
models M and IV, we can order them in the following way:

I < Jiff Vi(a) <t Vs(a)foralla € Bp
or equivalently
M<Niff Mt CNtandM~ DN~

We call this the knowledge or standard ordering.
A three-valued model M is minimal iff there exists no three-valued model N such that
N <M.

Definition 14 ([Prz91]) Let P be a disjunctive logic program and let ¢ be a three-
valued model of P. The Gelfond-Lifschitztransformation P¢ of P w.r.t. ¢ is obtained
by replacing every negative literal —a in P by ¢(—a). ¢ is a three-valued partial
stable model of P is ¢ is a minimal model of P?.
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We denote a three-valued stable model by a subset M C Bp U —Bp containing the
true atoms and the negation of the false atoms.

Before we examine the relation between three-valued stable models and forced models,
we will first prove that the former are self-enforcing. According to Corollary 19 we
have that this is a necessary but insufficient condition for forced models.

Proposition 31 Let P be a natural disjunctive logic program and let M be a three-
valued stable model for P. Then, M is self-enforcing.

Proof: Because M is a three-valued stable model of P, we have that M is also a
minimal three-valued model of P (Proposition 3.1 in [Prz91]).

Assume now, by means of contradiction, that M is not self-enforcing. By Definition 9,
this implies that there exists a J C M such that for every rule r € P with H.NJ # (
the following conditions hold:

1. B, ¢ M,and
2. B.NJ#0,and
3. (HN\JI)NM #0.
This implies that N with N* = M+ \ Jand N~ = M~ U J would be a model

contradicting the minimally of M. Thus M must be self-enforcing. m|
Now we prove that three-valued stable models are deductively closed.

Proposition 32 Let P be a disjunctive logic program and let M be a three-valued
stable model for P. Then, M is deductively closed.

Proof: Since M is a three-valued stable model for P, M is also a minimal three-
valued model for P. By definition of a three-valued minimal model holds that for
everyruler € PVy (H,) >; Va(By). If Var(B,) = true or equivalently B, C M,
then Vy, (H,.) = true. This implies that H,. N M # . By definition, this yields that
M is deductively closed. |

According to Corollary 19, we would only need to prove for a three-valued stable
model M that M~ = UUSp(MT) to obtain that M+ is a forced model, since we
have already that M is self-enforcing by Proposition 31, and that M is deductively
closed, by Proposition 32. The following example illustrates that, in general, this is not
possible.

Example 18 Let us consider the following disjunctive logic program P :

p <
a V b « »p

This program has two three-valued stable models:

{—|b} and {—|a}.
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For both models the greatest unfounded set is empty. This means that the negative part
of the three-valued stable model is not necessarily an unfounded set.

The above example shows that three-valued stable models are not necessarily forced
models. The next example shows that the other inclusion does not hold either.

Example 19 Consider the program P of example 18. The unique forced model for P
is the empty set while this is not a three-valued partial stable model.

The reason that no forced model sanctions e.g. —a is that there is a consistent exten-
sion of T = (), namely {p,—b}, that forces a, so we are not allowed to conclude —a
on the basis of §.

This example indicates that forced models are more conservative (“skeptical”) than
partial-stable models which are extremely “credulous”, concluding negations from un-
known antecedents. This credulous approach results in a blind application of minimal-
ity without any epistemic justification.

The above example illustrates that, in general, forced models do not correspond with
three-valued stable models, but the following proposition will prove that they always
correspond with some three-valued model.

Proposition 33 Let P be a natural disjunctive logic program and let M be a forced
model for P. Then, M* is a three-valued model for P.

Proof: We distinguish three different cases that correspond with the three possible
truth values:

1l Letae M
Since M* is self-enforcing, there exists a rule r € P with a € H, such that:
(@ B, C M*, and
(o) B.N{a} =0, and
© (Hr\{a})NnM =0
The first condition implies that Vs« (H,) >t Vi« (By) = true
2. Leta e M*~
Since M*~ = UUSp(M) and M is a natural program, for every rule r € P
with a € H, at least one of the following conditions must be satisfied:
(@ B.N-M*#0,or
(o) B,.NM*~ #0,or
(©) (Ho\M*")N M #0

The first two conditions imply that Vs« (B,.) = false and the last one implies
that Vs« (H,) = true. Soin either case Vs« (H,) >¢ Vs« (Br).
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3. Leta € M** Since M = GASp(M*), this implies that for every rule r € P
with a € H, at least one of following conditions must be fulfilled:

(@ B, € M*, or
(b) B, N # 0, or
© (H\M)NM #0

The first two conditions yield : Vs« (B,) <; unknown. and the last condition
implies that V- (H,) = true. Since a € H,., V- (H,) >¢ unknown. So in
either case, Vs« (H,) > V- (By)

Thus, in every circumstance, Vs« (Hy) >¢ V-~ (B,), which implies by definition, that
M* is a partial model. ]

8 D-Unfoundedness

In [LRS97]), disjunctive logic programs are transformed into disjunctive-free ones
using a operator called the shift operator. In this section we introduce a class of pro-
grams that preserve the stable model semantics under the shift-operator.

Definition 15 (The shift operator ([LRS97])) Given a disjunctive logic program P,
we denote by sh(P) the disjunction-free program obtained from P by substituting every
rule of the form ay V...V a, < by,...,bg,c1,...,¢; (n > 0) by the n rules (one
foreach 1 <i<n)

a; < bl,...,bk,ﬁcl,...,—|cl,—|a1,...,—|ai,1,—|ai+1,...,—|an

Example 20 Consider the program P from example 1:

a V b «

Then sh(P) contains

<_
«~ b
(_

e o o

— b

A natural question then is how the semantics of sh(P) relate to the semantics of P.
Clearly, answering this question is fundamental for understanding the precise power of
disjunctions in logic programs. E.g. in [LRS97] it was shown that the well-founded
model of sh(P) ([GRS91]) coincides with the least fixpoint operator W (@) of the
Wp-operator'? applied on the original program P.

|nformally, this operator takes an unfounded-free interpretation I and returns the union of the result

of the immediate consequence operator 7 (I) and the negation of UUS p(I). For more information and
formal definitions see [LRS97].
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Proposition 34 (Theorem 5.11 in [LRS97]) Let P be a function-free disjunctive logic
program. Then, W¥ (@) coincide with the well-founded model of sh(P).

For forced (and, by Proposition 26, stable) models, the situation is not so simple. To
show that the stable models of P and sh(P) coincide, it would suffice to prove the
following:

Proposition 35 (Lemma 5.9 in [LRS97]) Let P be a disjunctive logic program and
let I be an unfounded-free interpretation for P. Then Up(I) = Usp(p)(1).

From propositions 35 and 25 and Theorem 4.8%3 in [LRS97], the desired equivalence
would follow.

Unfortunately, Proposition 35 is false. E.g. in example 20, we can take I = {a, b} for
which Up(I) = @ while {a, b} € Uy (p)(T).

We can however show that unfounded sets are always shifted unfounded sets.

Proposition 36 Let P be a disjunctive logic program and let I be an interpretation
for P. Then Up(I) C Ugnp)(I).

Proof: We have to prove that every unfounded set X for P w.r.t. I is also an unfounded
set for sh(P) w.rt. I. Leta € X and letr € P suchthata € H,. There exists exactly
one r’ € sh(P) with a = H,. that corresponds with this r. Since X is an unfounded
set for P w.r.t. I, one of the following conditions must hold:

1. B, U I is inconsistent, or
2. B,NX #0,or
3. (H\X)N({IUB,)#0

The first condition yields B, U I is also inconsistent, since B, C B,.. The second
condition corresponds to B,» N X # @, since B;f = B;. The third condition can be
rewritten as (H, \ {a}) N (I U B,) # 0. In the corresponding shifted program this
yields B, N—=(IUB,) # @ or B, U is inconsistent, since B, C B,. This means that
in every case one of the conditions of unfounded set is fulfilled for X. So X is also an
unfounded set for sh(P) w.r.t. I. O

Using results from [LRS97], we immediately obtain.

Corollary 37 Let P be a disjunctive logic program and let M be a stable model of
sh(P). Then M is a stable model of P.

Moreover, if I is unfounded-free for sh(P), then Proposition 35 does hold.

13Let M be a total interpretation for a disjunctive logic program P. M is a stable model for P iff
M~ = UUSp(M).
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Proposition 38 Let P be a disjunctive logic program and let I be an unfounded-free
interpretation for sh(P). Then Up(I) = Usp(p) ().

Proof: InProposition 36 we already proved that Up(I) C Usp(p) (1), SO we only need
to prove the other inclusion to have equivalence. We will show that every unfounded
set X for sh(P) is also an unfounded set w.r.t. I for P. Leta € X and let r € sh(P)
such that « = H,.. With this r there corresponds exactly one rule ' € P such that
a € H,. Because X is an unfounded set w.r.t. I for sh(P), one of the following
conditions must hold:

B, U I is inconsistent, or (15)
B,NX#0 (16)

In case of the first condition, equation 15 there are two possibilities:
B,N-B, #0 7)
B,N-I#0 (18)

Equation 17 yields also two alternatives:

B,.N=B, C B (19)
B, N=B, C Hy (20)

Equation 19 because B,» C B,. With 19,we have B,. U I is inconsistent, with 20
H, N B, #0,since B} = B;r,. This gives rise to again two possibilities:

(Hn \X)N By =0 (21)
(Hr’ \X)ﬁBT' 76@ (22)
The former, equation 21, yields B,» N X # () and the latter, equation 22, yields
(H. \X)N(IUBu) #0.
Equation 18, B,. N =1 # 0, has also two alternatives:
B,.N—I C B, ,or (23)
B.N—IC —|(HTI \ {a}) (24)

The former, equation 23 yields B, U I is inconsistent. The latter, equationp8 can be
rewritten as (H,» \ {a}) NI # 0. Because I is unfounded-free for sh(P) this means
that 7\ X = 0. So (H» \ {a}) NI # 0 becomes (H,» \ {a}) N (I\ X) # 0 or
(Hn \X)N({IUBw) #0.

The second condition or equation 16,yields in the original program B,» N X # @, since

Bf =B},
So in every possible case we have that one of the conditions of unfounded sets holds
for X. So X is an unfounded set w.r.t I for P. O

Note the difference between Propositions 38 and 35: since Up (1) C Usn(py(I), I may
be unfounded-free for P but not for sh(P), as witnessed by {a, b} in example 20.

Thus shifted programs generate more unfounded sets, and, by corollary 3, such pro-
grams force fewer sets than “full” disjunctive programs.

We isolate the forcing power of disjunctive rules in the following definition.
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Definition 16 Let P be a disjunctive logic program and let I be an interpretation for
P. Asetof atoms X C Bp is said to be d-unfounded w.rt. I iff I IFp, =X wherelt
P,={reP|#H, >1}

Thus, a set is d-unfounded w.r.t. I if it is unfounded relative to the strictly disjunctive
rules of P. Inexample 20, we have that {a, b} IFp, {a,b} whichprevents {a,b} € Up(I).

It turns out that the d-unfounded sets characterize precisely the difference between a
shifted program and its original version.

Proposition 39 Let P be a disjunctive logic program and let I be an interpretation
for P. Then Ugp(py(I) NUp, (I) = Up(I) where P, = {r € P | #H, > 1}

Proof: With Proposition 3, this can be rewritten as:

e Every unfounded set X for sh(P) w.r.t. I who is d-unfounded for P w.r.t. I, is
also an unfounded set for P w.r.t. I.

e Every unfounded set for P w.r.t. I is d-unfounded for P w.r.t. I and is and
unfounded set for sh(P) w.r.t. T.

The last statement can easily be proven since we have already shown, in proposition
36, that every unfounded set for P w.r.t. I is also an unfounded set for sh(P), and
because d-unfoundedness is unfoundedness reduced to a part of the original program,
which does not reduce the number of unfounded sets.

We continue with the first statement. So let X be an unfounded set for sh(P) and let
X be also a d-unfounded set for P w.r.t. 7. We will prove that X must an unfounded
set for P as well. Since X is an unfounded set for P w.r.t. I, we know that for every
rule r € sh(P), with H, € X at least one of the following conditions must hold:

1. B, U isinconsistent, or

2.B,NX#0
By definition of the shift-operator, we have that there exists exactly one rule ' € P
that corresponds with r. If this 7 is not a disjunctive rule, we are finished since in that
case r = r'. Suppose now that 7' is a disjunctive rule such that v’ € P,,. Since X isa

d-unfounded set for P, or with other words a unfounded set for P,,, we get that at least
one of the conditions must be fulfilled:

1. B, U is inconsistent, or
2. B.NX #0,or

3. H.N(IUBW)#D
14\We use # X do denote the cardinality of a set X.
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Thus we can conclude that in every case at least one of the conditions for unfounded
set is satisfied, So X is an unfounded set for P w.r.t. I. m|

In example 20, Up, ({a,b}) = Up(I) = {0} while Uy, (py({a,b}) = 2{®b}.
The definition of d-unfounded sets can actually be tightened.

Proposition 40 Let P be a disjunctive logic program and let I be an interpretation
for P. Then Up(py(I) NUg(I) = Up(I) where Q = {r € P | #(H,NI) > 1}

Proof: We will start by proving that only rules from @ can cause that an unfounded
set X for sh(P) is not an unfounded set for P. Suppose such an X.

With each rule r € P there exist n rules v € sh(P), with n the number of atoms in
the head of . Take a rule ' for which holds that H,» € X. Since X is an unfounded
set, at least one of following the conditions for unfounded sets must hold for »’:

1. B, U is inconsistent, or

2. B.NX #0.
Since X is not an unfounded set for P we have for r:

1. B, U I isconsistent, and
2. B,NnX =0,and
3. (H\NX)N(IUB,)=10

This means, with the definition of the shift-operator, that the conditions B, N X #
and B,» N =B, # () can not be true. So the only possibility is that B, N —=I = S # {.
Butsince (H,.\X)NI = @ we knowthat S C X. For each element s € S there exists a
r"" € sh(P) also generated from r such that (H,\ X)NI =0 and B,»N—-I = D # 0.
By construction with the shift-operator we know that D # S. Since they are neither
empty we have that #(H,.NI) > 1landthatr € Q.

Now we have proven that only the rules from @ can cause problems for unfounded
set of sh(P). If we use the unfounded sets that can be produced with only the rules
from @ and use them as a filter for the unfounded sets of sh(P) then we receive the
unfounded sets of P. O

Proposition 39 illustrates the role of disjunction (and disjunctive rules) in addition to
the “generating” power which is also present in the shifted version of a program: they
act as constraints. Indeed, an unfounded set for I of sh(P) must be rejected if it can
be forced (by an extension of I) using only disjunctive rules. Proposition 40 makes it
quite clear that such rules do not contribute to the model in the sense that rules from
@ do not prevent any element of I from being added to an unfounded set. Summari-
zing, disjunctive rules may be thought of as extra stimuli for the program to consider
disjunctions inclusively true, where the transformed program forces them to be treated
exclusive.
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Corollary 41 Let P be adisjunctive logic program and let A/ be an interpretation for
P.If UUS shpy(I) € Up, (I) then, M is a stable model of P iff M is a stable model
of sh(P).

Proof: Suppose M is a stable model of P, then from [LRS97] we know that M~ =
UUSp(I). If we combine UUS ,,py(I) € Up, (I) and Proposition 36, we can only
conclude that UUS p(I) = UUS ,(p)(I). This means that M is also a stable model
for sh(P). The other implication was already proven in corollary 37 O

Theorem 3.7 [LRS97] gives a class of interpretations for which the UUS p(I) is also
an unfounded set for the program P. In the following corollary we give another class
of interpretations which possesses this property.

Corollary 42 Let P be a disjunctive logic program and let I be an interpretation for
P.If L{L{Ssh(p)(l) € Up, (I) then, UUSp(I) € Up(I).

This last result should be contrasted with Theorem 3.7 from [LRS97] which requires
that I is unfounded-free in order for UUSp(I) € Up(I).

Example21 Consider the interpretation I = {a} for the program

a V b « d
d + -a

Clearly UUSp, (I) = {d, a,b}, and I is not unfounded-free. On the other hand, the
shifted version is

a +« ~b, d

b « —a, d

d « -a

and UUS g,(p)(I) = {d, a,b}. Corollary 42 implies that UUSp(I) € Up(I).

It is easy to verify that the results of this section are also valid for [LRS97]’s defini-
tion of unfounded set. This permits us to adapt the proof of Proposition 34 which in
[LRS97] used the erroneous Proposition 35.

Proposition 34(Theorem 5.11 in [LRS97]) Let P be a function-free disjunctive logic
program. Then, W¥ () coincide with the well-founded model of sh(P).

Proof: The well-founded model for any disjunctive-free logic program is unfounded-
free. If we apply Proposition 38 to W, 5y (0) ™ = UUS s(p) (Wi, p) (0)) then

UUS su(p) Wi, (py (0)) = UUS p (W3, p) (D). Because, according to [LRS97]’s Lemma
5.10, Ten(p) (1) = Tp(I), we have that WE(0) = W, p) (0). |

9 Conclusions and Direction for Further Research

With this paper we have shown that forced models can be seen as worthy alternatives
for three-valued stable models. The definitions are elegant and intuitive, based on the
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single notion of forcing. Models are simply positive interpretations for which the other
truth values can be computed by means of unfounded sets. Forced models can be com-
puted, based on a straightforward fixpoint characterization. The closure of a forced
model is deductively closed and self-enforcing and is a valid three-valued model. It
may be seen as a drawback that the closures of forced models and three-valued sta-
ble models no longer coincide, but we actually consider this as an advantage since,
in our opinion, three-valued stable models are too credulous, deriving negations from
unknown facts.

In the last section we have shown that, in general, the shift-operator is unable to pre-
serve the stable model semantics of a disjunctive logic program. We investigated a
class of programs for which the shift-operator fulfilled the expectations and we found
a new category of interpretations, besides the unfounded-free interpretations, that have
an "unfounded” UUS p.

As we already mentioned in the section concerning relationships with other approaches,
there exists a one-to-one mapping between maximal forced models and regular exten-
sions of disjunctive-free programs (Corollary 30). For the future we wish to elaborate
on this by investigating the disjunctive case. It might also be interesting to investigate
whether three-valued stable models can be recovered from a different notion of nega-
tively forcing, without altering the basic intuition behind forcing. Because of the results
reported in [ELS97], this would lead to an equivalence between “negatively forced *
and [ELS97]’s unfounded set.
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A Proofs

Proof of Proposition 4: According to Definition 5, T ¥ p A is equivalent with
VreP-—-(H- NA#O A B, CIANB.NA=0 A (H-\A)NI=0)
or, equivalently,
VreP-HNA=0V B, IV B.NA#0V (H\ANI#D
This can be rewritten as
VreP-H,NA=0V B,NT#0V B,NA#0 vV (H,\A)NI#0 (25

Using the fact that T=-IU (I° U —1I°), the second part of the disjunction in (25) can
be rewritten as
B.N-I#0V B.N(I°U-I°)#0

Thus (25) becomes

VreP-a, V BV v V& Ve (26)
where
ap = H,NA=0
Br = Brﬂ—!I#@
v = B,N{I°U=I%) #0
0 = B,NA#(
& = (H\NANIT#0)

Next we define
R:{T€P|—|ar/\—|ﬂr/\ﬁ(5r/\—|er}

We consider several cases:
e R ={. Then, clearly, A € Up(I) and we are done.
e If R # () then we define, for each r € R,
Jr=TU(B,N{I°U-I°)U~((H-\ A) NI
Again we consider two cases:

— J, is consistent for some r € R. But then J,. IFp A, because of the
construction of .J,., so we are done.
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— J, is inconsistent for each r € R.

Consider such an r. Since I is consistent, it follows from the definition of
J,. that there are but two possibilities for J,. to be inconsistent.

The first possibility is that B, is itself inconsistent. In this case we have
that B, U I is inconsistent, and this is one of the conditions for A to be an
unfounded set w.r.t. 1.

The other possibility for J,. to be inconsistent is that
U.-=H\NA)NI°NB, #0
In this case, » must be of the form
H UU, + B.UU,

This yields (H, \ A) N (I U B,) # 0 which is also one of the conditions
for A to be an unfounded set w.r.t. I.

So in every case we have that for each r € P, at least one of the conditions
for A to be an unfounded set is satisfied so A € Up(I).

This completes the proof of the proposition. O

Proof of Proposition 10: From proposition 7 we know that Up(I) C Up(I U -UUSp(I))
and thus UUSp(I) CUUSp(I U -UUSp(I)).
To show the reverse, let X € Up (I U -UUSp(I)). We will show that

X UUUSp(I) € Up(I) 27)

from which it follows that X C UUSp(I) and thus
UUSp (T U -UUS p(I)) CUUS p(I), which implies the proposition.

To show (27), let X € Up(I U~ UUSP(I)). If X € Up(I), (27) follows immedi-
ately.
Otherwise, we know that for each r € P for which H, N X # (), one of the following
holds:

B,N-B, # BV (28)
B, N—~(IU-UUSPp(I)) # 0OV
B,.NX # 0v (29)
(H\X)NTU-UUSp(I)) # 0OV
(H,\X)NB, # 0 (30)

The second condition reduces to the disjunction of the following two conditions:
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B,.n-I # Qv
B, NUUSp(I) # 0
(H-\X)N (I U-UUSp(I)) # 0 reduces to
(H\X)NT#0

because H, NUUSp(I) C Bp.

We also know that UUS p(I) is unfounded, thus for each r € P,
if H. NUUSp(I) # 0, one of the following must hold:

B,N-B,#0 Vv (ie. (28))
B.Nn—=I#0 v (i.e (31)
B, NUUSp(I) #D Vv (i.e. (32)

(H \NUUSp(D)YNT#D V

(H, \UUSp(I)) N B, # 0
(H, \UUSp(I)) NI # 0 reduces to
H.NI#)

because I is unfounded-free.

To show (27), we need to show that each rule r € P for which
H, N (X UUUSp(I)) # O satisfies one of

B.N-B, # 0V

B.Nn=I # Qv

B.N(XUUUSp(I) # OV

(H,\ (X UUUSp(D))NT # BV
(H.\ (X UUUSPp(I))NB, # B

(H-\ (X UUUSP(I))) NI #(is equivalent with

(HA\X)NI#OAHN\UUSp(I) NI £

(1)
(32)

(33)

(34)

(3%)

(36)
@37)
(38)

(39)

The second part of this conjunction reduces to H, NI # @ since INUUSp(I) =0

because I is unfounded-free. So (H, \ (X UUUSp(I))) NI # ( reduces to

(H-\NX)NI#0

Let » € P bearule for which H. N (X UUUSP(I)) # 0.
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First we note that (28) is identical to (36), so we can ignore this case.

If (30) then, if (34), we get (39). If (34) is false, i.e. (H, \UUSp(I))N B, =0, then,
since H, N B, # () because of (30), we obtain UUSp(I) N B, # 0 and thus (38). A
similar reasoning holds if (34).

For the remaining possibilities, we consider three cases:

o H.NUUSp(I)#Band H.NX =0. If B.N—=I#{, we have (37). If
B, NUUSp(I) # B, we obviously get (38). Finally, if (35), since X N H, = 0,
we obtain (40).

o H.NUUSp(I)#Oand H,NX # 0. Again, if B, N ~I #{, we have (37)
and B, NUUSp(I) # 0 implies (38). If (35) holds for UUSp(I), a similar
reasoning holds if X satisfies either (31) or (32) or (29). Finally, if (35) and (33),
we note that (33) is identical to (40).

o H.NUUSP(I)=0and H,.NX # (: (31) is identical to (37), (32) implies
(38), as does (29). Finally, (33) is identical to (40).

Proof of Lemma 1: We first prove (12). Suppose I IFp A. According to Definition 5,
thereisarule r € P such that

HNA#D A (41)

B, CI A (42)
B.NA=0 A (43)
(H\NANI=0 (44)

(42) implies that B,. is consistent and that
(H,\ A)nID (H,\A)NB,
From (43) and (44) it then follows that
(H,\A)NB, = H,NB, =
and thus » must be consistent. Consequently r € P, and
(H.UB,) C Bp, U-Bp, (45)
Using (45) and the fact that both I, C I'and A, C A, we easily obtain

H.NA.#0 A (46)

B, CI. A (47)
B,NA.=0 A (48)

(H \A)NI, =0 (49)
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from which it follows that I, IFp, A..

To show the reverse, assume that I, IFp, A., i.e. there exists r € P, such that (46)
through (49). Note that » € P because P. C P. Itis easy to see that (46) implies (41)
and that (42) follows from (47).

From (47) we also get that B, CI. C Bp, U—-Bp, and thus B, NA. = B, N A,
which implies (43).

Finally,since H, C Bp,, H. NI, = H.NnIand H, \ A, = H, \ Afromwhich (44)
readily follows. From (41) through (44) we can conclude, with Definition 5, that I I+ p
A.

It is straightforward to prove (13) from (12). |

Proof of Lemma 2: Since M is assumption-free, all we need to show is that M € Ap(
Suppose, on the contrary, that M* IFp M. By definition 5, there exists some r € P
that satisfies all the following conditions.

HNNM#) A

B, C M*

B.NM=10 A
(HA\M)NM* =10

>

As M*N'M =0, the last co@tion reducesto H, N M =_(Z) But this implies that
M* Ikp a forany a € H, N M and thus that Dp(M) N M # @, contradicting the
fact that M is a fixpoint of D, O

Proof of Lemma 3: First we show that M C Dp(M). Suppose not, i.e. there is some
a € M suchthat M* ¥p a. Butthen {a} € Ap(M™*), contradicting the fact that M/
is assumption-free.

Next we show that Dp(M) C M. Again we proceed by contradiction: assume that
b€ M issuchthat M IFp b. By Definition 5, there is a rule r in P that satisfies all of
the following conditions.

H.Nn{b}#0 A
B, C M*
B.n{b} =0 A

(H- \{p})nM* =0

>

The last condition reducesto H,. N M* = () because b ¢ M.
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Now, because M* W¥p M and H, N M # (), r must also satisfy one of the following
conditions.

B, ¢ M* v
B,NM#( Y,
(H-\M)NM #§

where the last condition reduces to H,. N M* = () because b ¢ M.
Itis easy to verify that r cannot satisfy all the above conditionsand thus Dp(M) C M.
O
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