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Abstract. We use a denotational semantics to show that every term in SPCF (a typed functional
language with simple non-local control operators) is contextually equivalent to one which is typable
in an affine typing system. Nested function calls and recursive definitions arenot affinely typable,
and so our result entails that they can be eliminated from SPCF without losing expressiveness.

Our proof is based on the observation of Longley that every type of SPCF is a retract of a first-order
type. We describe retractions of this kind inbistable biordermodels of SPCF which are definable
in the affine fragment. This allows us to transform an arbitrary SPCF term into an affine one by
mapping it to a first-order term, obtaining an (affine) “normal form”, and then projecting back to the
original type.

We show the flexibility of our approach by considering two variants of SPCF, a finitary, call-by-
name version and a call-by-value version over the natural numbers. In the infinitary case, (in which
we establish in addition that all instances of recursive definition may be replaced with iteration) our
proof is based on an analysis of the relationship between SPCF definable functions andstrategies
for computing them sequentially.

1. Introduction

One of the important sources of expressive power in functional languages is thenestingof function calls
(both explicitly, and in recursive definitions) and, more generally, the sharing of free variables between
procedures and their arguments. With this expressive power comes subtle and complex behaviour, which
complicates the implementation and analysis of functional programs. In this paper, we will show that
simple non-local control operators can be used toeliminatesuch behaviour: we show that every program
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of SPCF (a prototypical functional language with control) is observationally equivalent to a term which
satisfies affine typing rules which prevent function-nesting, and in which recursion is eschewed in favour
of iteration.

Formally, we shall show that every term of SPCF is contextually equivalent to one which is typable
in a simple affine typing system. The latter requires that in the application ofM to N , the termsM
and N should not share any free variables. Sharing is permitted between terms which are executed
sequentially, for example, betweenM andN1 andN2 in IfM thenN1 elseN2. Roughly speaking,
this affine typing is not a requirement to use each resource at most once, but to use at most one copy of
each resource at a time. It is also the basis of Reynolds’Syntactic Control of Interferencetyping system
for functional languages with state [22], where it prevents covert interference between procedures which
use the store.

To highlight the key role that non-local control plays in this result, we observe that a simple example
suffices to establish that nesting cannot be eliminated in the purely functional language PCF: there is no
affinely typed term of (call-by-name) PCF equivalent toG(f) = ((f tt) ((f ff) tt)) : bool (Lemma
2.1). However, in SPCF we may use control operators to define tests such asstrict(g), which returns
tt if g : bool ⇒ bool evaluates its argument, andff otherwise, and so define a term equivalent to
G(f) without nesting, for example:

If strict(f tt) then (If ((f ff) tt) then ((f tt) tt) else ((f tt) ff)) else ((f tt) tt)

We consider two versions of SPCF, a call-by-name version over bounded datatypes and a call-by-
value version over the natural numbers. In the latter case, affine typing excludes recursive definition (by
fixpoint combinator) as well as sharing of variables between procedures and their arguments.

The proofs of our results proceed via analysis of the fully abstract denotational semantics of SPCF.
This can be described in two styles: intensional and extensional. In the intensional presentation [7], types
are interpreted as sequential data structures or games, and programs as sequential algorithms or strategies.
In the extensional presentation [13], types are interpreted as “bistable biorders” and programs as bistable
functions. In this paper, we work with the latter, using bistable functions as a simple representation of
observational equivalence classes of SPCF programs. This has the advantage of allowing some simple
algebraic proofs of equivalence between program fragments, although there is no reasonin principle
why the same results could not be obtained using the sequential algorithms model. In fact, our proof
inevitably requires an analysis of the intensional properties of bistable functions, and leads to a self-
contained account of the relationship between bistable functions and evaluation strategies for a small
fragment of SPCF (general accounts appears in [16, 13]).

We use our models to show that every SPCF type-object is aretract of a product of atomic type-
objects (in the unbounded, call-by-value case this tuple may be viewed as a first-order function-space).
That is, for any type-objectA there is an embedding fromA into such a tuple, and a projection back into
A which compose to give the identity onA. Moreover, this embedding-projection pair is the denotation
of a pair of affinely typableterms of SPCF. This gives a faithful, internally definable representation
of higher-order functionals as lists of numerals or first-order functions, which can be thought of as a
compilationof a functional program down into a low-level representation as a series of instructions (or,
in the unbounded case, a recursive procedure for enumerating such a sequence). Since finite tuples and
(computable) first order functions are all definable in the affine fragment of SPCF, we can obtain an affine
form for any term by extracting a low-level representation (by embedding) and then applying the affine
projection back into the original type.
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1.1. Related Work

This paper is a revised and expanded version of a conference paper [15]. The existence of SPCF-definable
retractions of higher-order type-objects into a universal first-order function-space in the sequential algo-
rithms semantics was first described by John Longley [19, 20]. Their use to prove full abstraction for
bistable models of SPCF is studied in [12, 13].

We may contrast our results with research into type-theories for functional languages andλ-calculi
which are used to guarantee polynomial-time normalization of all typable terms [10, 3, 11]. The use
of higher-order procedures appears in some senses more constrained in our affine type theory, but it
is fully expressive at all types because we allow unlimited sequential uses of procedures (in particular,
we can define all partial recursive first-order functions). Indeed, our results suggest that the implicit
computational complexity of SPCF programs at higher types could be characterized in terms of the
complexity of the first-order functions to which they are reduced by definable retractions.

More generally, transformation of SPCF programs into an equivalent affine form may be compared
with refactoring— the manipulation of programs to improve performance without altering observable
behaviour. For example, it is well known that any instances of tail-recursion may be eliminated in favour
of iteration. Our transformation is wholesale (although it could be applied to program fragments) and
rather than improving performance, converts a potentially very complicated program (which may be
difficult to implement or reason about) to a much larger, but simpler form. It may, however, suggest
instances in which a less radical refactoring to a smaller normal form is possible.

2. Bounded SPCF

SPCF, or “observably sequential” PCF [6] is an applied simply-typedλ-calculus (PCF) with a basic form
of non-localcontrol operator(and possibly some unrecoverable errors, which are omitted here). We first
introduce a bounded version of SPCF with product types (including the empty product,I) in which
the datatypes are finitary, taking the formn (the type of natural numbers less thann). So the types of
bounded SPCF are given by the following grammar:

S, T ::= I | B | S ⇒ T | S × T

whereB = {n | n ∈ N}. We assume a suitable encoding using binary products of then-fold productTn

of copies ofT (with T 0 = I) and the projectionsπi : Tn ⇒ T .
Terms are formed from the simply-typedλ-calculus (with products) over these types, extended with

the following constants:

Numerals i : n for eachi < n.

Conditional case : n× Tn ⇒ T

Divergence⊥ : T .

Control A control operatorcatchn : (Tn ⇒ 0) ⇒ n, introduced by Cartwright and Felleisen [6].
This evaluates to the numerali if its argument is strict in itsith argument, (since its argument is a
(sequential) function into the empty type, the only other possiblity is that it diverges).
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E[(λx.M) N ] −→ E[M [N/x]]
E[πi〈M1,M2〉] −→ E[Mi]
E[case 〈n,M〉] −→ E[πn M ]
E[catchn λk.E′

k[πmk]] −→ E[m]

Table 1. “Small-step” operational semantics for SPCF programs.

A “small-step” call-by-name operational semantics for bounded SPCF programs (closed terms of basic
type) is given in Table 1. It is based onevaluation contexts, which are given by the grammar:

E[ ] ::= [ ] | E[ ] M | catchn E[ ] | λk.E[ ] | πiE[ ] | | caseE[ ] | case〈E[ ],M〉

We writeEk[ ] for an evaluation context which does not bind the variablek, and assume that all sub-
stitutions are capture-avoiding. For a programM we write M ⇓ if there exists a valuev (a numeral)
such thatM −→∗ v (thus all programs of the formE[⊥] are considered to diverge). We adopt standard
definitions of observational approximation and equivalence. Given termsM,N : T :

• M . N if for all compatible program contextsC[·], C[M ] ⇓ impliesC[N ] ⇓,

• M ' N if M . N andN . M .

2.1. Affine Typing

A sublanguage, affine SPCF or ASPCF, is obtained by restricting to the terms of SPCF which are deriv-
able in the affineλ-calculus with (additive) pairing, the rules of which are given in Table 2. We will show
that this fragment of SPCF is fully expressive: for every SPCF termM there is an ASPCF termM ′ such
thatM ' M ′. But what does it mean, operationally, for a term to be affinely typable?

First, observe that affine typing means that the arguments to a term of typeA ⇒ (B ⇒ C) cannot
share variables — i.e. if(M N) N ′ is affinely typable thenN,N ′ contain no free variables in common.
Thus there is no (Currying/uncurrying) isomorphism between the types(A× B) ⇒ C andA ⇒ (B ⇒
C). It would be possible to add a multiplicative product, with sharing not permitted between conjuncts,
with resepect to which currying would hold (although it is not clear how to interpret such an extension to
SPCF whilst retaining full abstraction). Typing thecase constructor using the additive product allows
sharing of variables between the term which is tested and (all of) the branches. This contrasts with the
multiplicative rules for the conditional in accounts of linear PCF such as [5], and suggests that in the
current case affine typing does not correspond to the single use of each computational resource, but to
the fact that a single “copy” of each resource may be in use at any time. The same typing rules are
proposed by Reynolds in a functional-imperative setting to enforceSyntactic Control of Interference
(SCI) [22] — the prevention of covert interference between procedures arising from shared variables.
An immediate consequence is to exclude nesting of function variables, but affineness also excludes terms
such asλf.λx.((f x) x), wherex is a variable of ground type. There are typing systems which eliminate
function-nesting but permit “first-order” sharing of this kind (e.g. Serially Re-entrant Idealized Algol
[2], and Syntactic Control of Concurrency [9]). Of course, our result establishes that imposing these
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Γ,x:S`x:S
Γ,x:S`M :T

Γ`λx.M :S⇒T
Γ`M :S⇒T ∆`N :S

Γ,∆`M N :T

Γ`〈〉:I
Γ`M :S Γ`N :T
Γ`〈M,N〉:S×T

Γ`M :S1×S2
Γ`πiM :Si

i ∈ {1, 2}

Table 2. Typing judgements for the affineλ-calculus

weaker typing restrictions on SPCF does not reduce its expressivity. By excluding all sharing between
procedures and their arguments, we exercise tighter control over (for example) the points from which an
argument may be called.

We may show that nesting is not eliminable in finitary PCF (demonstrating the importance of non-
local control operators) by proving the claim made in the introduction — that there is no affinely-typed
term of finitary PCF (i.e. the simply-typedλ-calculus over the typebool with divergence, boolean values
and conditional) which is equivalent toG(f) = ((f tt) ((f ff) tt)).

Proposition 2.1. Any affinely typed termF of bounded PCF is not (PCF) observationally equivalent to
G.

Proof:
It is straightforward to show that bounded PCF is strongly normalising with respect to the following
reductions, which are sound with respect to PCF-equivalence and preserve affine typing:(λx.M) N −→
M [N/x], πi 〈M1,M2〉 −→ Mi andIf tt thenM1 elseM2 −→ M1, If ff thenM1 elseM2 −→
M2.

So we may assume thatF is in normal form, and therefore has the formλf.tt, λf.ff, λf.E[⊥] or
λf.E[(f M1) M2], whereE[ ] is a context given by the grammar:
E[ ] ::= [ ] | IfE[ ] thenM1 elseM2

Clearly,tt andff are not equivalent toG(f), and nor isE[⊥] (which is equivalent to⊥). So we may
assume thatF = λf.E[(f M1) M2]. SinceM1 andM2 may not containf , they are closed terms, and
we may therefore assume that they are eithertt, ff or⊥. We show by case analysis that there is always
a termN : 2 ⇒ 2 ⇒ 2 such thatG N � tt andF N −→ E[⊥].

• If M1 = ff or M1 = ⊥, then letN = λxy.If x then tt else⊥.

• If M1 = tt andM2 = tt, then letN = λxy.If x then (If y then⊥ else tt) else ff.

• If M1 = tt andM2 = ff, then letN = λxy.If x then (If y then tt else⊥) else tt.
ut

Note that this proof would apply to any typing system which prevents nesting of function variables and
possesses subject reduction with respect toβ-reduction.

2.2. Denotational Semantics

We will now briefly describe the denotational semantics of bounded SPCF [12, 13] in the category of
bistable biorders and monotone and bistable functions. A bistable biorder may be presented as a partial
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order with an equivalence relation (bistable coherence); two functions are equivalent essentially if they
explore their arguments in the same way, but may fail (either through divergence, or by producing a
> “error” element) in different ways. (So, for example, ifΣ is the two-point linear order⊥,>, with
> ↑↓ ⊥, the order(Σ ⇒ Σ) ⇒ Σ is the four-point linear-order⊥, λf.f(⊥), λf.f(>),>, with⊥ ↑↓ > and
λf.f(⊥) ↑↓ λf.f(>).)

Definition 2.1. A bistable biorderconsists of a partial order(D,v) and an equivalence relationl onD
such that for any elementa, the equivalence class[a] of a with respect tol, ordered byv, is adistributive
lattice 1, and the inclusion of([a],v) in (D,v) preserves binary greatest lower bounds and least upper
bounds. A bistable biorder ispointedif (D,v) has least and greatest elements⊥,>, such that⊥ ↑↓ >.

For each setX we have a “flat” biorderX̃ consisting of the elements ofX with the trivial order and
coherence relation — i.e.x v y iff x = y iff x l y.

Definition 2.2. A functionf : D → E is bistableif its restriction to eachl-equivalence class is a lattice
homomorphism — i.e. ifx l y, thenf(x) l f(y), f(x∧ y) = f(x)∧ f(y) andf(x∨ y) = f(x)∨ f(y).
If D,E are pointed, thenf is strict if f(>) = > andf(⊥) = ⊥.

Proposition 2.2. Bistable biorders and bistable andv-monotone functions form a (bi)Cartesian closed
category.

Proof:
The product and coproduct are defined pointwise on the underlying sets. The exponentialA ⇒ B
consists of the bistable and continuous functions fromA to B, with the extensional (Scott) ordering, and
bistable coherence defined byf ↑↓ g if x ↑↓ y impliesf(x) ↑↓ g(y) andf(x) ∧ g(y) = f(y) ∧ g(x) and
f(x) ∨ g(y) = f(y) ∨ g(x). This is pointed ifB is pointed.

For the proof that this does in fact define a bistable biorder, we refer to [13], but to prove that↑↓ is
transitive, for example, supposef ↑↓ g andg ↑↓ h. Supposex ↑↓ y. Then:
f(x) ∧ h(y) = f(x) ∧ h(y) ∧ (f(x) ∨ g(y)) = f(x) ∧ h(y) ∧ (f(y) ∨ g(x))
= (f(x) ∧ h(y) ∧ f(y)) ∨ (f(x) ∧ h(y) ∧ g(x))
v f(y) ∨ (f(x) ∧ g(y) ∧ h(x)) = f(y) ∨ (f(y) ∧ g(x) ∧ h(x)) = f(y).
Similarly, f(x) ∧ h(y) v h(x), f(y) ∧ h(x) v f(y) andf(y) ∧ h(x) v h(x). So f(x) ∧ h(y) =
f(y) ∧ h(x). By duality,f(x) ∨ h(y) = f(y) ∨ h(x) and sof ↑↓ h as required. ut

Thus we may interpret boundedSPCF in the CCC of bistable biorders by fixing the denotations
of the the ground types and constants. We interpret the typen as thebilifting of the flat orderdne =

˜{i | 0 ≤ i < n}, where the bilifting operation( )>⊥ adds (bistably coherent) elements> and⊥.

Definition 2.3. For any bistable biorderB, we defineB>
⊥ to be the pointed bistable biorder with|B>

⊥ | =
(|B|+ ∅)∪ {>,⊥} = |B| × {1} ∪ {⊥,⊥}; x v y if x = ⊥ or y = > or x = inl(x′), y = inl(y′) and
x′ v y′; x ↑↓ y if x, y ∈ {>,⊥} or x = inl(x′), y = inl(y′) andx′ ↑↓ y′. We writeΣ for ∅>

⊥.

So we define[[n]] = dne>⊥, and interpret thecase construct as the uncurrying of the strict function
which sendsi to the projectionπi. The interpretation of the control operatorcatch is based on the
observation that bistable and monotone/continuous functions aresequentialin the following sense.

1Taking a lattice to be a partial order with meets and joins of finitenon-emptysets
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Definition 2.4. A function f : A0 × . . . × An → B (for pointedA1, . . . An) is i-strict if πi(e) = >
impliesf(e) = > andπi(e) = ⊥ impliesf(e) = ⊥.

Lemma 2.1. Given pointed bistable biordersA1, . . . , An, every strict, monotone and bistable function
f : A1 × . . .×An → Σ is i-strict for somei ≤ n.

Proof:

Given j ≤ n, let⊥[>]j = 〈xi | i ≤ n〉, wherexi = > if i = j, andxi = ⊥ otherwise. Similarly
>[⊥]j = 〈xi | i ≤ n〉, wherexi = ⊥ if i = j, andxi = > otherwise.

If πi(x) = ⊥ thenx v >[⊥]i, and if πi(x) = >, ⊥[>]i v x. Thusf is i-strict if f(>[⊥]i) = ⊥
andf(⊥[>]i) = >. Since⊥ ≤B >, we have>[⊥]j ↑↓ >[⊥]k for all j, k ≤ n, and

∧
i≤n>[⊥]i = ⊥.

Hence
∧

i≤n f(>[⊥]j) = f(
∧

i≤n>[⊥]i) = f(⊥) = ⊥, and so for somei, f(>[⊥]i) = ⊥. Similarly
f(

∨
i∈I(⊥[>]i)) = >, and sof(⊥[>]j) = > for somej. Moreover, ifi 6= j, then⊥[>]j v >[⊥]i, and

so either⊥[>]j = >[⊥]i — in which case eachAk is the one-point order — or elsei = j as required,
and hencei is unique — i.e. bisequential functions arestrongly sequential. ut

So for any biorderA and integern, we have a strict bistable functioncatch from An ⇒ Σ to [[n]] which
sends eachi-strict function to the valuei, and with which we interpretcatchn. (In particular, note that
Σn ⇒ Σ is isomorphic to[[n]].) We may show that for any evaluation contextE[ ], if Γ, k : 0n ` E[k] : T
is a well-formed term then[[E[k]]] : [[Γ]]×Σk → [[T ]] is a right-strict function, and hence prove soundness
of the reduction rule forcatchn. Using standard arguments we then obtain the following result (see
[12, 13]).

Proposition 2.3. For any closedM : n, M −→ n if and only if [[M ]] = n.

Corollary 2.1. (Inequational Soundness)
[[M ]] v [[N ]] impliesM . N .

3. Expressiveness of the affine fragment

Our proof that every term of bounded SPCF is contextually equivalent to one which is affinely typable is
based on the notion ofdefinable retraction.

Definition 3.1. Given typesS, T , an ASPCF-definable retraction fromS to T is a pair of closed ASPCF
terms: inj : S ⇒ T andproj : T ⇒ S which denote a retraction in our bistable model — i.e.
[[λx.proj(inj(x))]] = [[λx.x]]. We writeS � T if there is a definable retraction fromS to T (S ∼= T if
it is an isomorphism).

For example, the isomorphism betweenΣn ⇒ Σ anddne>⊥ is ASPCF-definable as the pair of terms
(catchn, λx.λy.case〈x, y〉).

Lemma 3.1. For anym there is anASPCF-definable isomorphism:0m ⇒ n ∼= m + n.
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Proof:
We haveΣm ⇒ dne>⊥ ∼= Σm ⇒ Σn ⇒ Σ ∼= Σm+n ⇒ Σ ∼= dm + ne>⊥. The defining terms for the
isomorphism areλf.catchm+n λk.(case〈f 〈πi(k) | i < m〉, 〈πm+j(k) | j < n〉〉 and
λx.λy.catch λk.case 〈x, 〈π0(y), . . . , πm−1(y), π0(k), . . . , πn−1(k)〉〉. (In general isomorphisms based
on currying and uncurrying are not definable inASPCF but this case is an exception.) ut

If S � T , then we may represent every program of typeS as a program of typeT in a way which
preserves and reflects denotational equivalence. We will show that that every type of bounded SPCF is
an ASPCF-definable retract of a type of the formnm. Since any element of such a type is a tuple of
values and> and⊥ elements, we demonstrate that we may represent any bounded SPCF program as
such a tuple (which one might regard as an assembly language representation), from which it may be
recovered with the termproj.

The key to our proof is to show that “first-order” function types are retracts of types of the formnm,
since we can then show that each higher-order type is a retract of one at lower order, using the fact that
the relation� is a precongruence on types.

Lemma 3.2. If T1 � T2 andS1 � S2, thenS1 × T1 � S2 × T2 andS1 ⇒ T1 � S2 ⇒ T2.

Proof:
For example, the termsλfx.injT (f (projS x)) andλfx.projT (f (injSx)) define a retraction from
S1 ⇒ T1 to S2 ⇒ T2. ut

As an example, consider the type2 ⇒ 2. We may completely characterizef ∈ [[2 ⇒ 2]] by de-
termining (in order) the answers to three questions: Isf strict? What is the value off(0)? What is
the value off(1)? Thus we have a retraction from2 → 2 to 2 × 2 × 2 which is definable as the
termsλf.〈strict f, f 0, f 1〉 andλx.λy.case 〈π0x, 〈case 〈y, 〈π1x, π2x〉〉, π2x〉〉, wherestrict f =
catch λx.case 〈f (π0 x), 〈π1x, π1x〉〉.

In the general case, we proceed by showing that for anym,n, nm+1 ⇒ 0 � m + 1 × (nm ⇒ 0)n.
Informally, the retraction uses the fact that any bistable functionf : [[n]]m+1 → Σ may be represented
as a pair consisting of a unique “strictness index”i, together with a tuple of “continuation” functions
f ′ : [[n]]m → Σ for each possible value ati.

Definition 3.2. Given a tuplet = 〈t0, . . . , tn−1〉 andi ≤ n, let tbaci denote theinsertionof a at position
i in t – i.e. 〈t0, . . . , ti−1, a, ti, . . . , tn−1〉, and (forj < n) let deej denote the removal of thejth element
of t — i.e. 〈t0 . . . , tj−1, tj+1, . . . , tn−1〉.

We now define functionsinj : [[nm+1 ⇒ 0]] → [[m + 1× (nm ⇒ 0)n]]:

• inj(f) = >, if f = >,

• inj(f) = ⊥, if f = ⊥,

• inj(f) = 〈i, 〈gj | j < n〉〉, wheregj(e) = f(ebjci), if catchm+1(f) = i.

andproj : [[m + 1× (nm ⇒ 0)n]] → [[nm+1 ⇒ 0]]:

• proj(〈a, e〉)(d) = a , if a ∈ {>,⊥}
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• proj(〈i, d〉)(e) = > if πi(e) = >, or πi(e) = j andπj(d)(deei) = >,

• proj(〈i, d〉)(e) = ⊥, otherwise.

Lemma 3.3. For allf , inj(proj(f)) = f .

Proof:
If f ∈ {>,⊥} then inj(proj(f)) = f as bothinj and proj are strict. Iff is i-strict theninj(f) =
〈i, 〈gj | j < n〉〉, wheregj(e) = f(ebjci). So for anye ∈ nm+1, if proj(inj(f))(e) = > then by
definition of proj(〈i, 〈gj | j < n〉)(e), eitherπi(e) = > (and hencef(e) = > by i-strictness) or
πi(e) = j andf(deeibjci) = f(e) = >. Similarly, if proj(inj(f))(e) = ⊥ thenf(e) = ⊥ and so
proj(inj(f)) = f as required. ut

Lemma 3.4. For anyn > 0, nm+1 ⇒ 0 � m + 1× (nm ⇒ 0)n.

Proof:
inj is definable as the term

λf.case〈catchm+1 f, 〈〈j, 〈λx.f (〈π0(x), . . . , πm−1(x)〉bjci) | i ≤ m〉〉 | j < n〉〉

andproj is definable as

λxy.case〈π1(x), case〈πi(y), 〈πj(π2(x)) d〈π0(y), . . . , πm(y)〉ej | j < n〉 | i ≤ m〉〉

ut

Proposition 3.1. For alln > 0, there is a definable retractionnm ⇒ 0 � mnm.(m+1).

Proof:
By induction onm: for the base case,nm ⇒ 0 = I ⇒ 0 ∼= 0 = 0n0.1. For the induction case:
nm+1 ⇒ 0 � m + 1× (nm ⇒ 0)n by Lemma 3.4,
� m + 1× (m(nm).(m+1))n by induction hypothesis,
� m + 1×m + 1(nm+1).(m+1)

� m + 1nm+1.(m+2) as required. ut

Proposition 3.2. For every typeT there exist integersn(T ),m(T ) such thatT � n(T )m(T ).

Proof:
By induction on type-structure: for example, ifT = R ⇒ S, thenR ⇒ S � n(R)m(R) ⇒ n(S)m(S)

∼= n(R)m(R) ⇒ (0n(S) ⇒ 0)m(S)

∼= (0n(S) ⇒ n(R)m(R) ⇒ 0)m(S)

� (0n(S) ⇒ m(R)n(R)m(R).(m(R)+1))m(S)

∼= (n(S) + m(R))n(R)m(R).(m(R)+1).m(S). ut

Theorem 3.1. Every term of bounded SPCF is observationally equivalent to a term of ASPCF.
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Proof:
Given any (closed) SPCF termM : T , by Proposition 3.2 there existn, m such thatT � nm. For
eachi < m, πi(injM) either diverges or reduces to a numeral, and hence by soundness and adequacy,
πi([[injM ]]) is either a number or⊥. So [[injM ]] is definable as a termN : nm of ASPCF (a tuple
composed of numerals and instances of⊥). Hence[[projN ]] = [[inj (projM)]] = [[M ]], and so by
soundness of the bistable model,M is observationally equivalent to the ASPCF termprojN . ut

Note that we have not used the fact that our model is fully abstract — in fact, inequational completeness
(and hence full abstraction) is a straightforward consequence of Proposition 3.2.

Proposition 3.3. M . N implies[[M ]] v [[N ]].

Proof:
Suppose[[M ]] 6v [[N ]], then [[injM ]] 6v [[injN ]]. So there existsi < m such thatπi([[injM ]]) 6v
πi([[injN ]]). So by soundness and computational adequacy of the model, there is some valuev such that
πi (injM) ⇓ v andπi(injN) 6⇓ v. ut

4. Unbounded SPCF: Recursion Versus Iteration

We now extend our results to a version of SPCF over the natural numbers with recursively defined func-
tions. In addition to eliminating explicit instances of sharing which violate the affine typing discipline,
we now need to remove those which are introduced by recursive definition, and replace them withit-
eration. We shall present these results in a call-by-value setting (a proof for unbounded call-by-name
SPCF was given in [15]), showing the flexibility of our approach vis-a-vis evaluation order and bring-
ing it closer to languages such as ML and Scheme; alternatively one could work in a language unifying
call-by-name and call-by-value, such as call-by-push-value [18], or a target language for linear CPS
translation [4] (Affine SPCF may be CPS-translated into an affine calculus allowing contraction on the
“answer type” only). One complication arising in the unbounded case is the lack of infinitary products in
SPCF, specificallynat-indexed products of the typeT , which is equivalent to the type of strict functions
from nat into T . In the call-by-name case [15], it was necessary to add such a type to the language;
in the call-by-value case, the function-typenat → T is interpreted as a strict function space, but we
need an additively typed “sequential composition” operator to capture the correspondence with additive
products.2

We form unbounded, call-by-value SPCF, orSPCFv, by extending the simply-typedλ-calculus
(without products) over types generated from0 (empty) andnat:

S, T ::= 0 | nat | S ⇒v T

with the following constants and operations:

Conditional FromM : nat, N1, N2 : T , form If0M thenN1 elseN2 : T

2We have omitted products fromSPCFv because it is possible to do so and thus keep the language as simple as possible
— including products presents no problem for the proof thatnat ⇒v nat is a universal type, since we have a retraction
(nat⇒v nat)× (nat⇒v nat) � nat⇒v (nat⇒v nat) � nat⇒v nat.
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Recursion Fixpoint combinatorsY : (T ⇒v T ) ⇒v T for each function-typeT .

Numerals Constants0 : nat andsucc : nat⇒v nat.

Control A control operatorcatch : (nat ⇒v 0) ⇒v 0) ⇒v nat — with which to declare labels to
which a program may subsequently jump back: having declared a labelk in M with label λk.M ,
whenever we callk with a valuev we exitM with the valuev. We may think of this as a “first-
order” version of Felleisen’sidealized call/cc[8] C : ((T ⇒v 0) ⇒v 0) ⇒v T .

We also add the following operations and constants, which are macro-expressible inSPCFv, but not in
the affine version of the language.

Sequential Composition FromM : nat, andN : nat ⇒v T , form M ;N : T . (this is equivalent to
(λx.N x) M , but the latter is not always affinely typable).

Iterated Sequential Composition A constantit : (nat ⇒v nat) ⇒v nat ⇒v 0. We shall writeM∗

for itM : nat ⇒ 0, which is the program which evaluates its argument to a value, appliesM to
the result, evaluates to a value, appliesM to the result and so on. (ThusM n may be typed with
the empty type as it never returns a value.)it is expressible inSPCFv asλf.Yλg.λx.(f x); g.

Injective pairing An injective pairing functionpair : nat⇒v nat⇒v nat and projectionsfst, snd :
nat ⇒v nat. In SPCFpair is expressible as the term computing the partial functionpair such
that pair(m)(n) = 2m.2n + 1, andfst andsnd as the terms computing the (partial) functions
fst, snd such thatfst(2m.2n + 1) = m andsnd(2m.2n + 1) = n.

The small-step operational semantics forSPCFv programs (closed terms of typenat) is given in
Table 3.E[ ] ranges over the following evaluation contexts:

E[ ] ::= [ ] | E[ ] M | V E[ ] | If0E[ ] thenM1 elseM2 | E[ ];N | label λk.E[ ]

where valuesV are variables, numerals, constants andλ-abstractions — i.e. given by the grammar:
V ::= x | C | succ V | pair n | λx.M
whereC ranges over all constants.

4.1. Denotational Semantics

We interpretSPCFv in the category ofbistable bicposand bistable and continuous functions.

Definition 4.1. Let D be a bistable biorder. Givenv-directed setsX, Y ⊆ D, we say thatX ↑↓ Y if for
all x ∈ X andy ∈ Y there existsx′ ∈ X andy′ ∈ Y such thatx v x′, y v y′ andx′ l y′.

D is a bistable bicpoif (|D|,v) is a cpo and ifX ↑↓ Y then
⊔

X ↑↓
⊔

Y and
⊔

X ∧
⊔

Y =⊔
{x ∧ y | x ∈ X ∧ y ∈ Y ∧ x l y}

Proposition 4.1. Bistable bicpos and bistable and continuous functions form a cpo-enriched biCCC,B.

Proof:
This follows the proof of Cartesian closure for the category of bistable biorders (for details, we refer to
[13, 12]). We define the least upper bounds of directed sets of functions pointwise — i.e.(

⊔
F )(x) =⊔

{f(x) | f ∈ F} — and use the property thatX ↑↓ Y implies
⊔

X ↑↓
⊔

Y and
⊔

X ∧
⊔

Y =⊔
{x ∧ y | x ∈ X ∧ y ∈ Y ∧ x l y} to prove that this defines a bistable function. ut
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E[(λx.M) V ] −→ E[M [V/x]]
E[If0 0 thenM elseN ] −→ E[M ]
E[If0 (succ n) thenM elseN ] −→ E[N ]
E[label λk.E′

k[k n]] −→ E[n]
E[Y V ] −→ E[V λx.(Y V ) x]
E[n;N ] −→ E[N n]
E[(pair m) n] −→ E[2m.2n + 1]
E[fst 2m.2n + 1] −→ E[m]
E[snd 2m.2n + 1] −→ E[n]
E[it V ] −→ E[λx.(V x); (it V )]

Table 3. “Small-step” operational semantics forSPCFv programs.

To interpret the call-by-value function-types, we use the bilifting operation, which acts as a monad onB.
LetBS be the category of pointed bistable bicpos and strict bistable and continuous functions.

Proposition 4.2. The inclusion ofBS intoB has a left adjoint,( )>⊥.

Proof:
The unit of the adjunctionη : A → A>

⊥ sendsx to inl(x). For anyf : A → B, whereB is pointed,
f : A>

⊥ → B is the strict function such thatf(inl(x)) = f(x). ut

Thus we give a semantics of the call-by-valueλ-calculus inB by interpreting function typesS ⇒v T as
[[S]] ⇒ [[T ]]>⊥ and the ground types0, nat as the corresponding flat bistable bicpos (∅̃ andÑ).

As in the bounded case, we define the interpretation of the control operatorlabel via the observation
that bistable functions are strongly sequential. Noting thatÑ ⇒ D ∼= Πi∈ND, if D,E are pointed we
say that a functionf : (Ñ ⇒ D) → E is i-strict if g(i) = ⊥ impliesf(g) = ⊥ andg(i) = > implies
f(g) = >.

Lemma 4.1. If A is pointed then every strict, continuous and bistable functionf : (Ñ ⇒ A) → Σ is
i-strict for somei.

Proof:
Giveni ∈ N, a ∈ A, ande ∈ Ñ ⇒ A, let e[i, a] ∈ Ñ ⇒ A denote the function defined by:

• e[i, a](i) = a,

• e[i, a](n) = e(n), if n 6= i.

Then⊥[i,>] l ⊥[j,>] for all i, j, and so by continuity and bistability,f(
∨
{⊥[i,>] | i ∈ N}) =∨

{f(⊥[i,>]) | i ∈ N}, and sof(⊥[i,>]) = > for somei, ande(i) = > impliesf(e) w f(⊥[i,>]) =
>. >[i,⊥] l ⊥[i,>], and sof(>[i,⊥]) ∧ f(⊥[i,>]) = f(>[i,⊥] ∧ ⊥[i,>]) = f(⊥) = ⊥, and so
f(>[i,⊥]) = ⊥, ande(i) = ⊥ impliesf(e) v f(>[i,⊥]) = ⊥. ut
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Γ,x:S`x:S Γ`C:T C a constant of typeT
Γ`M :S⇒vT ∆`N :S

Γ,∆`M N :T

Γ,x:S`M :T
Γ`λx.M :S⇒vT

Γ`M :nat Γ`N1:T Γ`N2:T
Γ`If0M thenN1 elseN2:T

Γ`M :nat Γ`N :nat⇒vT
Γ`M ;N :T

Table 4. Typing judgements forASPCFv

Hence we may interpret the constantlabel : ((nat⇒v T ) ⇒v 0) ⇒v nat as the strict functioncatchω

sending eachi-strict function to the valuei. We also note that an instance ofcatchω is an inverse to the
strict function fromÑ>

⊥ to (Ñ ⇒ Σ) ⇒ Σ sendingn to λf.f(n), which is therefore an isomorphism.

Corollary 4.1. Ñ>
⊥
∼= (Ñ ⇒ Σ) ⇒ Σ.

The interpretation of the numerals, conditionals and fixpoints is standard for call-by-value PCF, yield-
ing sound interpretations of the additional constants. We thus prove inequational soundness of the model
by establishing soundness of the reduction rule forlabel (as in the bounded case), and giving a standard
proof of computational adequacy.

Proposition 4.3. If [[M ]] v [[N ]] thenM . N .

4.2. AffineSPCFv

As in the call-by-name case, we eliminate interleaved threads of computation using an affine typing sys-
tem. Since we do not include products, we give explicit typing rules for the conditional and sequential
composition operations which allow sharing of variables between the component terms. TheY combi-
nator is not included inASPCFv — in general, evaluating it creates nested function calls and violates
subject reduction. Various possibilities exist for allowing limited forms of recursion which avoid this
problem — we could require thatY is applied only toclosedterms, for example (althoughY still effec-
tively creates nested calls to its argument), or describe a tail-recursion scheme for SPCF. Either of these
can be used to express iterated sequential composition, and so we simply restrict recursion to the latter
form. Thus the terms ofASPCFv are those terms ofSPCFv − {Y} which are well-typed according to
the rules in Table 4. We writeM ∗ N for N ; (pairM), allowing the sharing of variables betweenM
andN .

5. Expressiveness ofASPCFv

We first note that iteration, jumps, and the injective pairing operation∗ allow us to define all partial
recursive functions inASPCFv.

Lemma 5.1. Every partial recursive functionf : Nk → N is ASPCFv-definable — i.e. there is a term
x1 : nat, . . . , xk : nat ` Mf : nat such that[[Mf ]](~n) = ⊥ if f(~n) ↑ and [[Mf ]](~n) = inl(f(~n)),
otherwise.
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Proof:
Projection, composition and successor functions are clearly definable.
Supposef = µx.g(x, ~y) = 0. ThenMf = label λk.0; (λx.If0Mg then k x else succ x)∗.
Supposef(~y, n) = g(~y) andf(~y, n + 1) = h(f(~y, n), ~y, n).
ThenMf = label λk.((0∗Mg);λx.If fst(x) = n then(k snd(x))else succ(x)∗(((λuv.Mh) fst(x)) snd(x)))∗.

ut

As in the bounded case, we show that every term is denotationally equivalent to one definable in
ASPCFv by proving that every type is anASPCFv-definable retract of a type of low order. In this case
this is the single typenat ⇒v nat, which is therefore auniversaltype forASPCFv as it is forSPCFv

[20] (we have observed that its denotationÑ ⇒ Ñ>
⊥ is equivalent to an infinite cartesian product of copies

of Ñ>
⊥).
The proof of universality is based on a definable retraction(nat ⇒v nat) ⇒v 0 � nat ⇒v nat.

In SPCF, such a retraction can be defined as the limit of a series of approximants defined by extracting
strictness indices as in Lemma 3.4. However, to define this retraction (in this way) inSPCFv requires
the use of theY combinator. To show that(nat ⇒v nat) ⇒v 0 � nat ⇒v nat using only iteration,
we use the fact that each observably sequential (i.e bistable) functionf from Ñ ⇒ (Ñ>

⊥) to Σ may be
represented as astrategyfor a two-player game in which players alternately choose natural numbers (or
terminate the game by choosing> or ⊥). The strategy off describes how the application off to an
argument ing ∈ Ñ ⇒ (Ñ>

⊥) is sequentially evaluated — first the strategy chooses a numbern, then the
other player replies withg(n), and so on until either player plays> or⊥, representing the value off(g).
If an infinite sequence of values is generated thenf(g) = ⊥.

Definition 5.1. A strategy is a partial functionσ : ˜(N× N)∗ → Ñ>
⊥ (giving the response of “Player one”

to each finite sequence of pairs of moves.

Note that a strategy may contain responses for positions which are not reachable in the evaluation of any
argument. (The representation will be used to define a retraction rather than an isomorphism.)

Definition 5.2. Given a finite sequences ∈ (N× N)∗ ande : Ñ → Ñ>
⊥, we definee[s] ∈ Ñ ⇒ Ñ>

⊥:
e[ε] = e ande[s(i, j)] = e[s][i, j] (the operation[i, j] is defined in the proof of Lemma 4.1).

Proof of the following lemma by induction on sequence length is straightforward.

Lemma 5.2. For anye, e′ ∈ Ñ ⇒ Ñ>
⊥ ands ∈ ˜(N× N)∗, e v e′ impliese[s] v e′[s], and ife l e′, then

e[s] l e′[s], e′[s] ∧ e′[s] = (e ∧ e′)[s] ande[s] ∨ e′[s] = (e ∨ e′)[s].

Hence iff : (Ñ ⇒ Ñ>
⊥) → Σ is continuous and bistable, then for anys ∈ (N × N)∗, λx.f(x[s]) is

continuous and bistable, and we may define a strategy forf : strat(f)(s) = catchω (λe.f (e[s])).
From each strategyκ, we may recover a functionfun(κ) : (Ñ ⇒ Ñ>

⊥) → Σ by reconstructing a
series ofsequentializationsfor each argument.

Definition 5.3. Given a strategyκ and an elemente ∈ Ñ ⇒ Ñ>
⊥, we define a sequence of elements

seqi(κ, e) ∈ ((N× N)∗)>⊥ by seq0(κ, e) = ε and:
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• seqn+1(κ, e) = >, if seqn(κ, e) = > or (seqn(κ, e) = s and κ(s) = >) or (κ(s) = i and
e(i) = >),

• seqn+1(κ, e) = s(i, j) if seqn(κ, e) = s, κ(s) = i ande(i) = j,

• seqn+1(κ, e) = ⊥, otherwise.

Thus we definefun(κ) : (Ñ ⇒ Ñ>
⊥) → Σ:

• fun(κ)(e) = > if there existsn such thatseqn(κ, e) = >,

• fun(κ)(e) = ⊥, otherwise.

We may now prove thatfun(strat(f)) = f for anyf .

Lemma 5.3. If seqn(κ, e) = s thene[s] = e.

Proof:
By induction onn. If seqn+1(κ, e) = s(i, j) thenseqn(κ, e) = s ande(i) = j. Hencee[s(i, j)] =
e[s][i, j] = e[i, j] = e. ut

Lemma 5.4. If f [s](i) 6= g[s](i) thenf [s](i) = f(i) andf(i) 6= g(i).

Proof:
By induction on the length ofs. ut

Lemma 5.5. If λx.f(x[s]) is i-strict for somef then⊥[s](i) = ⊥.

Proof:
If λx.f(x[s]) is i-strict thenf(⊥[s]) = ⊥ andf(⊥[i,>][s]) = >. Hence⊥[s] 6= ⊥[i,>][s] — i.e.
there existsj such that⊥[s](j) 6= ⊥[i,>][s](j). So by Lemma 5.4,⊥[s](j) = ⊥(j) = ⊥, and⊥(j) 6=
⊥[i,>](j), and soi = j as required. ut

We will also use the fact that̃N ⇒ Ñ>
⊥ is algebraic, and every compact element is finite (i.e. dominates

finitely many elements).

Lemma 5.6. Every element of̃N ⇒ Ñ>
⊥ is the least upper bound of a directed set of finite elements.

Proof:
For anyf ∈ Ñ ⇒ Ñ>

⊥, definefi(n) = f(n) if n ≤ i, andfi(n) = ⊥, otherwise. Then eachfi dominates
finitely many elements, andf =

⊔
i∈ω fi as required. ut

Lemma 5.7. If e ∈ Ñ ⇒ Ñ>
⊥ is finite then there existsn ∈ N such thatseqn(strat(f), e) ∈ {>,⊥}.

Proof:
Supposeseqn(strat(f), e) 6∈ {>,⊥}, for all n. Then for alln, seqn+1(strat(f), e) = s(i, j), for some
s, i, j such thatseqn(strat(f), e) = s andstrat(f)(s) = i. Soλx.f(x[s]) is i-strict, and so by Lemma
5.5⊥[s](i) = ⊥. Hence⊥[s] @ ⊥[s][i, j] = ⊥[seqn+1(strat(f), e)]. Thus〈⊥[seqn(strat(f), e)〉n forms
a strictly increasing infinite sequence of elements bounded above bye, contradicting finiteness ofe. ut
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Lemma 5.8. For anyf , fun(strat(f)) = f .

Proof:
Supposefun(strat(f))(e) = >. There exists a smallestn such thatseqn+1(strat(f), e) = >. Then
seqn(strat(f), e) = s and eitherstrat(f)(s) = > or strat(f)(s) = i andπi(e) = >. In the former case,
we have> = (λx.f(x[s]))⊥ = f(⊥[s]) v f(e[s]) = f(e). In the latter caseλx.f(x[s]) is i-strict, and
e(i) = >, and so> = (λx.f(x[s])) e = f(e[s]) = f(e).

To prove the converse, supposef(e) = >. Then by continuity and algebraicity there exists a fi-
nite elemente′ v e such thatf(e′) = >. By Lemma 5.7, there exists (a smallest)n such that
seqn+1(strat(f), e′) = > or seqn+1(strat(f), e) = ⊥. In the former case,fun(strat(f))(e) = > as
required. In the latter case,seqn(strat(f), e′) = s and eitherstrat(f)(s) = ⊥ (so(λx.f(x[s])> = ⊥)
— but this contradicts> = f(e′) = f(e′[s]) v f(>[s]) — or elsestrat(f)(s) = i (soλx.f(x[s]) is
i-strict) ande′(⊥) = ⊥ — but thene′[s](i) = e′(i) = ⊥ and sof(e′) = ⊥, which is also a contradic-
tion. ut

We may prove directly thatstrat and fun are bistable functions (a more general relationship between
strategies or sequential algorithms and bistable functions is studied in [16] and [13]). Here, we combine
them with an encoding of finite lists inN, using our injective pairing operation, to define a retraction
from (nat⇒v nat) ⇒v 0 to nat⇒v nat in ASPCFv. We define the functionφ : (N× N)∗ → N:

• φ(ε) = 0, and

• φ(s(i, j)) = pair(φ(s), pair(i, j)).

and the right-inverse toφ:

• φ−1(0) = ε

• φ−1(n) = φ−1(fst(n))(fst(snd(n)), snd(snd(n)))

Let eq : nat ⇒v nat ⇒v nat be anASPCFv term such that[[(eq m) m]] = 0 and [[[[(eq m) n]] = 1 if
m 6= n.

Definition 5.4. Define theASPCFv term:sub(g : nat⇒v nat, k : nat⇒v 0, x : nat) : nat⇒v 0 :
sub(g, k, x) = λv.If0 v then k (g x) else If0 (eq x) (fst v) then k fst(snd v) else snd v.

Lemma 5.9. If φ(s) = n then[[sub∗ n]](g, k, m) = k(g[s](m))

Proof:
By induction on the length ofs. If s = ε thenφ(s) = 0 and[[sub∗ 0]](g, k, m) = [[sub∗]]([[sub 0]](g, k, m)) =
[[sub]](k(g(m))) = k(g[s](m)).
Supposes = s′(i, j).
If m = i then [[sub n]](g, k, m) = k(j) = k(g[s](m)) and [[sub∗ n]] = [[sub∗]]([[sub n]](g, k, m)) =
k(g[s](m)).
If m 6= i then [[sub n]](g, k, m) = l for somel ∈ N such thatl = φ(s′). So [[sub∗ n]](g, k, m) =
[[sub∗]]([[sub n]](g, k, m))(g, k, m) = [[sub∗ l]](g, k, m) = k(g[s′](m)) = k(g[s](m)). ut
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Proposition 5.1. The map from(Ñ ⇒ Ñ>
⊥) ⇒ Σ to Ñ ⇒ Ñ>

⊥ sendingf to φ−1; strat(f) is definable in
ASPCFv.

Proof:
Letstrat = λf.λy.label λg.f (λx.label λk.(sub∗ y)). Then[[strat]](f)(n) = catchω(λg.f λx.g[φ−1(n)](x))
= catchω(λg.f g[φ−1(n)]) = strat(f)(φ−1(n)) as required. ut

Definition 5.5. For eachn ∈ ω, we define termsseqn(x : nat ⇒v nat, y : nat ⇒v nat) : nat by
seq0 = 0 andseqn+1 = seqn; (λu.u ∗ ((x u) ∗ (y (x u))))

Lemma 5.10. For alln, [[seqn]](f, e) = φ>⊥(seqn(φ; f, e)).

Proof:
By induction onn: [[seq0]](f, e) = 0 = φ(ε) = φ>⊥(seqn(φ; f, e)).

If seqn+1(φ; f, e) = s(i, j), thenseqn(φ; f, e) = s, f(φ(s)) = i ande(i) = j. By induction hypoth-
esis,[[seqn]] = φ(s), and so[[seqn]](f, e) = pair(φ(s), pair(f(φ(s)), e(f(φ(s))))) = pair(φ(s), pair(i, j)) =
φ(s(i, j)) = φ>⊥(seqn+1(φ; f, e)).

If seqn+1(φ; f, e) = > then eitherseqn(φ; f, e) = >— hence[[seqn]](f, e) = > and so[[seqn+1]](f, e) =
>— or elseseqn(φ; f, e) = s andf(φ(s)) = >— and so[[seqn]](f, e) = φ(s) and[[seqn+1]](f, e) = >
— or seqn(φ; f, e) = s, f(φ(s)) = i ande(i) = > — so[[seqn]](f, e) = φ(s) and[[seqn+1]](f, e) = >.
Similarly, if seqn+1(φ; f, e) = ⊥ then[[seqn+1]](f, e) = ⊥. ut

Proposition 5.2. The map fromÑ ⇒ Ñ>
⊥ to (Ñ ⇒ Ñ>

⊥) ⇒ Σ sendingf to fun(φ; f) is definable in
ASPCFv.

Proof:
Let fun = λxy.0; (λu.u ∗ (x u) ∗ (y (x u)))∗. Then[[fun]](φ−1;κ)(e) = > if and only if there exists
n such that[[seqn]](φ−1;κ, e) = > if and only if there existsn such thatseqn(κ, e) = > if and only if
fun(κ)(e) = >. ut

Proposition 5.3. There is anASPCFv definable retraction(nat⇒v nat) ⇒v 0 � nat⇒v nat.

Proof:
For anyf ∈ (Ñ ⇒ Ñ>

⊥) ⇒ Σ, [[λx.fun (strat x)]](f) = fun(φ;φ−1; strat(f)) = fun(strat(f)) = f .
ut

Corollary 5.1. There is anASPCFv definable retraction(nat⇒v nat) ⇒v nat � nat⇒v nat.

Proof:
[[(nat⇒v nat) ⇒v nat]] = (Ñ ⇒ Ñ>

⊥) ⇒ Ñ>
⊥

∼= (Ñ ⇒ Ñ>
⊥) ⇒ (Ñ → Σ) ⇒ Σ ∼= (Ñ ⇒ Σ) ⇒ (Ñ ⇒ Ñ>

⊥) ⇒ Σ
� (Ñ ⇒ Σ) ⇒ (Ñ ⇒ Ñ>

⊥) by Proposition 5.3
∼= Ñ ⇒ (Ñ ⇒ Σ) ⇒ (Ñ ⇒ Σ) ⇒ Σ
� Ñ ⇒ (Ñ ⇒ Σ) ⇒ Σ ∼= Ñ ⇒ Ñ>

⊥ = [[nat⇒v nat]].
The defining terms are thus:inj = λf.λx.label λk.k ((strat(λy.k ((f y) ∗ 1)) x) ∗ 0),

proj = λg.λh.label λk.fun(λx.If0 (snd(x)) then (k fst(x)) else g fst(x)). ut



18 J. Laird / On the Expressiveness of Affine Programs with Non-local Control

To complete our proof thatnat ⇒v nat is a universal type, we require some further simple retractions,
to deal with the liftings used to interpret call-by-value function types.

Lemma 5.11. (Ñ ⇒ Ñ>
⊥)>⊥ is a retract of(Ñ ⇒ Ñ>

⊥) (in B).

Proof:
We define (bistable) mapsinj : (Ñ ⇒ Ñ>

⊥)>⊥ → (Ñ ⇒ Ñ>
⊥) andproj : (Ñ ⇒ Ñ>

⊥) → (Ñ ⇒ Ñ>
⊥)>⊥:

• inj(e) = e, if e ∈ {>,⊥},

• inj(in(g)) = g′, whereg′(0) = 0 andg′(n + 1) = g(n).

• proj(f) = in(f ′), wheref ′(n) = f(n + 1), if f(0) ∈ Ñ,

• proj(f) = f(0), otherwise.
ut

We use this retraction to obtain the following definable retractions.

Lemma 5.12. For any typeT there is anASPCFv definable retractionT ⇒v (nat⇒v nat)�nat⇒v

(T ⇒v nat).

Proof:
[[T ⇒v (nat⇒v nat)]] = [[T ]] ⇒ (Ñ ⇒ Ñ>

⊥)>⊥
� [[T ]] ⇒ Ñ ⇒ Ñ>

⊥ by Lemma 5.11,
∼= Ñ ⇒ [[T ]] ⇒ Ñ>

⊥ � Ñ ⇒ ([[T ]] ⇒ Ñ>
⊥)>⊥ = [[nat⇒v (T ⇒v nat)]].

The defining terms areinj = λf.λx.λy.If0 x then (f y); 0 else((f y) (pred x)) and proj =
λg.λa.((g 0) a);λb.((g (succ b)) a). ut

Lemma 5.13. There is anASPCFv definable retractionnat⇒v nat⇒v nat � nat⇒v nat.

Proof:
[[nat⇒v (nat⇒v nat)]] = Ñ ⇒ (Ñ ⇒ Ñ>

⊥)>⊥
� Ñ ⇒ (Ñ ⇒ Ñ>

⊥) by Lemma 5.11,
� Ñ ⇒ Ñ>

⊥, sinceÑ× Ñ � Ñ.
The defining terms areinj = λf.λx.If0 snd(x) then (f fst(x)); 0 else ((f fst(x)) pred(snd(x)))

andproj = λg.λy.(g (y ∗ 0));λz.g (y ∗ z).
ut

Proposition 5.4. Every type ofSPCFv is anASPCFv-definable retract ofnat⇒v nat.

Proof:
By induction on type-structure. For function-typesS ⇒v T we have:
S ⇒v T � (nat⇒v nat) ⇒v (nat⇒v nat) by induction hypothesis,
� nat⇒v (nat⇒v nat) ⇒v nat by Lemma 5.12,
� nat⇒v nat⇒v nat by Corollary 5.1,
� nat⇒v nat by Lemma 5.13. ut
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Theorem 5.1. EverySPCFv termM : T is observationally equivalent to a term ofASPCFv.

Proof:
As in the finite case, we apply the definable retraction, to obtain an elementinj([[M ]]) of Ñ ⇒ Ñ>

⊥ — a
function fromÑ to Ñ>

⊥. Sinceinj([[M ]])(n) = [[(injM) n]]) and(injM) n either diverges or conevrges
to a numeral,inj([[M ]])(n) 6= > for all n by soundness and adequacy — i.e.inj([[M ]]) corresponds to a
partial function fromÑ to Ñ.

Informally, it is clear thatinj([[M ]]) corresponds to a partialrecursivefunction, since it is effectively
computable (by the associated terminjM of SPCF). More formally, Kanneganti and Cartwright [1]
have defined a notion of computable observably sequential functional which correspond to the functionals
computable in SPCF, and, at typenat⇒v nat, are simply partial recursive functions.

Hence by Lemma 5.1,inj([[M ]]) is the denotation of a termN : nat ⇒v nat of ASPCFv. Hence
[[M ]] = [[projN ]], and by soundness of the bistable model,M is observationally equivalent to the
ASPCFv termprojN . ut

As in the bounded case, full abstraction of our denotational semantics follows from the existence of a
definable retraction intonat⇒v nat.

Proposition 5.5. The bistable bicpo semantics ofSPCFv is fully abstract.

Proof:
As for Proposition 3.3. ut

6. Conclusions and Further Directions

In this paper, we have described an example of the use of a denotational model to eliminate nesting in an
appliedλ-calculus with control operators. It remains to be seen whether this result has any application
in the design, implementation or analysis of functional programming languages. In general, elimination
of nesting will reduce the space required for program evaluation in a stack-based implementation, since
the size of the allocation stack for an ASPCF program can be bounded in the size of the types of the
variables. However, this comes at the cost of increase in the size of the program itself (unless the original
program is unnecessarily large). Similarly, with regard to time-efficiency, we may observe that optimal
reduction techniques such as graph reduction are much easier to apply to terms without nesting, but this
must be set against their (sometimes vastly) increased size. One possibility would be to apply de-nesting
locally, to eliminate particular nested calls or recursive definitions, as these may only occur in a small
fragment of a program.

If the priority is reasoning correctly about programs, rather than evaluating them efficiently, then
ASPCF does appear to offer potential advantages. For example,unificationof affinely typed terms is
much simpler than the general case.

We have discussed the the expressiveness of affinely typed PCF and SPCF; a natural question con-
cerns how other side effects affect these results. (Or, in other words, is SPCF essentially unique in allow-
ing this kind of de-nesting?) Preliminary results suggest that whilst our proofs rely on some properties
are unusual, it is possible to build up bidomain models of languages with features such as recursive types
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and non-determinism [17], with definable retractions into first-order types which are affinely typable,
meaning that the results described here would apply.

The case of affine PCF extended with (integer) store (or affine Idealized Algol) is of independent
interest, since this is the core of Reynolds’Syntactic Control of Interferencelanguage, in which the
affine type system has a strong justification in terms of the prevention of covert interference between
procedures. In the presence of effects, such as state, which allow nested function calls to be observed,
nesting-elimination is not possible in the strong sense described here (up to observational equivalence).
We also note that decidability results for observational equivalence in Idealized Algol and Syntactic
Control of Interference expose their different levels of expressive power: the former is undecidable at
order 4 and above [21], the latter at all orders [14]. Similar results apply when the languages are extended
with catch-style control operators [14].

On the other hand, basic SCI with control may considered to be more expressive than SPCF, since
it is a proper extension of affine SPCF. As well as having good algorithmic properties (decidability of
equivalence at all orders) this language retains the advantage of using state in an interference-controlled
form — access to state allows many functions to be written more efficiently in an affine type system —
for example, the retractions defined in this paper.
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