Games for Syntactic Control of Interference

Matthew Wall

Submitted for the degree of D. Phil.
University of Sussex

30th September 2004



Declar ation

I hereby declare that this thesis has not been submitted, either in the same or different form, to this

or any other university for a degree.

Signature:



Abstract

This thesis proposes a game semantics for languages that adhere to the design principles first
proposed by John Reynolds in Syntactic Control of Interference. A pair of subterms of a program
written in a language adherent to the SCI principles enjoy the property that the evaluation of one
will have no impact on the subsequent evaluation of the other if they contain no free identifier in

common.

The proposed model relies upon a novel notion of view based on partial orders of moves, rather
than sequences of moves, to capture the inability of programs to discern the order of execution of
non-interfering side-effects. Three languages from the literature that obey the SCI principles are

interpreted in the model:

PCF This language controls interference by eschewing any imperative features.

Basic SCI At the other extreme, this language outlaws aliasing and thus prevents subterms con-
taining distinct free identifiers from accessing the same parts of the store.

SCIR Aliasing is outlawed for those identifiers that can affect the store but may be permissible
for those that cannot. It incorporates a sophisticated notion of passive type; containing no
phrases which assign to non-local store. This notion is distinct from that of passive use:
identifiers in the context of a typing judgement that are perhaps not of passive type but that
are used only passively in the term.

The games model defined in this thesis is shown to possess the definability property for each of
the three languages: every finite element of the model is the denotation of a term of the language
in question. Using this property, the model can be used to characterize program equivalence in
each of the languages precisely; that is, a fully abstract model can be built.
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Chapter 1

I ntroduction

1.1 Interference

At the very heart of imperative programming lies the idea that the evaluation of one subterm of
a program may later affect the evaluation of another subterm. We would have no wish to assign
to a store if there existed no channel by which this assignment might affect the outcome of the
program. We intend the term interference to take the meaning defined in [40]: a term M, is said
to interfere with a term M, if exercising M; can have an effect on the result of later exercising
M,. Exercising is taken as a general term to mean evaluating, executing, calling, assigning to or
dereferencing a subterm of our program — whichever action is appropriate for the type of the
subterm. However, interference is commonly seen as a stumbling block when we wish to reason

about programs. Consider the following program:
X:=5;!x

The variable X is first assigned the value 5 and then the variable is dereferenced. The two se-
quenced terms clearly interfere but we can reason about such stateful behaviour quite happily us-
ing conventional Hoare logic [26]. This logic provides a framework in which we can reason about
simple imperative languages that do not possess procedures. Only when procedures are added to
the language do we start to encounter problems: it is only in the presence of these two factors,
procedures and state, that the particular form of interference that Reynolds describes in [47] can
occur. Reynolds argues that reasoning about imperative languages only becomes really problem-
atic when the language permits interference which is not syntactically obvious. This occurs when
distinct identifiers in a term access the same resource in some way. The term covert interference
is used to describe this phenomenon. The simplest example of covert interference is caused by
aliasing. Aliasing occurs when distinct identifiers become bound to the same resource. We can
demonstrate how such interference may create problems with the following example. Consider
the term y := 2 x IX. We might wish to use some axiomatic semantic theory to make a statement to

the effect that after running this command the value stored in Y is twice that stored in X. However,
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this statement would be incorrect in the following program:
newy :=0in (AX.X :=5;y := 2xX)(y)

where X becomes bound to y. We should note here that interference can be more complex than
this simple aliasing of variables. Subterms of product and procedure can also interfere if they side
effect the store. The problems in formulating a Hoare style logic have been remedied somewhat by
Reynolds in [48] where additional logical statements that insist upon non-interference are included
in the language of assertions of the axiomatic semantics. However, it is vital that we are able to
reason about the non-interference of subterms.

O’Hearn et al. [40] note that we may also imagine that we would wish to syntactically forbid bad
variables from language. Bad variables are those terms of the type of storage variables that, when
dereferenced, do not necessarily return the most recently assigned value. The classic example is
the array variable A[A[i]] which behaves badly when A[i] is i. However, if we want to disallow

such bad variables then we must also be able to tell that A[j] is illegal when j aliases A[i].

Reynolds [47] also notes that the situation becomes considerably more complex when union types
are included in the language and provides the following example where X is a variable that holds a

value of either an integer or a character.
unioncase x ofinteger :(y := ‘A’;n :=!x+ 1) character : skip

The intended meaning of this statement is that the program branches according to the type of x.
However, consider a situation where X and Y are aliases. If X is an integer and the first branch is

taken we run into a typing error when the expression !X+ 1 is evaluated.

It should be noted that control of interference is desirable for more reasons than the axiomatic
reasoning and type structure problems described above. It is suggested that interfering side effects
are a common source of programming error. Perhaps it would be desirable for the programmer
to be able to have at their disposal some syntactic decoration in order to specify whether or not
certain identifiers may interfere. Furthermore, it may be desirable for a programming language to
allow some limited parallelism in the composition of commands when the evaluation order has no
effect on the outcome of the program. Of course, if we intend the language to be deterministic, we
must certainly be careful about interference between commands thus composed. Reynolds again

provides a simple example [47]: the term
X=X+ 1|y :=lyx2
should not be typeable if X and y interfere and we want our operational semantics to be determin-

istic.

1.2 SCI

In Syntactic Control of Interference [47] Reynolds suggests that the imperative language Idealized
Algol [50, 42] could be extended to outlaw those terms in which covert interference is present.
Reynolds’ elegant idea is to propose a relation, f, with the intention that the relation holds between

program fragments if it is syntactically obvious that they do not interfere.
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e If MfiN and M and N are not procedures then exercising M will have no effect on the exercise
of N.

e If M is a procedure, with arguments Ay,...,A, such that MEN A AN A ... A ApliN, then
M(Ap,...,A)N. That is, MiN implies that an application of M will not affect N if its
arguments do not affect N.

Note that the above does not form a definition, but merely some conditions that the f relation is duty
bound to fulfill. Given such a relation, Reynolds then proposes the following design principles for
an SCI language.

SCI1 If xfly for all free identifiers x in M and y in N then M#N. This simply states that all channels
of interference are named by identifiers: there are no constants or programming constructs
that interfere with each other.

SCI2 If x and y are distinct identifiers then x}y.

SCI3 Terms of certain types are passive in that they do not assign to any global store. If M and N
are both passive then MfiN.

Reynolds suggests a simple solution to principles SCI1 and SCI2 by defining the {f relation as
follows
MiN < FV(M)NFV(N) = 0.

That is, the relation holds between M and N if and only if they have no free identifiers in common.

Principle SCI1 is already present in Idealized Algol-like languages. How can we then ensure
that principle SCI2 is satisfied? We must look at how identifiers are bound. In the illustrative
language given in [47] the only two means of binding identifiers are with the new construct or by
application of a A expression. The new construct gives no problems as binding follows a strict
nesting discipline. Function application, as already stated, is at the heart of the problem of covert
interference. The solution proposed by Reynolds is simply to restrict the application M(N) to only
those phrases such that M§N. By ensuring that a function and its argument do not interfere we can
ensure that N will not become bound to any identifier that can interfere with other identifiers in
the body of M. In modern parlance this is equivalent to using an affine type system. In Idealized

Algol, the typing rule for function application is the same as that for the simply typed A-calculus:

r’-M:6=86 re=N:¢
r'EMN:6

=E

The typing rule for function application suggested by Reynolds is suggestive of the multiplicative

form found in Girard’s linear logic [23]:

F-M:6 -0 AFN:@
MLAFMN:9

—o

where writing ", A implies that ' and A are disjoint. Other language constructs are typed in the

additive, or context sharing, form. for example sequential composition:

NN=M:com T FEN:com
F'=M;N:com

sequencing
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The variation of Idealized Algol with this multiplicative function application rule has been termed
Basic SCI by O’Hearn in [43].

The third design principle, SCI3, has proved harder to satisfy. In [47] Reynolds suggests adding
a form of contraction for passive types although the resultant language does not enjoy subject
reduction. This is remedied by Reynolds in [49] using subtypes in a complicated type system. A
later solution, SCIR, was proposed by O’Hearn et al. in [40] where typing judgements have split
contexts and take the form:

rMaAFM:6

with the intuition that identifiers in " are only used passively in M. Contraction is then permissible

onlyinl.

1.3 Denotational Semantics

When we write a program we might expect to know what it does. However, even small programs
written in a language with an unambiguous grammar and a well-defined operational semantics
can leave us scratching our heads. Of course, well-known computability results imply that we
cannot always expect to reason effectively about the exact behaviour of programs written in a
Turing complete language, but even simple properties of trivial programs have been hard to prove
formally, even when we have a clear intuition about them. Clearly, reasoning about syntax and

operational semantics is difficult and there is a need to seek other reasoning methods.

Scott and Strachey’s approach [52] is to seek to define a denotational model for a given language.
An abstract mathematical object, termed the denotation, is assigned to each program; the intention
being that it may prove easier to reason about a program’s denotation than it is to reason directly
about its syntax. The mapping from programs to denotations is usually compositional: it is defined
inductively on the syntax or typing derivation, and thus denotations are normally defined for both
open and closed terms.

Obviously care must be taken when we choose a denotational semantics for a language. The
choice we make here will affect the kind of reasoning that we have at our disposal. Equality in
the model of a programming language induces an equivalence relation on the language and it is
important that this relation makes sense operationally. If we have two terms with equal denotations
we can never use the model to reason about properties that distinguish the terms. Terms with equal
denotations should, in some sense, have the same behaviour. Exactly what constitutes the “same

behaviour”? The equality in which we will be interested is termed observational equivalence.

Definition 1 (Observational Equivalence) Observational equivalence is defined with respect to
operational semantics. We write M{}V to mean term M converges to value V and we write M}
to indicate that M converges to some unspecified value. Two terms, M and N, are said to be
observationally equivalent, written M ~ N, if and only if, for all contexts of base type, C[], we
have

CIMJV & C[N] |}V
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Sometimes we may wish to make use of a related ordering on terms: the observational preorder.

We write M C N to indicate that for all contexts C[_] we have
CIM] 4V = C[N] J V.

Obviously we then have
NCMAMLEN << M ~N.

We are now ready to consider some properties that a good denotational model might have.

Definition 2 (Syntax Independence) Any language models itself, but of course this achieves lit-
tle. A model is syntax independent when it is constructed without reference to the syntax of the
language, and a mapping is then shown to exist from the terms of the language to objects in the
model. Of course the model may be an independent language, with an independently defined op-
erational semantics, but the motivation behind denotational semantics is to transfer our reasoning

to structures that are not syntactic and whose properties are not defined operationally.

Definition 3 (Coherence) Sometimes a typing judgement may have two or more derivations. If
this is the case and the semantics is defined inductively on derivations then it may be the case that
different derivations of a given judgement assign different semantics to the same term. A semantics
is coherent if and only if the semantics assigned to a term is independent of the derivation of the

judgement.

Definition 4 (Equational Soundness) We say that a denotational model is equationally sound if
and only if
[M]=[N]=M~N.

Equational soundness is fundamental if we wish to use the model to reason about contextual

equivalence.

Definition 5 (Inequational Soundness) Sometimes it is possible to define a partial order, <, on
denotations in our model. We normally insist that the partial order, <, is compositional; for any
context C[_] we have

[M] <N = [C[M]] < [CINT].-

We say that our model is inequationally sound if and only if for terms M and N we have
[M] <[N]= MLCN.
It is then trivial to show that inequational soundness implies equational soundness.
Definition 6 (Equational Completeness) We say that a denotational model is equationally com-

plete if and only if
M ~N = [M] = [N].

It may be desirable that a model is complete. It implies that observationally equivalent terms
have equivalent denotations. We can thus reason about observational inequivalence. Equational

completeness in the absence of equational soundness is rarely considered.
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Definition 7 (Full Abstraction) We say that a semantic model is fully abstract if it is both equa-

tionally sound and equationally complete:
M ~N & [M] = [N].

A fully abstract model in some sense gives a full account of what the language means: it de-
fines the language. Syntax independent, fully abstract models have proved to be rare animals.
Sometimes we informally talk about degrees of abstraction: one model may be more abstract than
another. A model is less abstract than another if it distinguishes between more programs that are
observationally equivalent. It is often considered desirable to construct a model that is as abstract

as possible.

Definition 8 (Operational Soundness) We say that a model is operationally sound if and only if

MV = [M] =[V].
Note that the direction of the implication contrasts with that in the definition of equational sound-

ness.

Definition 9 (Computational Adequacy) Suppose that the partial order on denotations has a

least element, written L.

We say that a model is computationally adequate if for any term M of base type we have
M #L=>MJ{.

Operational soundness and computational adequacy together imply equational soundness. Given
terms M and N such that [M] < [N] and any context C[_] such that C[M]{}, we have [C[M]]] #L
by operational soundness. Compositionality ensures that [M] < [[N] implies [C[M]] < [C[N]].
Therefore [C[N]]] #L and by adequacy C[N]{} and hence M C N.

Definition 10 (Universality) A model is universal if every element in our model is the denotation
of a term in our language. Sometimes we might have a weaker property: every element in the
model that satisfies a certain condition is the denotation of a term. Such a property is termed a

definability property.

1.4 An Informal Introduction to Game Semantics

Game semantics is a branch of denotational semantics in that programs are mapped onto formally
defined mathematical objects. The interpretation of a typed term is a set of sequences of sym-
bols, possibly with additional structure added to the sequences and symbols. We will later see
how the placing of various combinatorial constraints on these sets has been used to create defin-
ability results. Fully abstract models have been successfully formulated for a wide selection of

programming languages using this approach [28, 39, 4, 5, 6, 1, 9].

We start this section with an informal introduction to game semantics of programming languages.
For a considerably more in depth discussion see Abramsky and McCusker’s tutorial [9]. The
games that we describe here are after the style of Hyland and Ong [28] and Nickau [39] and are
related to their fully abstract models of PCF. A contrasting style was pioneered by Abramsky,
Jagadeesan and Malacaria [4] in their fully abstract model for PCF.
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1.4.1 The Protagonists

At the heart of game semantics is the notion that the behaviour of a program fragment can be con-
sidered as the set of all possible interactions between the fragment and its environment. These sets
are termed strategies in game semantics. A program may need to ask the environment about the
value of certain identifiers or it may need to apply some higher order identifier to some arguments.
The environment may need to ask the program about arguments to some of these higher order
identifiers and so on. We should notice that the set of such traces gives the intensional meaning of

a program.

To further extend the recreational metaphor we refer to the environment as opponent (O) and the

program as player (P) - (or proponent in some presentations).

We are now going to give a flavour of the way in which terms of the call-by-name simply typed

A-calculus, enriched with a sprinkling of common programming constructs, might be interpreted.

1.4.2 Modelling Values

Consider what possible semantics we might have for a program of natural number type, N. In
the games that we shall consider opponent always asks the first question and we denote this as
g. Player can then reply with its answer which will be one of the natural numbers. Consider the
following typed term:

F5:N

The idea is that this program will respond to an initial opponent question ( with an answer 5.
As stated, we model programs as sets of possible traces, or strategies, and in the models we
concern ourselves with these strategies are always closed with respect to even length prefixes of
the sequences, so we can define the semantics of this term as {€,q- 5}, where € represents the

empty sequence. A divergent closed program of type N would simply have the semantics {€}.

1.4.3 Modelling Functions

Consider some function of type N = N, for example the successor function. In this case we
imagine that opponent initially asks for the output to this program. Obviously output generally
depends on input, so player asks for input. When opponent responds with a value, player can then

respond with a value one greater. The semantics can therefore be given as

{g-g-n-n+1jneN}U{e,q-q}

When we wish to depict traces of a program we often set them out in tabular format with the type
of the program across the top and the moves placed underneath the atomic type to which they refer.
The sequences in such a format grow downwards. This is done purely for reasons of readability.

For example, one trace from the strategy modelling the successor function could be depicted as
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follows.
N = N
q
q
5
6

No extra information is transmitted because, as we shall see later, the set of moves of a game is
the disjoint union of the moves of its subgames.

How then, might we model constant functions? Consider the term Ax.2 that always returns 2. Its

strategy will contain two sequences, € and the following:

N = N

q
2

However, there are other functions that always return 2. Consider the term AX.if X =0 then 2 else 2.
This term is not observationally equivalent to Ax.2: it diverges if applied to a divergent argument.

The strategy interpreting this term will comprise even-length prefixes of sequences of the form:

N = N
q
n
2

Functions that return function types are no problem. Consider this trace taken from a strategy for

the curried form of addition.

N = N = N

8

We can also model functions that take functions as arguments. Consider a function that takes a
function as its argument and applies it to the number 3.

(N = N) = N
q
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When we have higher order arguments it is possible for runs to be interleaved. Consider the pro-

gram A f. f(f3) with the following trace (in this sequence f is playing like the successor function):

(exp = exp) = exp

q
q
q
q
q
3
4
4
5
5

1.4.4 Modelling Products

A strategy for a term of product type is comprised of sequences that are either a sequence in one
component or a sequence in the other. For example the term (2, 5) has a strategy containing € and

the following two traces:

N x N

q

2

N x N
q
5

All the terms we have considered so far have been closed, but the semantics can be extended to

interpret open terms. A judgement
X1 AL Xn i AnEFM B
can be interpreted in much the same way as the curried term

FAXp... A M A = ...=> A =B

1.4.5 Justification

Unfortunately, to fully model the kinds of languages that we are interested in we need a little extra
information to be included in the sequences. To demonstrate this we shall examine an example
taken directly from [9], that was first described by Kirstead.

Let us consider the following two A-terms:
A (A F(AY.Y))

A F(AX.T(Ay.X))
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It transpires that the game semantics, as described so far, would equate these two terms. How-
ever they are not contextually equivalent in the sort of languages that we are interested in. The
interpretation of either term contains sequences that are prefixes or extensions of the following
form:
(N= N = N) = N
q

0

0

The problem lies with the last move. It queries the argument of the argument of f, but we cannot
distinguish which occurrence of f in our term we are considering. We are, therefore, confused as

to which subterm the argument indicated by the move belongs.

The confusion can be remedied by attaching, to each occurrence of a move in a sequence corre-
sponding to a request for input, a pointer from the occurrence of the move that requires that input.
We also include pointers to occurrences of answer moves from their corresponding occurrences of

questions. We say that a move justifies those moves from which it has pointers.

Happily , the above A-terms thus have the following distinguished plays. The term A f. f (AX. f(Ay.y))

plays like this:
(N= N = N = N
q

/*K
/*ﬁ

whereas A f.f(Ax. f(Ay.x)) has the following play:

(N = N) = N) = N
q

\

-
-

1.5 Thesis Outline

The main contribution of this thesis is the construction of a games model that can be used to

interpret three languages which conform to the SCI design principles of section 1.2.
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In Chapter 2 we introduce a novel category of games, G, where moves are permitted to have more
than one justifier. We show that the well known definitions of visibility and innocence can be
naturally extended to this new setting where views are no longer sequences but partial orders of
moves. We then show that visibility and innocence are preserved by composition and that identities

in this category respect player visibility and innocence.

We then introduce a category of arenas, A, in Chapter 3. We demonstrate ways in which we can
constrain the notion of strategy found in A and develop novel methods for proving properties about

composition and identities for strategies that are thus constrained.

Chapter 4 introduces Reynolds’ Idealized Algol [50] and recalls Abramsky and McCusker’s games
model for Idealized Algol [6].

In Chapter 5 we re-examine the design principles proposed by Reynolds in Syntactic Control of
Interference [47] and introduce three languages that adhere to these principles: PCF, Basic SCI
and SCIR. We examine the categorical structure that we might require of models of each of these
languages and discuss some of the existing models.

In Chapters 6 and 7 we introduce the main contribution of this thesis: a games model for SCI
languages. We show how our model tallies with our intuitions about the type systems and demon-
strate that the model is sound and adequate. Definability results have been central to the success of
game semantics as a discipline and we are able to prove definability and thus build a fully abstract

model.

Finally, we present our conclusions in Chapter 8 and suggest further avenues for research.



Chapter 2

Games and Multiple Justifi ers

2.1 Introduction

In this chapter we introduce a novel category of games, G, in which strategies are comprised
of sequences in which any move occurrence may have more than one justifier. We find that the
properties of visibility and innocence found in [28] can be extended in a natural way to fit this
new setting and that these properties are possessed by the identity strategies and are preserved by
composition. Although it would be possible to construct sound models for programming languages
in G, we do not use this category as it is insufficiently constrained to get the definability results that
we desire. There is just too much “junk” in G: too many morphisms that are not the denotations
of any term. We will however use results obtained in this chapter to prove properties in the more
constrained models of chapter 3 and 6. The use of G in chapter 3 may appear like taking a

sledgehammer to a walnut; we will encounter a coconut in chapter 6.

2.1.1 Notation

When we define our games models, we will be interested in sequences of moves from a particular
set. We will tend to use m, m’, n, n’ for moves, and sometimes use q, q’ or a, a’ etc. when we wish
to imply that a move is a question, or respectively an answer. We make no notational distinction
between occurrences of moves in a sequence, singleton sequences and the moves themselves; no
confusion should arise in practice. m™ is the move immediately following m in a sequence; m™ is
the move immediately preceding m. Sequences of moves will be notated s, s’, t, t'. Concatenation
of sequences is written s - t; € is the empty sequence. m € s means that move m occurs in s. We use
<,>,<,> when we wish to talk about the ordering of occurrences of moves within a sequence.
S<m denotes the subsequence of those move occurrences of s that occur strictly before m. s<p, is
defined similarly.

When we have a sequence s of moves from a game A + B we write s [ A for that subsequence of s

containing only those moves from M. We define s [ B similarly.
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We use C to denote the usual prefix ordering on sequences and we write s Ceyen §' if and only if

s C s and the length of s is even.

2.1.2 Multiple Justifiers

In the familiar setting, where moves have at most one justifier, a view of a sequence is a subse-

quence. For example given the following justified sequence:

abee'-“ f

the player view would be as follows
b e

and an innocent strategy containing such a view must play according to this partial information

about the original sequence.

Unfortunately to appreciate how we construct views where moves may have more than one justi-

fier we have to consider fairly complicated sequences such as the following sequence s:

S *“d; Ee*-“f;;gffh N

a - c”. . |J

In this case our player view will be a partial ordering on a subset of the moves from the original
sequence. Every player move in the partial order will be preceded immediately by its predecessor
from the original sequence and every opponent move will be preceded immediately by each of its

justifiers. We therefore arrive at the following player view of s:

< d
a b >i J
eh

Once again we can consider the player view to contain partial information about the original
sequence. In this case we not only lose some of the moves from s but also we lose information
about the ordering of some of the moves in the view. As before, any innocent strategy must play
functionally according to the player view. Suppose that a strategy O containing s also contains a
sequence s’ and that s - i is a valid extension of s’ (we will define validity later) and that s’ -i has
the following form:

<
b e d -

a - (S [ 1.

When we construct the player view of s’ -i we get the following:

¢~ d
a b >i
e
and as O is innocent player must respond according to this view and play the move j in response

and hence we must have s'-i-j € 0.
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2.2 Games and Pre-arenas
Definition 11 (Pre-arena) A pre-arena A is a tuple (Ma,Aa) where:

e M, is a set of moves.
e Aa:Ma — {O,P} is alabelling function that indicates whether a move is an opponent move

or a player move.

We define Ap : Mp — {0, P} as follows:

Hm:O(:))\Am:P.

Definition 12 (Justified Sequence) A justified sequence, s, for a pre-arena A is a sequence of
moves from Ma together with a collection of pointers known as justifiers such that any two move
occurrences m,m’ € s may be connected by a justifier, written m v\ m’. Sometimes it will be
useful for us to specify a justified sequence s as a tuple (M, <, ) where:

e Mg is a set of move occurrences.

e 3 C Mg x My is the successor relation of the sequence.

o N\sC Mg x Mg is arrow relation on M.

We write X for that set of justified sequences for the pre-arena A such that each sequence s € Xa

satisfies the following:

es=m-s'=Am=0
e s=s"-m-m’'-s” = Am # Am’. We term this property alternation.
e Vmm' esmaAam =>m<m

e Vm,m' € sm A m = Am#£Am’

Definition 13 (Games) A game A is a tuple (Ma,Aa, Pa) where:

e (Ma,Aa) is a pre-arena.

e P4 is a subset of Xa known as the valid plays.

Definition 14 Given games A and B we define the game A — B = (Ma_,g,Aa—B, Pa—B) as fol-

lows:
Mae = Ma+Mp
M5B = [Aa,Ag]
SEPNn & se€XaB
As|AE Py
As|[Be P

AVm,m' €s.mAgm’ & (mAga m' Vm g m')
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Where we define the projection s [ A to be that subsequence of s containing exactly those moves
from Ma. We define s [ B similarly. Implicit in our definition is that there is no pair of moves

m,m’ €ssuchthatm €s [ Aand m’ €s | B where m A m’ orm’ A~ m.

Lemma 15 (The Switching Condition) Given games A and B and a sequence s € Pa_,g with
consecutive moves m,m™ € s such that m € s | A (respectively m €s | B) and m* €'s | B (respec-
tively m™ €s | A) we have Ap_,gm™ =P.

Proof We consider only the case where m™ € s | B as the other case is similar. We construct a

proof by induction on the length of s.
Base Case If s = € then the lemma is trivial.

Inductive Step If s = s’ - n then we can apply the inductive hypothesis if m* € s’. Otherwise we
have m* = n. Let the predecessor of m™ in's | B be m’. By assumption we do not have m’ = m
so there must be some sequence of moves from M strictly between m’ and m™. By the inductive
hypothesis we see that the first move of this sequence is a player move, hence m’ is an opponent

move. We know that s | B € Pg and hence s | B alternates therefore Aa_,gm™ = P. |

2.3 Strategies, Composition and ldentity

2.3.1 Strategies

Definition 16 (Strategy) A strategy O for a game A, written O : A, is a set of even length se-

quences from Pa.

2.3.2 Composition

Definition 17 Given games A, B and C we define int(A, B, C) to be the set P(a_B)c-

Similarly, if we are also given a game D we define

int(A,B,C,D) = P((A=B)=C)—sD-

Given a sequence s € int(A, B, C) we define the projections s [ A, s [ A, C etc. in a similar fashion
to the projections from sequences from A — B. Given a sequence s € int(A,B, C) we say that a
move m € s is in a component A, B if m € s [ A, B and similarly in component B,Cif m €s [ B, C.
In some of the ensuing proofs we refer to components X and Y with the understanding that these
terms refer to these two different components but for the purposes of the proof it is not important

which is which.

Definition 18 (Interaction Sequence) Given games A, B and C with strategies 0 : A — B and
T: B — C we define the set of interaction sequences as follows

ollt={s€int(A,B,C)|s|A,BecAs|B,Cet}

Lemma 19 Given games A, B and C with strategies 0 : A — B and 1: B — C and sequence
s-m € o]|T it follows that m ¢ s-m [ B.

Proof Ass-m[A,Bands-m [ B,C both have even length and hence end with player moves with
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respect to Aa_,g and Ag_,c respectively. However, any move from s-m [ B will receive different

labellings from Ap_,g and Ag_,c. [ |

Definition 20 (Composition) Given games A, B and C with strategies 0: A —+Band1:B — C

we define composition as follows
0;1={s[A,C|seo|t}

In this case we say that the sequence s is a witness to the sequence s [ A, C.

Lemma 21 Given strategies 0 : A — B and 1: B — C, an interaction sequence s € 0||T and moves

mes|[Aandm’' €s|C, then m and m’ are not consecutive in s.

Proof We prove only the case where m < m’ as the other case is similar. Ass | A,B € Pa_,p
the first move in this sequence is from B. Let n be the greatest move in s [ B such that n < m.
The switching condition of lemma 15 implies that Ap_,gn = O and hence Ag_,cn = P. Lemma 15
then implies that there must exist some move in s | B between n and m’. Hence m and m’ are not

consecutive. | |

Lemma 22 Given strategies 0 : A — B and 1: B — C, an interaction sequence s € 0||T and moves
m and m’ that are consecutive in s [ A,C then m;m’ € s | A or m,m’ € s | C if and only if that

subsequence of s lying strictly between m and m’ has even length.

Proof Lett be the subsequence of moves strictly between m and m’. We assume without loss of

generality that m < m’.

case: Suppose m,m’ € s [ A. If t is not empty then the switching condition assures us that
the first move is a player move and the last an opponent move, with respect to Aa_,g, and as
s [ A,B € Xa_,p it follows that t has even length.

case: If m,m’ € s | C we can apply a similar argument to the above.

case: Now suppose m €s [ A and m’ € s | C. Lemma 21 assures us that there is at least one
move between m and m’. We see that lemma 15 dictates that the first move in t is a player move
when labelled by Aa_,g and the last move is an opponent move when labelled by Ag_,¢ hence the
sequence t has odd length.

case: Ifmeu | Cand m' € u | A we can apply a similar argument to the above. |

Lemma 23 Given games A, B and C with strategies 0: A — B and 1: B — C, it is the case that
O;T is a strategy for A — C.

Proof Let s be any sequence in 0;T and u be any witness to s. First we show that 0;T C Xa_,c

as follows:

e s is a justified sequence by definition.

e We now show that if s is not empty then it starts with an opponent move. If s is not empty
then the first move in u [ A must be preceded by some move inu [ Basu [ A,B € 0.
Similarly any move in u [ B is preceded some move in u | C and the first move in u [ Cis an
opponent move as u [ B,C € T.
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e We now show that s obeys alternation. Consider any two consecutive moves m,m’ € u | A, C.
If m,m’ € u | Aorm,m’€u]C then the labelling of the moves alternates by virtue of the
fact that u [ A and u | C both alternate. Otherwise we must have m €u [Aandm’ €u | C
or vice versa, and we simply apply lemma 22.

We now show that s € Pa_,c. As 0 C Pa_g we have u [ A,B € Pa_,g and by the definition of
Pa_sc we have u [ A € Pa. Similarly we have u [ C € P¢ and hence by definition s € Pa_,c.

To show that 0; T is a strategy we are left to show that s has even length. We know that both u [ A, B

and u | B, C are of even length. We now have
js|+2 u I Bl = |u | A,B|+u | B,C|

hence |s| must be even. [ |

Lemma 24 Composition is associative. Given games A, B C and D with strategies p: A — B,
0:B— Cand1:C— D we have

(p;0);1=p;(03T)
Proof We first construct the following set:
S={seint(A,B,C,D)|s [ (A,B) epAs|(B,C) ecAs|(C,D)et}.

It is fairly straightforward to show that {s [ A,D|s € S} = (p;0);T = p;(0;1). [ |

2.3.3 ldentities

Definition 25 (ida) Given a game A we define ida : A — A to be the following set of sequences:
{S € Par_pn | Vt Ceven S-t fAI =t [A”}

where A’ and A" are used to distinguish the different copies of game A. The strategy ida is an
example of a copycat strategy. For any sequence in the strategy, each move that opponent makes
is copied by player in the other copy of A.

Lemma 26 The copycat strategy is the unit of the composition operation. Given games A and B
and a strategy 0 : A — B we have
o=Iidp;0=o0;idg

Proof By inspection of the definitions of composition and copycat. |

Definition 27 A game A = (Ma,Aa, Pa) is a subgame of the game A’ = (Ma,Aa, Pa) if and only
if Pp C Par.

Lemma 28 Given a strategy 0 : A — B and games A’ and B’ such that A and B are subgames of
A’ and B’ respectively it follows that Uo : A’ — B’ where U leaves the strategy itself unchanged
but changes its domain and range accordingly.

Proof Proof is by inspection of the definitions. |
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Lemma 29 Given strategies 0: A — Band 1: B — C, games A’, B and C’ such that A, B and C
are subgames of A’, B’ and C' respectively it follows that U (0;T) = U0;UT where U is defined as

in lemma 28.

Proof The proof is by inspection of the definition of composition. |

2.4 Categories of Games

2.4.1 The Underlying Category

Definition 30 (The Category G) We now define the category G: a category of games and strate-
gies. Objects in G are games and a morphism from A to B is a strategy for the game A — B. The
composite of two morphisms is the composite of the strategies as given in definition 20 and the

identity morphisms are the strategies of definition 25.

2.4.2 Prefix Closure

Definition 31 (Prefix Games) A game A is a prefix game if and only if

S mE Pan=s€E Pa.

Lemma 32 Given prefix games A and B it follows that A — B is a prefix game.

Proof The follows directly from the definition of A — B. |

Definition 33 (Prefix Closure) We say that a strategy O : A is prefix closed if and only if

ssm-meoc=>sco0.

Lemma 34 Given a prefix game A we have ida prefix closed.

Proof The follows directly from the definition of ida. |

Lemma 35 Prefix closure is preserved under composition: given prefix closed strategies O :

A — Band 1: B — C, the strategy 0;T is prefix closed.

Proof Lets-m-m'be any sequence in 0;T and let u-m-u’-m’ be a witness to s. First we will
show thatu [ A,B € ©.

case: Suppose m is from game C. Lemma 15 implies that either u [ A, B is empty or it finishes
with a player move with respect to Aa_,g. Hence u [ A, B has even length and u [ A,B € 0 by the

prefix closure of O.

case: Suppose m is from game A. Lemma 15 implies that the ultimate move in u [ A,B must
a player move with respect to Aa_,g. Hence u [ A,B has even length and u [ A,B € 0 by prefix

closure.

We can use similar reasoning to show that u [ B,C € 1. By definition we now have u € O||T and
thus s € 0; 1. |

Definition 36 (Gp) We define G to be the subcategory of G consisting of prefix games and

prefix closed strategies.
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2.4.3 Determinism

Definition 37 (Determinism) A strategy O : A is deterministic if and only if it is prefix closed
and

Vs-m;s'-m'€0.(s=5)= (s-m=s"-m’).

Lemma 38 For any prefix game A we have ida deterministic.

Proof Proof is by inspection of the definition of ida. |

Definition 39 (Generalized Player and Opponent Moves) Given a sequence u € int(A,B,C)
we say that m € u is a generalized player move if and only if it occurs as a player move in ei-
theru [ A,B oru | B,C. Similarly, we say that m € u is a generalized opponent move if and only

if it occurs as an opponent move in either u [ A,B oru | B,C.

Lemma 40 (Core Switching Condition) Given a sequence u € int(A,B,C) and consecutive
moves m—,m € u then m is a player move in component X if and only if m™ is an opponent

move in component X.

Proof By lemma 22 we know that m~ and m must be in the same component. We then simply

observe that u [ X respects alternation. |

Lemma4l Given deterministic strategies 0 : A — B and T: B — C and sequence s € 0;T the

witness of s is unique.

Proof Suppose we have sequences u and u’ that witness s. We will show that for any prefix t C u
we also have t C u’. We construct a proof by induction on the length of t.

Base Case If t = € then trivially t C u’.
Inductive Step Suppose t =t'-m.

case: If m is a generalised player move in component X then by lemma 40 we have m~ an
opponent move in u | X. By inductive hypothesis we have t' C u’ and inspection shows that we
cannot have t' = u’ as a witness cannot end in a generalized opponent move. Let m’ succeed m™ in
u’ and by lemma 40 m’ must be a generalized player move in component X. As 0 and T are prefix
closed strategies we have both t'-m [ X and t'-m’ | X in either 0 or T and hence by determinism

wehavet - m=t"-m’.

case: Otherwise m is an opponent move from component X in u [ A, C. By inductive hypothesis
we have t' C u’ and clearly t’ # u’ as u’ must witness s. Therefore lett’-m’ C u’. Either, t’ is empty
or else by lemma 15 it ends with a player move in u [ A, C and by lemma 15 we have m’ € u | A, C.

As both u and u’ witness s it must therefore be the case thatt'-m’ =t'-m and hence t-m C u’.

As u C u it follows that u C u’ and similarly we can show u’ C u and hence u = u’. [ ]

Lemma42 Determinism is preserved under composition: given deterministic strategies O :
A — Band 1: B — C, it follows that 0;T is deterministic.

Proof Suppose we have sequences s-m,s’-m’ in ;T such that s =s’. Let u-m witness s-m
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and let u’-m’ witness s’ - m’. We construct a proof by induction on the length of a sequence
t € int(A,B,C) thatt C u-m implies t C u’-m’.

Base Case If t = € then we trivially have t C u’-m’.
Inductive Step Suppose t = t’ - n. By the inductive hypothesis we have t' C u’-m'.

case: If nis a generalised player move in component X then by lemma 40 it follows that t’ ends in

a generalized opponent move from component X. Therefore t’ # u’-m’ as no interaction sequence

can end in a generalised opponent move. Let the move following the prefix t’ in u’ - m’ be n’. n’

must be a generalized player move in component X by lemma 40. As 0 and T are prefix closed we
must have both t'-n | X and t’-n’ | X in either 0 or T and by the determinism of these strategies

we must have t'-n | X =1t'-n’ | X and it is simple to check thatt’'-n =t'-n’.

case: If n is an opponent move in u [ A, C then by lemma 15 t’ must be either empty or end in
a player move from u | A,C. Clearly t' # u'-m’ asu [ A,C =u’ | A,C. Let the move following
the prefix t' in u’-m’ be n. n’ must be an opponent move in u’ | A,C by lemma 15 and as
ulA,C=u']A,Citmustbethatt’-n | A,C=t"-n' | A,Cand it is simple to check that t’-n =t'-n'.

As u-m C u-m we now have u-m C u’-m’ and similarly we can show that u’-m’ C u-m and thus

u-m=u"-m'ands-m=s"-m’ hence 0;T is deterministic. [ ]

Definition 43 We define Ggq to be the Iluf (same objects fewer morphisms) subcategory of Gp
consisting of prefix games and deterministic strategies.

244 Views

In contrast with the notions of view found in for example [28, 36] we define the player and op-
ponent views of a sequence s to be not simply subsequences of s but directed acyclic graphs

comprised of a subset of move occurrences from s.
Definition 44 (View) We define a view, v, of s to be a tuple (M,,, <y,+v,) where:

e M, C M.
o <,C <, where < is the reflexive transitive closure of <.

e ~,C M, x M, is the justification relation \~\g N(M, x M,).
We write m € v as shorthand for m € M,,.

Definition 45 (Equating Views) Given sequences s,s’ € Xa and views v of s and v/ of s’ we say

that v = v/ if there exists some bijection f : M, — M,/ such that for all m,m’ € M,:

Eqgl The bijection relates occurrences of the same move.
Eg2 m <, m’' & fm <, fm’. The bijection respects <, and <.

Eq3 m ., m' & fm . fm’. The bijection respects v\, and /.

We say that a bijection obeying EQ1-3 renders v = v'.
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Player and opponent views will be familiar to those readers who have already encountered game
semantics. Such a notion was first described by Hyland and Ong [28] and was originally defined
for sequences where moves have at most one justifier, so that the player view of a sequence s,
notated [s], is a subsequence of s defined inductively as follows:

e [g] ==

e [t-m] = [t]-m m is a player move.

e [t-m] =m where m is an initial opponent move.

e [t-jt " m] = [t]-j*m where m is a non-initial opponent move.

As we can see, the predecessor of a given move m in [s] is either its predecessor from s, if m is a

player move, or else it is the justifier of m in s, if it exists.

Similarly the opponent view of a sequence s, notated |s], is a subsequence of s defined inductively
as follows:

o || =t

e [t-m] = |t] -m where m is an opponent move.

e |[t-m] =m where m is an initial player move.

e |t-jtm] = [t]-}*M where m is a non-initial player move.
These definitions can be naturally extended to our new setting where a move may have more than

one justifier, but the resultant structure of a player view is no longer merely a subsequence of our

original but a DAG of move occurrences.

Definition 46 (Player View) Given a sequence t € Xa we define the player view [t] inductively
as follows:
1. [€] =(0,0,0).
2. [s-m-m"] = (Msm.m], <[s:m-m']> ¥ [s:m-m’]) When m’ is a player move where:
° M(s~m~m"| = M|—s~m'| u{m'}.

o < [s.m.m’] :'<|—sm] U{(m, ml)}.

® N[smm]= smm’ ﬁ(M[s.m.ml] X M|'s-m~m"|)-
3. [s-m] = (Ms.m, <s:m,*¥Ns:m) When m is an opponent move where:

® Migm =U{Mp_ [j s mpu{m}.
® <[sem]= U{'<[s§ﬂ U{(jam)} |jf\s.m m}'
® N[em]™ s:m m(M[s-m] X M(s-m])-
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Hence, we see how this relates to the example at the beginning of this chapter when we considered

the following sequence where each move has at most one justifier :

a"-“b'-(c:-\?e"?‘ f

We can now inspect the definition of player view to see that it yields the following sequence which
is identical to that view produced by Hyland and Ong’s definition:

b e f

However, when we are given a sequence in which some moves have multiple justifiers

b ”“d; Ee*-‘f;-zgffh N

a. C. . .j.

our player view will be the following DAG:

¢ d
a b i
eh
Definition 47 (Opponent View) Similarly, given a sequence t € Xa we define the opponent view
|t] inductively as follows:
1. |g] =(0,0,0).
2. [s-m-m'| = (M|smm'|; <|sm.m|,¥ S-m-m']) when m’ is an opponent move where:
¢ Mismm] =MsmU {m'}.

® <[smm]=<[sm] U{(m, m')}.

¢ Nemm1=Dsmm’' N(Mismm7 X Mism.mn)-
3. [s-m] =(M|sm|s<[s:m]»* [s:m]) When m is a player move where:
e Mg = U{MLSSJJ |ivsmpU{m}.

e <sm= U{=sy U{G:m)} ] Nem m}.
® Alsm=Nsm N(Msm| X Msm))-

We now define some other views that we will only use in proofs in this chapter.

Definition 48 (Right View) Given a sequence t € Xa_,p We define the right view [t]R inductively
as follows:

1. [e]R=(0,0,0).
2. [s-m-m'|R= {(Mfs.m-m/Rs <[s:m-m"]Rs*¥[s.m-m']?) When m’ is a player move or an opponent
move from A where:

o M]’s~m~m"|R = M[s,meU {m'} .
* <fsmm]R==[smr U{(m,m")}.
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® N[sm-m|R=sm-m’ ﬁ(M|'s~m-m"|R X M|'s~m~m"|R)'
3. [s-m]R = (Ms.m, <s.m, ¥ s.m) When m is an opponent move from B where:

® Migmpr=U{M[sr [j s m}U{m}.
® <[sm]R= U{<[SS.]R U{@G,m)} | em m}.
° f\[s,m]R:f\s.m ﬂ(M[s_m]R X M[s-m]R)'

Definition 49 (Left View) Similarly, given a sequence t € Xa_,g we define the right view [t]"
inductively as follows:

1. [e]- = (0,0,0).
2. [s-m-m'lt = (Mrsmmts <[sm-m]t> ¥ s:m-m't) When m' is a player move or an opponent
move from B where:
] M]’s~m~m"|'— = M[s-m]'— U {m'} .
® <[emmt==[sm]t U{(ma ml)}'
L] f\[s,m_m/]L:f\s.m.ml ﬂ(M[s,m,ml]L X M[s-m-m"\'—)-

3. [s-m]* = (Ms.m, <s.m, ¥ s.m) When m is an opponent move from A where:

. M"s.m]LZU{M[SSj]L |j¥rs mPuU{m}.
® <[smt= U{<|—S§j-|L U{(jam)} |jf\s.m m}'
® N[sem]t=¥sm ﬂ(M[s.m]L X M[‘S,m]L).

The core view is the multiple justifier analog to that described by McCusker in [36].

Definition 50 (Core View) Given a sequence t € Xinyag,c) We define the core view [t] induc-
tively as follows:

1. [e] =(0,0,0).
2. [s-m-m'] = ’I(s.m.m,],<[s.m_m,w,n(s_m.m,]) when m' is a player move or any move from
B where:

e M |—s~m~m"| =M |—Sm-| U {ml} .
* '<W:'<WU{(m,m’)}_
* Ngmm = smm N(M

[s:-m-m’] xM [s-m-m’])’

3. [s-m] = (Msm,<sm,¥s:m) When m is an opponent move from A or C where:

* Mpmr=UMp7 s mpU{m}.
o <fem= U= 7 U{G M)} ] Hsm m}.

[ ] ﬂmzﬂs.m ﬂ(MW X MW)

Lemma51l Given a sequence s € Xp we have [s] has a maximum element with respect to <q]
and [s] has a maximum element with respect to <|s)- Similarly, given a sequence s' € XasB
we have [s']" has a maximum element with respect to < r¢1t and [s'] R has a maximum element
with respect to <[gr. Similarly, given a sequence s” € int(A, B, C) we have [s"] has a maximum
element with respect to =<

Proof Proof is by inspection of the definitions of the views in question. |
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Lemma52 Suppose we are given sequences s,s’' € A, a move m € [s] and a bijection, f, that

renders [s] = [s']. Then [s<m]| = [s ¢y, rendered by a subset of f.

Similarly, given sequences s,s’' € int(A,B,C), a move m € [s] and a bijection, f, that renders
Ts] = [s'] then [s<m] = [S-m| rendered by a subset of f.

Proof Proof is by inspection of the definition of equality of views. |

Lemma 53 Given a sequence s € A with moves m,m’,m" € s then view membership is transitive
in the following sense:

m € [s<m ] Am' € [scmr] => m € [scpyr]
and
M € |S<cy | Am' € [s<mr| = M € [scqr].
Similarly given a sequence s € A — B and moves m,m’,m" € s we have
m &€ |—S§m’-|R/\ ml € |—S§m"-|R = meE |—S§mn-|R
and
m € [ng'-||' Am'e |_S§mﬂ-||‘ =>me |_S§mﬂ-||‘.

Lastly given a sequence u € int(A, B, C) with moves m,m’,m"” € s we have
m e [ngl—l Am' e [ngll—| = mc [ng”]-

Proof Proof is by inspection of the definitions of the views. |

2.4.5 Visibility Conditions

Definition 54 (Visibility) We say that the player visibility condition is satisfied by a sequence
s € Xa if and only if, for every player move m € s we have j € [s<m| for every move j € s such
that j v~ m.

Similarly, we say that the opponent visibility condition is satisfied by a sequence s € Xa if and
only if, for every opponent move m € s we have j € [s<m] for every move j € s such that j «\ m.

If a sequence s € Xa satisfies both player and opponent visibility we say that it respects the total
visibility condition.

Lemma55 Given a sequence s-m-t-m’-u € int(A,B,C) such that t- m’ is made up from
generalised player moves we have:
me([s-m-t-m-u]<mels-m-t-mu]

Proof The proof is a simple induction on the length of t. |

Lemma56 Given sequences s,s’ € int(A,B,C) such that the bijection f renders [s] = [s] and

consecutive moves m~—, m € s with m a generalised player move we have
fm=(fm™)*.

Proof The proof follows from the fact that f obeys axiom EQ2. |
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Lemma57 Given sequences s,s' € int(A,B,C) such that bijection f renders [s] = [s'] and
consecutive moves m -kj - - -k, in s with each k; a generalised player move and consecutive moves
m’- K| ---kj, in s, it follows that:

fm=m'= fk =k
for all i such that 1 <i<n.
Proof The proof is a simple induction on n using lemma 56 in the inductive step. |

As a corollary to this lemma it follows that given moves n,n’ € [s] that are consecutive ins [ A,C

with n’ a player move we have fn and fn’ consecutive ins’ | A, C.

Lemma 58 Given a sequence u € int(A,B,C) and moves m,m’ € u [ A,C we have

m € [u<p [A,Cl ©m e Jucny].

Proof We carry out a proof by induction on the length of u<py.
Base Case If u<ny = € then the lemma is trivially satisfied.
Inductive Step

case: Suppose m’ is a player move and let m’'~ be the immediate predecessor of m’ in u and let

m* be the immediate predecessor of m’ inu | A, C.

If m € Ju<py | A, C] then either m = m’ and we trivially have m € [u<py] orelse m € [u<m: [ A,C]
and we can apply the inductive hypothesis to yield m € [u<m=|. All moves in u strictly between

m* and m' are from game B so we apply lemma 55 to yield m € [u<n].
If m € [u<ny] then either m = m' and we trivially have m € [u<ny [ A,C] or else m € [u<py-]

and we apply lemma 55 to yield m € [u<my+|. We can now apply the inductive hypothesis to yield
m € [u<m+ [ A,C] and hence m € [u<ny | A,C] by the definition of [—].

case: Now suppose m’ is an opponent move.

If m € [ucny | A,C] then either m = m’ and we trivially have m € [u<ny] or else there exists some
move j € u [ A,C such that j »» m’ and m € [ugj [ A,C]. We can apply the inductive hypothesis to

yield m € [u<;] and hence m € [u<qy] by the definition of [—].

If m € [u<py] then either m = m’ and we trivially have m € [u<ny [ A, C] or else there exists some
move j € u | A,C such that j »» m’ and m € [uj]. By inductive hypothesis we have m € [u; |
A,C] and hence m € [u<ny | A,C] by the definition of [—]. [ |

Lemma59 Given a sequence u € int(A,B,C), such that u | A,B and u [ B, C respect player

visibility, and moves m,m’ € u | X we have

m € [uﬁm' fX—| = mc |'u§ml-|

where we let X range over components A, B and B, C.

Proof Let Y represent the component that is not X. We prove the lemma by induction on the
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length of u<py.
Base Case If we have u<qy = € then the lemma is trivially satisfied.
Inductive Step

case: Suppose m’ is a player move in component X. Let m'~ be the predecessor of m’ in u.
By lemma 40 we know that m’'™ € u [ X. If m € [u<py [ X] then either m = m' and we trivially
have m € [u<ny] or else we have m € [u<py- | X] and by inductive hypothesis m € [u<py-1. The
definition of [—] now yields m € Tu<py].

case: Now suppose m' is an opponent move in u [ A,C. If m € [u<qy [ X] then either m = m’ and

we trivially have m € [u<q] or else we have some move j € u such that j»nm’ and m € [u<; [ X].
By inductive hypothesis we have m € [u<;] and hence m € [u<n] by the definition of [—].

case: Finally suppose m’ is a move in u [ B and an opponent move in component X. If m €
[u<py [ X] then either m = m' and we trivially have m € [u<n/| or else we have some move j € u

such that j »~\m’ and m € [u<; | X]. By inductive hypothesis we have m € [u<;j] and by the player

visibility of u [ 'Y we have j € [u<ny| and hence by lemma 53 we have m € [u<ny]. |

Lemma 60 Player visibility is preserved by composition: given strategies 0: A — Band1:B —
C that respect player visibility it follows that 0; T respects player visibility.

Proof Consider any sequence s € 0;T with moves m,m’ € s [ A, C such that m ~~ m’ with m’ a
player move in component X. Consider any witness u € int(A, B, C) to s. By the player visibility
of 0 and T we have m € [u<py | X] and hence m € [u<py| by lemma 59 and by lemma 58 we have
m € [u<m [ A,C] |

Definition 61 We can now define the subcategory Gy of G which has prefix games as objects and
player visible strategies for the game A — B as morphisms from A to B.

Lemma 62 For any game A, ida respects player visibility.
Proof We prove this by induction on the length of an arbitrary sequence s € ida.
Base Case If s = € we have s respects player visibility.

Inductive Step Suppose s =s’-m-m’. By inductive hypothesis s’ respects player visibility. We
must check that for any move j € s'-m-m’ such that j v»» m’ we have j€ [s'-m-m']. If j=m
then player visibility is clearly respected. Otherwise let j* immediately follow j in s and we have
jt v m by inspection of the definition of ida and hence j € [s'- m-m'] by inspection of the
definition of [—]. [ |

Lemma 63 Given a sequence s € Xa_,g with moves m,m’ € s such that m’ € s | A (respectively
m’ € s | B) we have

M € [S<m'] & M € [s<ny [ A] (respectively m € [s<ny [ B])

Proof We only consider the case where m € s [ A as the other case is similar.
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We prove this by induction on the length of s<py.
Base Case If s,y = € then the lemma is trivially satisfied.
Inductive Step

case: Suppose m’ is an opponent move. Let m’~ be the move immediately preceding m’. By
lemma 15 we have m'~ € s | A. If m € |s<qy] then we either have m = m’ and m € [s<py [ A| or
else we have m € [s<py-| and by inductive hypothesis m € [s<py- [ A| and hence m € [s<py [ A]
by the definition of | —].

If m € [s<yy | A] then we either have m = m’ and m € |s<qy] or else we have m € [s<py- [ A]

and by inductive hypothesis m € [s<py- | and hence m € |s<ny] by the definition of | —].

case: Alternatively, suppose m’ is a player move. If m € |s<qy] then we either have m = m’ and
m € [s<m [ A] or else we have some move j € s such that m € [s<;j] and j v\ m’. By inductive

hypothesis we have m € [s<j | A] and hence m € [s<ny [ A] by the definition of [—].

If m € |[s<ny | A then we either have m = m’ and m € [s<ny| or else we have some move j € s
such that If m € [s<j [ A] and j v~ m’. By inductive hypothesis we have m € |s<j| and m € [s<py]
by the definition of | —]. [ |

Lemma 64 Given a game A and a sequence s € ida such that s [ A respects total visibility it
follows that s respects total visibility.

Proof Player visibility follows directly from lemma 62. Opponent visibility follows from
lemma 63. |

Lemma 65 Opponent visibility is preserved by composition: given strategies 0 : A — B and
T: B — C that respect opponent visibility it follows that 0;T respects opponent visibility.

Proof Consider any sequence s € 0;T and moves m,m’ € s such that m v~ m’ with m’ an opponent
move. We will assume that m,m’ € s | A as the proof when m,m’ € s [ C is similar. Let u €
int(A,B,C) be any witness to s. We know that 0 obeys opponent visibility and therefore m €
lu<m [ A,B] and by lemma 63 we know that m € |u<ny [ A] and by the same lemma we also
have m € [u<ny [ A,CJ. [

Definition 66 (Total Visibility Game) A game A is a total visibility game if and only if each

member of Pa respects total visibility.

Lemma 67 Given a total visibility game A we have ida respects total visibility.

Proof We have noted in lemma 62 that ida respects player visibility. Given any sequence s €
Pa_,a and moves m,m’ € s | A such that m v\~» m’ and m’ is an opponent move in s we have
m € [s<m [ A] by the total visibility of A and hence m € [s<ny] by lemma 63. [ |

Lemma 68 Given a sequence s € Xa_,g and moves m,m’ € s we have

V1 m € [scmy] = m € [scm R

V2 (M€ [scm] Am' €5 A) = m € [scm]R
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V3 me |—S§ml-| = mc |—S§ml-||'.

V4 (m € |scy| Am' €5 [B) = m € [scm]".

Proof We prove only V1 and V2 as V3 and V4 are similar. Our proof is by induction on the
length of s<q.

Base Case If s<npv = € then the lemma is trivial.
Inductive Step

case: Suppose m' is a player move. First we prove V1. If m € [s<qy] then either m = m’
and m € [s<py R or else m € [s<y-] in which case we apply inductive hypothesis V1 to yield
M € [S<m-|R and hence m € [s<qy R by the definition of [—]R. We now prove V2. If m € |s<ny
then either m = m’ and m € [s<|R or else there is some move j such that j »» m’ and m € |sq;]
in which case we apply inductive hypothesis V2 to yield m € [s<;] R By total visibility we have
j € [s<m'] and, as j # m’ we have j € [s<qy- | and by inductive hypothesis V1 we have j € [s<py- R
and hence m € [s<y- R by lemma 53. We now have m € [s<qy]R by the definition of [—]R.

case: Now suppose m’ is an opponent move in s | B. First we prove V1. If m € [s<ny]| then
either m = m’ and m € [s<|® or else there is some move j such that j v\ m’ and m € [s<j] in
which case we apply inductive hypothesis V1 to yield m € [s<;]R and hence m € [s<|R by the
definition of [—]R. Statement V2 is trivially satisfied.

case: Now suppose m' is an opponent move in's [ A. First we prove V1. If m € [s<py] then either
m =m’and m € [s<qy |? or else there is some move j such that jv~ m’ and m € [s<;] in which case
we apply inductive hypothesis V1 to yield m € [s<;]R. By total visibility we have j € |s<q] and
as j # m’ we have j € |S<m-|. Lemma 15 assures us that m'~ € s [ A so by inductive hypothesis
V2 we have j € [s<yy- R and hence j € [s<m/|R by the definition of [—]R. We can now apply
lemma 53 to yield m € [s<qy]R. Lastly we prove V2. If m € [s<ny] then either m = m’ and
m € [s<m | or else we have m € [s<qy-|. Lemma 15 assures us that m'~ € s | A so we can apply
inductive hypothesis V2 to yield m € [s<y-]R and hence m € [s<m/]R by the definition of [—]R.

|

Lemma 69 Given a sequence s € Xa_,g and moves m,m’ € s we have

e (mm' €s[AAME [scpy]") = m € [sc [ A].

e (mm'€s[BAME [scmy|R) = m € [s<ny [ B].

Proof We prove the first statement by induction on the length of s<ny. Proof of the second

statement is similar.
Base Case If s<ny = € then the lemma is trivially satisfied.
Inductive Step

case: Suppose m’ is an opponent move. If m € [s<y/]" then either m = m’ and m € [s<q [ A]
or else there is some move j € s such that j »»\ m’ and m € [sqj] L. We can apply the inductive
hypothesis to yield m € [s<j [ A] and hence m € [s<ny [ A] by the definition of [—].
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case: Suppose m’ is a player move. If m € [s<qy]" then either m = m’ and m € [s<py [ A]
otherwise m € |_s§mrf|" in which case let mx be the predecessor of m’ in s | A. Inspection of
the definition of [—]" yields m € [s<m«]" and by inductive hypothesis m € [s<m+ | A] and hence
m € [s<m [ A] by the definition of [—]. [ |

Lemma 70 Given a sequence s € Xp_,g such thats [ A and s [ B respect total visibility, it follows
that s respects opponent visibility.

Proof Suppose we are given arbitrary moves m,m’ € s | B such that m v~ m’. If m’ is an opponent
move we have m € |s<ny | B| by total visibility and m € |s<qy] by lemma 63. The proof is similar
ifmm' €sA. n

Lemma 71 Given a sequence s € Xa_,g that respects total visibility it follows thats [ Aand s [ B
respect total visibility.

Proof We only prove here that s [ B respects total visibility as the other proof is similar. Suppose
we are given arbitrary moves m,m’ € s [ B such that m «~~ m’. If m’ is an opponent move we
have m € [s<ny| by total visibility and m € [s<ny | B] by lemma 63. Alternatively, if m’ is a
player move we have m € [s<ny| by total visibility and m € [SSm/]R by lemma 68 and hence
m € [s<py | B] by lemma 69. [ |

Definition 72 We can now define a subcategory Gt of G comprising total visibility games as
objects and strategies respecting total visibility as morphisms. By lemmas 65 and 60 we know that
total visibility is preserved by composition and by lemma 67 we know that the copycat strategy

for a total visibility game respects total visibility.

2.4.6 Innocence

Definition 73 (Innocence) A strategy 0 : A is innocent if and only if it is deterministic and for all
sequences s-m-n,s’ € 0 such that there exists a sequence s'-m’ € Py for which [s-m] = [s'-m']

then there must exist some extension s’-m’-n’ € 0 such that [s'-m’-n"] = [s-m-n].

Lemma 74 For any game A the copycat strategy id is innocent.

Proof Asnoted in lemma 38 we have ida deterministic, inspection of the definition of ida shows

that it is also innocent. [ |

Lemma 75 Given games A, B and C, and sequences s,s’ € int(A, B, C), it follows that

(Ts]=TsT) = ([sTA,C]1=[s'TA,C])

Proof Let f be a bijection that renders [s] = [s']. From lemma 58 we know that the moves in

[s [ A, C] exactly coincide with the moves from s [ A, C in [s]. Similarly, we know that the moves
in [s' | A,C] exactly coincide with the moves from s’ | A,C in m We can therefore restrict f to
the movesin [s | A,C] and [s' [ A, C]. This bijection, f’, is between occurrences of the same move

and respects justification as it is a subset of f. We therefore know that f’ obeys Eql and EQ3 and
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are only left to show that it obeys EQ2: we must show that if we have moves m,n € [s [ A, C] then

we must also have
(m <[SFA,C] n) = (fm {[SIFA’C] fn)

case: If n is an opponent move then we have the following:

m <[sac]N & mAn from the definition of [—].
& fmafn by EQ3 applied to f
& fm <[sIA,C] fn

case: If nis a player move and m <[ga c] n then m immediately precedes n in's [ A,B and all
moves in s after m up to and including n are generalised player moves. We can therefore apply

lemma 57 to show fm <g1a ¢y fn. |

Lemma 76 Given sequences s,s’ € int(A,B,C) that are either empty or end in a move from
component X then if bijection f renders [s| = [s'] we have

me[s|X] & f(m)e[s 1 X].
Proof We only need to prove
me[s|X]=f(m)e[sX]

as f is bijective. The proof is by induction on the length of s.
Base Case If s = € then the lemma is trivially satisfied.
Inductive Step Suppose s =t-n.

case: If nis an opponent move in component X then by lemma 51 and inspection of the definition
of equality of views reveals that s’ must be of the form t’- fn. Now consider any move m € [t-n |
X]. It must be that either m = n and hence f(m) € [s' | X] or else there is some move j such

that j .~ nand m € [t [ X]. By lemma 52 we have [t<j] = [tL;] and by inductive hypothesis
f(m) € [sL¢; [ X] and hence f(m) € [s' [ X] by the definition of player view.

case: If nis a player move then by lemma 51 and inspection of the definition of equality of views
reveals that s’ must be of the form t’- fn. By lemma 52 we have m = m rendered by a subset of
f. Now consider any move m € [t-n | X]. It must be that either m = n and hence f(m) € [s' | X]
orelse m € [t | X] and f(m) € [t' | X] by inductive hypothesis hence f(m) € [s’ | X] by the

definition of player view. |

Lemma 77 Given sequences s,s’ € int(A,B,C). Let X be either component A, B or component

B, C and let s be either empty or ending in a move from component X. Then we have

(Is]=T1sT) = ([s IX]=[s' I X]).

Proof Let f be a bijection that renders [s| = [s']. Lemma 76 assures us that the restriction of of
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f to M{sx) has range Mg x]. As this relation is a subset of f, it satisfies Eql and EQ3. We are
left to check EQ2: that the bijection respects <s;x] and <[ x]. Let m, m' € [s [ X].

case: If m’ is a player move in component X we have

m <[sX] m & m=m" by inspection of the definitions of [—]

& m=< m'’ by inspection of the definitions of [—]

& fm < fm' by EQ2 applied to [s] = [s']

< fm=(fm’)~ by inspection of the definitions of [—]
& fm <gx) fm’ by inspection of the definitions of [ ]

case: If m’ is an opponent move in component X we have

m=<xm & mam by inspection of the definition of [—]
& fm<g fm’ by Eq3applied to [s] = [s']

& fmafm' by inspection of the definition of [—]
& fm <TsIX] fm’

One intuition we might have about games of this kind is that they might be used to model languages
in which certain subcomputations behave independently of each other. Indeed the ideas presented
in this chapter bear a close resemblance to those that we will introduce when we define the category

of arenas that we use to model interference controlled languages in chapter 6.

Lemma 78 Given innocent strategies 0 : A — B and 1 : B — C, sequences u,u’ € g||T and con-
secutive moves m,n in u and m’,n’ in u’ such that m and m’ are generalised opponent moves we

have

[ucm] = [W'<m'] = Tucn] = [u'<wr]

Proof Let m be an opponent move in component X. We know that [u<m| = [u’'<ny| implies

[u<m [ X] = [u'<ny [ X] by lemma 77. Note that both n and n’ are player moves in component X

therefore, by the innocence of 0 and T, we must have [u<, [ X] = [u’<y [ X] . We can therefore

extend the bijection that rendered [u<m| = [u'<n] With (n,n’) and it is straightforward to show

that the resultant bijection renders [u<p| = [u'<p]. [ |

Lemma 79 Given innocent strategies 0 : A — B and 1: B — Casequence s-m-t-n € 0||T where

m and n are from A or C and t is a sequence of moves from B and a sequence s’-m’ € int(A,B, C)

such that [s'-m’] = [s-m] and s’ € G||T then there exists a sequence s’-m’-t'-n’ € 0J|T such that

[s"-m'-t'-n'] =[s-m-t-n].

Proof Suppose that we take any non-empty prefix s-u-1 Cs-m-t. If | is a generalised player
move, then let component X be the component where | is a player move, otherwise let component
X be the component that does not contain |. Let component Y be the component that is not X. Let

o and 3 range over O and T with o corresponding to component X and 3 to component Y.

We prove the statement that there exists a sequence s'-u’-1" € Xiyy(a B,c) such that we have the

following:
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Ul [¢'-u-I"]=Ts"u-Il.
U2 s'-u' Y ep.

U3 s -u-I'' Xea.

Our proof is by induction on the length of the sequence u.

Base Case If u=¢gthenl =mand wesets’ -u’'-I' =s'-m’.

First we see that U1 is simply a restatement of our original assumption that [s’-m’| = [s-m]. To
prove U2 we note that as s’ € 0||T by our original assumptions we have s'-u’ |'Y € 3. Similarly,
condition U3 also follows from the fact that s’ € o||T and therefore s'-u’-I' | X € a as I is not in

component X.

Inductive Step If u is not empty then | is a generalised player move in component X. By inductive

hypothesis U1 we have some sequence s’ -u’ such that [s'-u’] = [s-u]. It is simple then to extend

s'-u’ with a matching generalised player move to yield a sequence s’'-u’-I" € int(A,B,C) with

appropriate justifiers attached such that [s’-u’-1"| = [s-u-I].

To prove U2 we see that we have s’ -u’ | Y € B by inductive hypothesis U3.

We now prove U3. As noted, inductive hypothesis U1 implies [s’-u’| = [s- u| hence by lemma 77
we have [s'-u’ | X] = [s-u | X] and u’ must end in an opponent move in X. From the innocence

of 3 and the fact that we have s-u-1 | X € o, we must have sequence s’-u’-I' [ X € a.

To prove the lemma we consider the special case whens:-u-l =s-m-t-n and see that there exists
as’-m’-t'-n’ € int(A, B, C) such that we have the following:

Ul [s"-m-t'-n'] =[s-m-t-n].
U2 s'-m'-t'|YeB.
Ud s -m-t-n"|Xea.

As n’ is not in component Y we also have s'-m’-t'-n’ [ Y € B. We therefore have a sequence
s'-m'-t'-n’ € o||t such that [s'-m-t'-n'] = [s-m-t-n]. [ ]

Lemma 80 Given innocent strategies 0 : A — B and T : B — C and sequences s-m,s’-m’ €
int(A, B, C) such that s,s’ € g||T we have:

([sTACl=T[s"TACl) = ([s] =[s'T)

and also

([sem [A,CT=[s"-m"[A,C]) = ([s-m] = [¢'-m]).

Proof We construct a proof by induction on the length of s- m. We strengthen our inductive
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hypotheses so that ([s] = [s]) is rendered by a superset of the bijection that renders ([s | A,C| =
[s' | A,C]) and similarly ([s-m] = [s’-m’]) is rendered by a superset of the bijection that renders
(Ts-m [A,C] =[s'-m’ [ A,C]).

Base Case It cannot be the case that s- m = € so the lemma is trivially satisfied.

Inductive Step Suppose ([s [ A,C] = [s' | A,C]) is rendered by bijection f. Let k be the last
opponent move in s from game A or C. Clearly fk is the last opponent move in s’ from game A or
C. From the definition of [—] we have ([s<k [ A,C] = [sL [ A,C]) and by inductive hypothesis

we have ([s<x]| = @) and hence ([s] = [s']) by lemma 79.

Suppose ([s-m [ A,C] = [s'-m' | A,C]) is rendered by bijection f. For all moves j such that
j»m we have ([s-mgj [ A,C] = [s'-m_y; [ A,C]) by lemma 52. We can apply the inductive
hypothesis to yield ([s-m<j] = [s'-m_]). Itis now trivial to check that ([s-m] = [s'-m']).

Lemma 81 Innocence is preserved by composition: given innocent strategies 0 : A — B and
T: B — C then the composite ;T : A — C is also innocent.

Proof We know that 0;T is deterministic and respects player visibility by lemmas 42 and 60.
Finally we must show for all sequences s-m-n,s’ € 0;T, given any s'-m’ € Pa_,c such that
[s:m] = [s'-m'] we must also have a sequence s'-m’-n’ € 0;T.

Let u-m-t-n be the witness to s-m-n and u’ be any witness to s’. By lemma 80 we have [u-m] =

[u’-m] and by lemma 79 we must have a sequence u’-m’-t'-n’ € 0T such that [u-m-t-n] =

-1

[u’-m-t'-n'] and hence some sequence s’-m’-n’ € 0;T such thats-m-n=s'-m’-n’ by lemma 75.
|



Chapter 3

QA Arenas

3.1 Introduction

In this chapter we introduce the familiar notion of arenas. Unfortunately one can find many subtle
variations in definition and presentation of game semantics in the literature. We present definitions
that we hope will be readily recognizable and we indicate, where necessary, changes that have
been made to familiar definitions. The most important distinction between games and arenas in
the literature is that an arena does not have a set of valid plays directly associated with it. The
arenas presented in this chapter have extra structure in the form of an enabling relation -, which
specifies which move may justify which, and extra labelling on the moves themselves: moves
are either labelled as questions are answers. It is important also to note that the strategies for the
arenas in this chapter are comprised of sequences in which any move occurrence may have at most

one justifier.

Placing constraints on strategies is central to game semantics. It is often a complicated task to
demonstrate that a category is formed when these constraints are in place: the proof that con-
strained strategies yield a similarly constrained composite is often arduous and it is sometimes
hard to show that a suitably constrained strategy is available to act as an identity. We have already
encountered this headache in Chapter 2, when we showed that visibility, innocence, determinism
and so on were preserved under composition and were present in certain copycat strategies. Proofs
of analogous results can be used to establish categories of arenas and strategies under similar con-
straints but it would be desirable if we did not have to repeat such work too often. To this end we
introduce the novel concepts of referees and umpires and use these, and the results of Chapter 2,
to identify certain properties of strategies that are preserved under composition and properties that
are possessed by strategies that act as the unit under composition. We then show how the familiar
definitions of visibility, innocence, bracketing, rigidity and thread-independence may be reformu-
lated in this framework and this in turn yields straightforward proofs that these constraints are
indeed preserved under composition and are possessed by strategies that can act as identities. We
will use these methods again in Chapter 6 when we introduce our games model of SCI.
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3.2 Arenas, Strategies and Composition

3.2.1 Arenas

Definition 82 (Question Answer Arenas) A question-answer arena (from now on a QA arena
or simply an arena) A is defined by a tuple (Ma,a,Aa) wWhere

e My is a set of moves.

e A :Ma —{O,P} x {Q,A} is a labelling function that indicates whether a member of M4 is
an opponent move or a player move and whether it is a question or an answer. We sometimes
write AQ? if we are only concerned whether a given move is a question or an answer. We
define AP similarly.

o FAC (Ma + {*}) X Ma, where x is just some dummy symbol, is known as the enabling
relation and it must satisfy the following:

l. xFam= A/?Am =QA(m'Fm < m’' = ). We call such a move m an initial move.
2. If mFa m’ and m # % then
APm £ AP

and
AYm = A= AP m =Q.

We must note here that we are going to allow initial player moves. This is in contrast with many
of the models found in the literature and will be purely cosmetic until we define our games model
for interference controlled languages in chapter 6. This restriction is also relaxed, for entirely

different reasons in [32].

Definition 83 (Negative Arenas) Following the convention of [32] we say that a negative QA

arena is one for which all initial moves are opponent moves.

Definition 84 Given a labelling function Ap we define Aa to be the labelling function such that

for all m € M we have

—OQA
° )\AQ m :)\gAm.

. Hopm =+ )\gpm.

Definition 85 (Justified Sequences) A justified sequence for an arena A is a sequence s of moves
from M4 such that each non-initial move m has a pointer to exactly one previous move j € s such
that j - m. We call such a move the justifier of m and we write j v m to indicate this. If we

annotate a sequence as

s-j5s m-s"

it means that j v m. We use the term hereditary justification to mean the reflexive, transitive
closure of the justification relation. We write Ja for the set of justified sequences for arena A in

which opponent and player play alternate moves.
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Definition 86 (Arrow Arena) Given negative arenas A and B we define arena

A —B={(Ma5B,Fa-B,Aa5B)

as follows:

Masg = Ma+Mg
Fase = Fa+tbs
Mo = [Aa, 8]

Note that this definition differs from previous definitions of the arrow arena. The approach taken
in, for example, [28, 39, 4, 5, 6, 1, 9, 31] when forming the analog of our arrow arena A — B is
to have initial moves from A enabled by initial moves from B, and thus A — B is also a negative
arena. Given a sequence s € Ja_,g we write s [ A for that subsequence of moves in s comprising

exactly those moves from Ma; we define s | B similarly.
Definition 87 We define the empty arena:

null = (0,0, 0)

Lemma 88 Given a negative arena A it follows that A = null — A. This follows directly from

the definitions; the tagging of moves to form disjoint unions is not important here.

3.2.2 Strategies

Definition 89 (The Switching Condition) Given negative QA arenas A and B we say that a se-

quence s € Ja_,p respects the switching condition if and only if:

e The sequence s does not commence with a player move.

e For any consecutive moves m,m* € s such thateitherm€s|Aandm™ €s[B,ormes|B
and mt €s | A, it follows that m™ is a player move. We write Sa_,g for the set of sequences
in Ja_,g that obey the switching condition.

Lemma 90 Given an arena A — B and a sequence s € Ja_,g that does not start with a player
move it follows that:
sESAsB e (s[AESANS[BE SB).

Proof First we assume s € Sa_,g and prove that s [ A € S and s [ B € Sg. Note that for any
moves m,m’ € s such that m v~ m’ we have either m,m’ €s | A€ Sp orm,m’ €s | B € Sg and

we are simply left to check that s [ A and s [ B obey alternation by induction on the length of s.
Base Case If s= € thens [ A and s [ B trivially alternate.

Inductive Step Suppose s=s'-m. Letm € s | A. If s’ is empty or ends in a move from A then the
proof follows from the inductive hypothesis and the fact that s alternates. Now suppose s’ ends in

a move from B. By the switching condition we know that m is a player move and by the switching
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condition we also know that the last move in s’ | A must be an opponent move and as s’ | A and

s' | B alternate by inductive hypothesis it follows that s | A and s | B obey alternation.
The proof is similar when m € s [ B.

We now assume thats [ A € S and s [ A € Sg and prove that s € Sa_,g by induction on the length
of s.

Base Case If s = € then we trivially have s € Sa_.B.

Inductive Step Suppose s =s’-m. Let m € s | A. The sequence s’ obeys the switching condition
by inductive hypothesis. If s’ is empty or ends in a move from A then it follows trivially that s
also obeys the switching condition. Now suppose s’ ends in a move from B. If there is no move
in s’ from A then it must be that m is a player move, as there are no initial opponent moves is A,
and hence s obeys the switching condition. Otherwise it must be that the last move in's’ | A is an
opponent move by the inductive hypothesis and as s’ [ A alternates it follows that m is a player

move and hence s € Sp_,B.

The proof is similar when m € s [ B. |

Definition 91 A strategy, g, for the arena A — B is a subset of Sa_.g. We write 0: A = B to

denote this.

Definition 92 Given a negative arena A = (Ma,a,Aa) we define the game U A = (Ma, AEP,SA).

We overload the notation so that for any sequence s € Sa we have Ugs = s and for any set S C Sa

we have U¢S = S. The reasons for doing this will become clear presently.

Lemma 93 Given a sequence s € Ja_,p it follows that:

S € SaB < s € Pya-uUsB-

Proof Bylemma 90 we have s [ A € Sa and s [ B € Sg and s cannot start with a move from A as
there are no initial opponent moves in A. |

As a corollary for any set 0 C Ja_,p it follows that:

0:A—-B&Us0: UsA— UgB.

3.2.3 Composition

Definition 94 Given arenas A — B and B — C and strategies 0 : A — B and 1 : B — C we define

the composite exactly as in category G: 0;T is the unique set such that

Us(o;1) = Ugo; UsT.

Lemma 95 Given arenas A — B and B — C and strategies 0 : A — B and T: B — C then the
composite 0;T is a strategy for A — C.

Proof The proof follows from lemma 93. |
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Lemma 96 Composition of strategies for QA arenas is associative: given arenas A — B, B — C
and C — D and strategies p: A — B, 0: B — Cand 1: C — D it follows that (p;0);T = p;(0;T).

Proof This follows directly from lemma 24. |

Definition 97 Given an arena A we define the following strategy:
Copyi = {S € SAT_ A" | Vs’ Ceven S.5' fAI = fA"}

where the arenas A’ and A” are simply used to distinguish the different copies of A.

Lemma 98 Given a negative arena A it follows that idya = Copyi.
Proof This follows from lemma 93 and by inspection of the definition of idya. |

As a corollary it follows from lemma 26 that given a negative arena A the strategy Copyi A=A

acts as the identity for the composition operation.

Proposition 99 We define a category A of arenas for which the objects are negative arenas and
each morphism from A to B is a subset of Sa_,g. The category Ay is well-defined.

Proof Lemma 95 assures us that the composite of two strategies is also a strategy. Lemma 96
assures us that composition is associative and lemma 98 assures us that for each game, the strategy

Copyﬁ acts as the identity morphism. |

3.3 Referees

We have now defined the category A of arenas and strategies. However although we could soundly
model programming languages in this category it would most likely be insufficient for our pur-
poses. There is too much junk in the category for us to achieve a suitable definability result; too
many strategies that are not the denotation of any program. We would therefore like to constrain
the model so that we can characterize exactly those strategies that are the denotations of programs.
We might like to constrain our strategies to contain only special kinds of sequences. To achieve
this we might wish to return to a category of games where each object in the category has asso-
ciated with it a set of valid sequences as in chapter 2. However, we have chosen arenas as our
objects and place the constraints globally. To this end we introduce the notion of a referee.

Definition 100 (Referees) A referee R is a collection of sets indexed by arrow arenas so that for

each arrow arena A, Rp is a prefix-closed, non-empty subset of Sa.

We have already spent some time in this chapter proving that composition in A is well-defined.
We want to be sure that our refereed strategies comprise a category and hence we will be interested

in referees that have the following property.

Definition 101 (Compositionality) A referee X is compositional if and only if for any strategies
0C Ragand T C Rg_,c we have ;T € Ra_c.
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We must also take care with identity strategies. It may be that the identity strategies in A do not
respect a particular referee. When we construct a refereed category we will restrict the copycat

strategies as follows.
Definition 102 Given a referee & and an arena A we define the following strategy:
R _ S
COpY, = COPYx N Ra—A-

If we are to construct a refereed category we must be sure that our constrained copycat strategies

contain sufficient plays to act as identities.

Definition 103 Given a referee R and a negative arena A we define the set Ra to be that subset
of Sa such that s € Ra if and only if there exists some arena A — B and some sequence s’ € Ra_.
such that s = s’ | A or else there exists some arena B — A and some sequence s’ € Rg_,a such that
s=s¢JA.

Definition 104 (Copy Completeness) A referee R is copy complete if and only if for any nega-
tive arena A and any sequence s € Ra it follows that there exists a sequence s’ € copyf\i such that
s A=s.

Lemma 105 Given a copy complete referee and a strategy 0 C A — B it it is easy to show that:
Copyx;0 = 0 = 0;copyq.

Theorem 106  For every compositional, copy complete, referee &, there is a category Ag in
which the objects are negative arenas and each morphism from A to B is a subset of Ra_.g.

Proof Compositionality assures us that for any strategies 0 C Ra_,g and T C Rg_,c we have
0;T € Ra—c. Lemma 96 assures us that composition is associative and by lemma 105 for each

arena, A, the strategy copyff acts as the identity morphism. |

Lemma 107 Given a referee R and any arena A we have € € Ra.

Proof By the definition of referee we have Ra non-empty therefore we have € € Ra by prefix-
closure. |

It is important to note that we can combine referees to place stronger constraints on strategies and

that this affords us a modular approach to proving compositionality and copy completeness.
Definition 108 Given referees & and X' we define (R N R') to be that referee for which
(RNR)A=RaNRy

for each arrow arena A.

Lemma 109 Given compositional, copy complete referees ® and R it follows that R N R is a

compositional and copy complete referee.

Proof 1t is simple to show that, for each arrow arena A, it follows that (R N R ) is a prefix-
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closed, non-empty subset of Sa.

Suppose we have some sequence s € (R N R),. This implies that one of the following is true:

e There exists some arena A — B and some sequence t € (R N R')a_p such thats =1t [ A.
By the definition of intersection of referees this implies thatt € Ra_g and t € R/ s_,g hence

by copy completeness we have a sequence s’ in both Copy,gf and Copy,gf’ such thats’' | A =s.

!
By the definition of intersection of referees this implies that s’ € Copy&gmg( ),

e There exists some arena B — A and some sequence t € (R N R')g_a such that s =1t [ A
and our reasoning is similar.

Hence intersection preserves copy completeness.

Given strategies 0 C (RN R )a—p and T C (RN R)g_c we have 0 C Ra_,g and T C Rp_.c
and hence 0;T C Ra_,c by the compositionality of & . Similarly it follows that 0;T C R'a_,c and
hence 0;T C (RN R')a_c by the definition of (RN R/ )a—c.- [ ]

Definition 110 (Bias) A referee & is biased if and only if for any odd-length sequence s-m €
Sa_sg such that

s€ RasgAs-m[AERaAs-m|BeRg

it follows that s- m € Ra_,B.

Definition 111 (Admissibility) We say that a referee is admissible if and only if it is composi-

tional, copy complete and biased.

Lemma 112 Given admissible referees R and R it follows that R N R’ is also admissible.

Proof The proof is straightforward and follows simply from the definitions of compositionality,

copy completeness and bias. |

We now consider a class of referee for which it is very simple to demonstrate admissibility.

Definition 113 (Separability) A referee R is separable if and only if for any sequence s € Sa—B

we have:

(s|A€RaNS|BERR) < (s€ Rasp).

Lemma 114 Any separable referee & is admissible.

Proof We check each item in the definition of admissibility.

Compositionality Given strategies 0 C Ra g and T C Rg_.c and s € 0;T we have s | A € Ra and
s [ C € K¢ by locality and hence s € Ra_,c by separability and therefore & is compositional.

Bias For any odd-length sequence s-m € Sa_,g such that

(s€ RasgAs-m A€ RaAs-m[Be Rg)

it follows that s- m € Ra_,p directly from the definition of separability.
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Copy Completeness Given any negative arena A and any sequence s € Rp it follows that there
exists a sequence t € copy; such that t [ A’ =t [ A” ='s (where once again A’ and A"
are used to distinguish different copies of arena A). From the definition of separability it
therefore follows that t € copyf\i.

Definition 115 Given referees ® and R’ we write ® C R if and only if

Ra C Ra

for each arrow arena A.

Definition 116 Given a referee R_and an arrow arena
A= <MAa|_Aa)\A)

we define the following game:
UgA = (Ma, AR, Ra)-
We again overload our definition so that for any sequence s € Sa we have Ugs = s and for any set

S C Sa we have UgS=3.

Lemma 117 Given a referee R and a sequence s € Ra_,g we have Ugs € Pug A—UgB-

Proof The proof follows from the definition Ka and Kg and by inspection of the definition of
Puy A—+UgB- u

As a corollary it follows that for any strategy 0 C Ka_,g We have
Uzo:UzA — UgB.
Lemma 118 Given a referee R and strategies 0 C Ra_.g and T C Rg_,¢ it follows that:
1. Ug(0;1) =Ugo;UgT.
2. copyx Cidy,a.

3. idyga = Copy,gf for every negative arena A if and only if & is admissible.

Proof The first statement follows from lemma 29 and the fact that Uz A, UgB and U C are
subgames of UsA, UgB and UC respectively. It is straightforward to check the second statement.
The third statement follows from the copy completeness of X. |
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3.4 Sequence Transformers

In this section we examine a novel way of showing the admissibility of referees by reducing referee

membership to visibility in G.

Definition 119 Given a referee R we define a sequence transformer K : & to be a family of
functions indexed by negative arenas such that for each negative arena A we have a function
Ka: E — Xa that satisfies the following:
Sequence Preservation For each sequence s € Ra where

S= <M57 <]srf\s> and KAS = <MKA57 qKASf[\KAS)

it follows that:
MS = MKAS and 45 = QKAS'

In other words the transformer leaves underlying sequences of moves unchanged and only
adds or removes justification pointers.

Prefix Respect For any arena A and sequences s,s’ € Ra we have

sCs' = KsC Ks.

We may omit subscripts from our transformers when the index can be readily inferred from the

context.
We lift such a K to sequences s € TUKA—)UKB where s = (Mg, <s,+\s) as follows:
MS = MKS and 45 = QKS

and also for any moves m,m’ it follows that m «\~gs m’ if and only if
MK (51U A) M OF MK (51U, B) M
Similarly, given a sequence s € int(UgA,UgB,Ug C) we define Ks as follows:
Mg = Mks and g = <lks

and also for any moves m,m’ it follows that m v«~gs m’ if and only if

! ! !
m nK(s[UKA) m orm nK(s[UKB) m orm ﬂK(sruxc) m.
We will further overload our definition to sets of sequences. Given a sequence transformer K and

a set or sequences S we define:
KS={Ks|s € S}.

Finally, we overload the definition to map negative arenas onto games. Given an arena A =
(Ma,Fa,Aa) we define:
KA = (Ma,ASP KR ).

Lemma 120 Given a referee &, a sequence s € Ra_,g and a sequence transformer K : R it
is straightforward to show that Ks € Pxa_kp. As a corollary it follows that given a strategy
0 C Ra_sp it follows that Ko is a strategy for the game KA — KB.
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Lemma 121 Given negative arenas A, B and C, a sequence transformer K : & and strategies
0:A — Bandt:B — Cit follows that:

K(o;1) C Ko Krt.

Proof Consider any sequence Ks € K(0;T) and let u € int(UgA,U%B,UC) witness s. We
have K(u [ UgA,U4B) € Ko and K(u [ UgB,U4C) € Kt and hence (Ku) [ KA,KB € Ko and
(Ku) [ KB,KC € K1. Hence Ku € Kol||KT and (Ku) | KA,KC € Ko; KT and therefore s € Ko; K.

We should note here that it will not in general be the case that
Ko;Kt C K(0;T1)

as it may be the case that we have sequences s € 0 and s’ € Tsuch thats | B#s' [ Bbut Ks [ KB =
Ks' | KB. |

Lemma 122 Given a negative arena A and a sequence transformer K : R _ it follows that:
° Kcopyf’f C idka.

e idka C KCOpyf\i for every arena A if and only if R is copy complete.

Proof We prove the first statement as follows. Given any sequence s € Copy§ we have s | A =
s | A" and hence by the definition of sequence transformers we know that Ks [ KA’ = Ks | KA”
and hence s € idka.

Proof of the second statement involves two parts. First we assume that & is copy complete and
show that idka C Kcopyf\i. Given a sequence s € idka it of course follows that s | KA’ =s |
KA" = Kt for some t € Ra. If R is copy complete then there exists some sequence u € copyff
such that u | A =t where Ku = s and hence idka C KCOpyf\i. |

Definition 123 We say that a sequence transformer K is injective if and only if for each arena A
it follows that Kp is injective.

Lemma 124 Given negative arenas A, B and C, an injective sequence transformer K : & and
strategies 0 : A — B and 1: B — C it follows that:

K(o;1) = Ko; Kt.

Proof We already know that K(0;1) C Ko;KT from lemma 121. Consider any sequence s €
Ko; KT and let u € int(KA,KB,KC) witness s. By injectivity we know that u = Kt for exactly
one sequence t. Let Kt' = Kt | KA, KB and we know that Kt € Ko and let Kt” = Kt | KB,KC
and similarly we have Kt” € KT. By the injectivity of K we know that t' | B =t" | B and it is
straightforward to show that t witnesses a sequence t | U4,Uz € 0;T and hence s € K(o;1). W

Lemma 125 Given an admissible referee &', another referee ® such that & C R/ and a se-
quence transformer K : R’ such that for any arrow A and any sequence s € R, it is the case
that:

s € Ra if and only if Ks is player visible.
then it follows that & is admissible.

Proof
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Compositionality Suppose we are given strategies 0 C Ra_g and T C Ra_,B-

We know that Ko and KT are player visible and by lemma 60 Ko;KT is player visible. We
know that 0;T € R/s_,¢ by the compositionality of K’ and by lemma 121 it follows that
K(o;1) is player visible and hence 0;T C Ra_,c and therefore X is compositional.

Bias For any odd-length sequence s-m € Sa_,g such that
(s€ RasAs-m A€ RaAs-m [Be@)
it follows that Ks is player visible and hence Ks- m is player visible and s m € Ra_B.

Copy Completeness By lemma 62 we know that the strategy idka is player visible and from
lemma 122 we therefore know that KCOpyi{ is player visible. Hence copyff C Ra_a and
therefore Copy A= CopyA From the definition of admissibility we know that given any

sequence s € R/, it follows that there exists a sequence t € Copyiil such that t [ A’ =t |
A" = s (where once again A’ and A” are used to distinguish different copies of arena A). So
it follows that copy completeness is satisfied.

Lemma 126 Given an admissible referee ®’, another referee ® such that & C R’ and a se-

quence transformer K : R/ such that :
s € Ra if and only if Ks is totally visible.

then it follows that & is admissible.

Proof

Compositionality Given strategies 0 C Ra_,g and T C Rg_,¢ it follows that Ko and KT respect
total visibility and hence by lemmas 65 and 60 we know that Ko; KT respects total visibil-
ity and by lemma 121 we therefore know that K(0;T) respects total visibility and by the
compositionality of R’ we know 0;T € R/5_,c and hence 0;T € Ra_sc.

Bias For any odd-length sequence s-m € Sa_,g such that
(s€ RasgAs-m[AERaAs-m|BeRg)

It follows that Ks, Ks-m [ KA and Ks-m [ KB are totally visible and hence by lemma 70
we know that Ks-m is totally visible. By the bias of ®' we know s-m € R'a_,g and hence

Copy Completeness Given any negative arena A and any sequence s€ Ra it follows from the
copy completeness of R that there exists a sequence t € Copy A " such that

t]A =t[A" =5

(where once again A’ and A" are used to distinguish different copies of arena A). We know
that Ks respects total visibility and from lemma 122 that Kt € idka hence by lemma 64 we
know that Kt respects total visibility and thus t € Ra_a. We therefore have t € Copyii and
R_1is therefore copy complete.
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3.5 Safety Constraints on Strategies

We will now examine some constraints on strategies that are present in models in the game se-
mantics literature. We will show that these constraints can be reformulated as admissible refer-
ees. We will therefore have demonstrated a fairly robust and uniform way of proving that certain
constraints placed on strategies are preserved by composition and that similarly constraining the
copycat strategies does not destroy their ability to act as the unit for composition.

3.5.1 Unrestrained Strategies

Lemma 127 The referee S is separable, and hence admissible by lemma 114.

Proof This follows from lemma 90. [ |

352 Visibility

The visibility conditions that we will shortly be examining were present in the games model for
PCF in [28]. The repercussions of relaxing these conditions were studied by Abramsky, Honda

and McCusker in [1] and the relaxation was shown to allow the interpretation of higher order store.

Definition 128 (Views) The player view (p-view) of a justified sequence s, notated [s], is a sub-
sequence of s defined inductively as follows:

e [g] ==

e [t-m] = [t]-m m is a player move.

e [t-m] = m where m is an initial opponent move.

e [t-jt " m] = [t]-j*m where m is a non-initial opponent move.

Similarly, the opponent view (o-view) of a justified sequence s, notated [s], is a subsequence of s

defined inductively as follows:
o [g| =t
e [t-m] = |t] -m where m is an opponent move.
e [t-m] = m where m is an initial player move.

e [t-/*t'm] = [t]-}*m where m is a non-initial player move.

Definition 129 (Visibility) Given an arena A and a strategy 0 : A we say that 0 obeys player
visibility if and only if for all s € 0 and moves j,m € s such that j »\ m we have j € [s<py].
Similarly, we say that 0 obeys opponent visibility if and only if for all s € ¢ and moves j,m € s
such that j v» m we have j € [s<m| and of course O obeys total visibility if and only if it obeys

both player and opponent visibility.
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Lemma 130 Given an arena A it is straightforward to show that the definitions of views and
visibility for a sequence s € Sa are equivalent to those in G. For all sequences s,s' € Ja it follows
that ([s] = [s']) & ([Uss| = [Uss']) and for an move m € s it follows that (m € [s]) & (m €

[Uss]).

Definition 131 We define the referee %P so that for any arena A we have s € 9/Y if and only if s
respects player visibility.

We define the referee /° so that for any arena A we have s € 92 if and only if s respects opponent
visibility.

We define the referee 1/ so that for any arena A we have s € Vj if and only if s respects total

visibility.

Definition 132 We define the sequence transformer | : § such that for each arrow arena A and

each sequence s € Sp we have Ias =s.

Lemma 133 Given a sequence s € Sa it follows that s € rVA'O if and only if Is is player visible,
s € Vy if and only if Is is opponent visible and also s € V4 if and only if Is is totally visible.

Proof The proof follows from lemma 130. |

Lemma 134 The referees 1 and 1P are admissible.

Proof The referee 4/ is admissible by lemmas 133 and 126. The admissibility of referee 7P
follows from lemmas 133 and 125. |

3.5.3 Bracketing

Bracketing conditions are present in the model of PCF in [28]. A thorough examination of the
implications of relaxing these conditions are studied by Jim Laird in [31] and are found to coincide

with the addition of control features to the language.

Definition 135 (Well-Bracketing) When an answer m’ is justified by a question m we say that
m’ answers m. We say that a sequence s € Ja is well bracketed if and only if all answers in s are

justified by the most recent unanswered question.

Definition 136 (Player Bracketing and Opponent Bracketing) We say that a sequence s is player
bracketed if and only if, for every player answer a € s, a answers the most recent unanswered ques-
tion in [s<,].

Similarly, we say that a sequence s is opponent bracketed if and only if, for every opponent answer

a € s, a answers the most recent unanswered question in [s<, |.

Definition 137 We define the referee BP so that for any arena A we have s € QSK if and only if s
is player bracketed.

We define the referee B° so that for any arena A we have s € By if and only if s is opponent
bracketed.

We define the referee B so that for any arena A we have s € B if and only if s is well-bracketed.
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We now prove that a sequence s € Ja is well-bracketed if and only if it is both player bracketed

and opponent bracketed.

Lemma 138 Given a well bracketed sequence s € Ja, both [s] and |s| are well bracketed.
Proof We carry out induction on the length of s.

Base Case If s = € then the proof is trivial.

Inductive Step Suppose s =s'-m.

case: We first consider the case when Am = OQ, and omit the case when Am = PQ as it is similar.
First we show that |s'-m] is well bracketed. By definition we know that |s| = [s’]-m and [s'] is
well bracketed by inductive hypothesis hence [s’| - m is well bracketed. We now show that [s' - m]
is well bracketed. If m is initial then [s]| = m, which is well bracketed. Otherwise let j v~ m and
we have [s] = [s<;| - m, and by inductive hypothesis [s<;] is well bracketed and hence [s<;]-m

is well bracketed.

case: Now suppose m is the answer to j. We consider only the case when Am = OA, as the case
when Am = PA is similar. We have [s| = [s<;j] - m where [s<j] is well bracketed by inductive
hypothesis and hence so is [s<;j|-m as m is an answer to the most recent unanswered question in

the view.

We must now show that |s] is well bracketed. As |s| = |s'] - m we have |s'| well bracketed by
inductive hypothesis. It is now left for us to show that j is the most recent unanswered question
in |s'|. If j immediately precedes m then this is assured, otherwise let j* immediately succeed
j. It follows from the well-bracketing of s that j* must be a question and must be answered in
s’ by some move a. It also follows from the definition of opponent view that j is the most recent
unanswered question in [s'-m<,]|. Let a’ be the greatest player answer in s’ - m such that j is the
most recent unanswered question in s’ - m<y|. Now suppose the successor of a’, which we call
a'", is also in s'. Tt follows that a’" would be a question as, by inductive hypothesis |s’- M+ | is
well-bracketed. However, it also follows that a’" would be answered in s’ by some move a” and

by inspection of the definition of opponent view we would have

+’\ "

|s" mear| = |8 -m<y|-a"" -2

which would conflict with our definition of a’ as the greatest player answer in s’ - m such that j is
the most recent unanswered question in |s’- m<y |. We therefore conclude that no such move a’ +
exists and a’ is the last move in s’ and hence m answers the most recent unanswered question in

|s'-m]. [ |

Lemma 139 Given a sequence s such that for every prefix t C s we have [t] and [t] well brack-
eted, s is well bracketed.

Proof We construct a proof by induction on the length of s.
Base Case If s = € then the lemma is trivial.

Inductive Step Suppose s =s’-m. If m is a question then we merely need to appeal to the inductive

hypothesis. Let us consider the case where Am = PA, as the case when Am = OA is similar.
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We first check that the most recent unanswered question, q in [s'] is also the most recent in s’. As

[s] is well bracketed it must be of the form:

We can apply our inductive hypothesis to s’ so the only way for s to violate well bracketing is for
there to be an unanswered question between some pair qi*-\ai but by inductive hypothesis s<,i is
well bracketed hence all questions played between q' and i must be answered before a' is played.

|

Lemma 140 A sequence s € Jp is well-bracketed if and only if it is both player bracketed and
opponent bracketed.

Proof This follows from lemmas 138 and 139. |

Definition 141 We now define a sequence transformer, B : §, as follows. Give an arrow arena A

and a sequence s = (Mg, <s,v) in Sp we define:
_ li QA 1
Bas = (Mg, <s, {(m,m") e[ A{ =A}).

In other words we have the same sequence of moves but only include the justifiers between ques-

tions and their answers.

Lemma 142 Given a sequence s € Sa it follows that:

e sc Q}E if and only if Bs is player visible.
e s c By if and only if Bs is opponent visible.

e s & By if and only if Bs is totally visible.

Proof We prove the first of these statements by induction on an arbitrary sequence s € 0. Proof
of the second statement is similar. Proof of the third statement follows from the first two by an

application of lemma 140.
Base Case If s = € then then s is player bracketed and Bs is player visible.
Inductive Step Suppose s =s’-m.

case: If m is an opponent move or a player question then we have s’ - m is player bracketed if and
only if s’ is player bracketed and Bs’- m is player visible if and only if Bs’ is player visible. We

can now simply apply the inductive hypothesis to s’.

case: If mis a player answer to a move q then s’ - m is player bracketed if and only if s’ is player
bracketed and q is the most recent unanswered question in [s']. Inspection of the definition of B

shows us that q is the most recent unanswered question in [s'] if and only if q is in [Bs']. [ |

Lemma 143 The referees B and BP are admissible.

Proof The referee B is compositional by lemmas 142 and 126. The referee BP is admissible by
lemmas 142 and 125. n
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354 Rigidity

In [17] Danos and Harmer further restrict the Hyland-Ong/Nickau games model for PCF and pro-
pose the notion of rigidity. The restricted model is fully abstract for a language without sequencing

or case constructs.

Definition 144 (Rigid View) The rigid player view of a justified sequence s, notated [s] ", is a
subsequence of s defined inductively as follows:

o [e]e=¢.

e [t-m]"& = [t]"8.m where AOPm = P.

o [t-m] g — m where m is an initial opponent move or an opponent question.

e [t-j“t-m]"& = [t]"&.jm where m is a non-initial opponent question.

Similarly, the rigid opponent view of a justified sequence s, notated |s| "8, is a subsequence of s

defined inductively as follows:

o g]iE=¢.

o [t-m]"& = [t]|"8.m where A°Pm = O.

o [t-m] "€ — m where m is an initial player move or a player question.

e [t-}“t-m|"8 = |t|"&.jm where m is a non-initial player question.
Definition 145 A sequence s is player rigid if and only if for every player question q € s justified
by move j we have j € [s<q] rig_ Similarly, a sequence s is opponent rigid if and only if for every

opponent question q € s justified by move j we have j € [s<q] rg_ A sequence is totally rigid if it is
both player and opponent rigid.

Definition 146 We define the referee K P so that for any arena A we have s € '](AO if and only if s
is player rigid.
We define the referee & ° so that for any arena A we have s € K if and only if s is opponent rigid.

We define the referee R so that for any arena A we have s € R if and only if s is totally rigid.

Definition 147 We define the sequence transformer R : § such that for each arrow arena A and

each sequence s = (Mg, <s,+s) in Sp we define:
Bas = (Ms, <s,{(m,m’) ens| \Q*s = Q}).
In other words we have the same sequence of moves but only include the justifiers of questions.

Lemma 148 Given a sequence s € Sa it follows that s € KAP if and only if Rs is player visible
and also s € Rp if and only if Rs is totally visible.

Proof The proof follows directly from inspection of the definition of R. |

Lemma 149 The referees 1 and 1P are admissible.

Proof The referee 9/ is admissible by lemmas 148 and 125. The referee 7P is admissible by
lemmas 148 and 126. u
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3.6 Coherence Constraints on Strategies

We will now study some further constraints on strategies. Unlike those constraints placed by
referees, which determine which sequences may exist in a strategy, the constraints in this section
determine which sequences may, or must, coexist in a strategy. Such constraints have been termed

coherence constraints in personal communication from Russ Harmer via Guy McCusker.

3.6.1 Prefix Closure and Determinism

The determinism constraint is present in the PCF model of [28]. The relaxation of this constraint
was studied in depth by Russ Harmer in [24] and by Harmer and McCusker [25] and was found to

coincide with the inclusion of a nondeterministic choice operator into the language.

Definition 150 As with strategies for games, a strategy 0 for arena A is prefix-closed if and only
if it is not empty and for any sequence s-m-m’ € G we have s € 0. All prefix-closed strategies

contain the empty sequence €.

Definition 151 As with strategies for games, a prefix-closed strategy O is deterministic if and

only if for all sequences s-m,s’-m’' € c wehaves=s'=>s-m=¢"-m’".

Lemma 152 Given a compositional, copy complete referee X then any subcategory C of Ag
can be further constrained to contain only prefix closed strategies. The resultant collection of

arenas and strategies constitute a lluf subcategory of C.

Proof Lemma 35 ensures that prefix-closure is preserved by composition. For any negative
arena A the underlying game UgA is a prefix game as Ry is prefix closed. Hence, by lemma 34,
the identity idy, a is prefix-closed. |

Lemma 153 Given a compositional, copy complete referee R and any subcategory C of Ag
containing only prefix-closed strategies it follows that C can be further constrained to contain
only the deterministic strategies. The resultant collection of arenas and strategies constitute a lluf

subcategory of C.

Proof Lemma 42 ensures that determinism is preserved under composition. For any negative
arena A the underlying game U A is a prefix game as Ra is prefix closed. Hence, by lemma 38,

the identity idy A is deterministic. [ |

3.7 Umpires

3.7.1 Umpire Observance

Definition 154 Given a referee & an umpire ~: R_is a family of equivalence relations, such that

for each arrow arena A we have an equivalence relation

~AC Ra X Ra.

We will omit subscripts from our umpires when they can be readily inferred from the context.
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Definition 155 Given a referee & and an umpire ~: R we say that a deterministic strategy 0 C
Ra is =~ observant with respect to R if and only if for all sequences s-m-n,s’ € 0 such that
there exists a sequence s’ -m’ € Rp for which s-m ~ s’ - m’ then there must exist some extension

s'm’-n" €osuchthats’-m'-n'"~s-m-n.

Definition 156 We say that an umpire ~: & _is compositional if and only if for any ~ observant
strategies 0 C Ra—p and T C Rp_,c it follows that 0;T is also ~ observant.

Definition 157 We say that an umpire ~: R _is copy sufficient if and only if for every arena A it
follows that copyf\i is =~ observant.

Theorem 158 Given a compositional, copy complete referee & and a compositional, copy suf-
ficient umpire ~: & _ it is straightforward to show that the ~ observant strategies constitute a lluf

subcategory of Ag.

3.7.2 Umpires and Sequence Transformers

We will now show how we can sometimes use sequence transformers to reduce the proof that a par-
ticular umpire is compositional and copy sufficient to the proofs in G that innocence is preserved
by composition and that identities are innocent.

Lemma 159 Given a biased referee &, an umpire ~: ®_ and an injective sequence transformer

K : R such that for any arrow arena A — B and sequences s,s’ € Ug A — Ug B it follows that:

e Ksis player visible if s € Ra_,B.
e s~s' & [Ks] = [Ks'].

then for any strategy 0 C Ra_,p it follows that 0 is ~ observant if and only if K0 is innocent.

Proof First let us suppose that 0 is ~ observant. Suppose we have sequences K(s-m-n),Ks' €
Ko and suppose there exists an extension K(s'-m’) € Pxa_,kp therefore by bias and injectivity
we have the extension s’-m’ € Ra_,g and if [K(s'-m’)] = [K(s-m)] then s’-m’ ~ s-m and hence
by =~ observance we have a sequence s'-m’-n’ € 0 such that s'-m’-n’ ~s-mn and hence there
exists a K(s'-m’-n’) € Ko such that [K(s'-m’-n’)] = [K(s-m-n)] and hence Ko is innocent.

Now let us suppose that Ko is innocent. Suppose we have sequences s-m-n,s’ € @ and hence
K(s-m-n),Ks' € Ka. Now suppose there exists a sequence s'-m’ € Ra_,g such thats-m ~s'-m’.
Therefore, as K respects prefixes it must be that K(s'-m') is an extension of Ks' and [K(s-m)] =
[K(s'-m')] hence by the innocence of Ko we must have some extension K(s'-m’)-n’ € Ko such
that [K(s"-m’) -n"] = [K(s-m-n)]. By injectivity and prefix respect it follows that K(s'-m') -n’ =

K(s'-m’-n’) for some extension of s’- m’. Hence s'-m’-n’ € 0 and 0 is ~ observant. [ |

Lemma 160 Given an admissible referee &, an umpire ~: ®_and an injective sequence trans-

former K : R such that for any arena A and sequences s,s’ € Ug A — Ug B it follows that

e Ksis player visible if s € Ra_B.
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e s~s' & [Ks] = [Ks']

then ~ is compositional and copy sufficient.

Proof Suppose we are given ~ observant strategies 0 C Ra_g and T C Rg_,c. Lemma 159
guarantees that Ko and KT are innocent and hence by lemma 81 it follows that Kg; KT is innocent.
We know from the compositionality of & that 0;T € Ka_,c so we can now apply lemma 124 to

see that K(0;T) is innocent and hence 0; T is ~ observant and thus ~ is compositional.

Furthermore, we know from lemma 74 that idka is innocent and by lemma 122 we know that

idka = Kcopyff and hence by lemma 159 we know that COpyi( is ~ observant. |

3.7.3 Innocence

The property of innocence is present in the PCF games model of [28]. A study of the consequences
of its relaxation is studied by Abramsky and McCusker [6] and is shown to be equivalent to the

introduction of references of base type. We will study their model more closely in the next chapter.

Our definition of innocence for arenas is dependent on what moves it is possible for opponent to

make: innocence is defined with respect to a referee. We therefore give the following definition.

Definition 161 Given a referee & we say that a deterministic strategy 0 C K is innocent with
respect to R if and only if for all sequences s-m-n,s’ € G such that there exists a sequence
s'-m’ € R for which [s-m] = [s'-m’] it follows that there must exist some extensions’-m’-n’ € 0
such that [s'-m’-n"] = [s-m-n].

Definition 162 Given a referee & we define the umpire ~: ® such that s ~p s’ if and only if

[s] = [s']. Clearly innocence is equivalent to ~, observance.

Theorem 163 The given an admissible referee ® such that ® C 7, it follows that the umpire

~p: R is compositional and copy sufficient.

Proof Recall the identity sequence transformer of definition 132. Clearly it is injective. For any

arena A and sequences s,s’ € A we clearly have:

(s2ps') & (T1s] = T1s']).

Hence by lemma 160 it follows that ~p: & is compositional and copy sufficient. |

As a corollary we know by proposition 158 that the innocent strategies form a lluf subcategory of
Ag.

3.7.4 Proper Stranding and Thread Independence

Proper stranding is implicit in the games models in [28, 39, 4, 5, 6, 1, 9, 31] and as we will later

show is implied by total visibility.
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Definition 164 (Strands) Given a sequence s € Sa we say that a strand of s is a subsequence of

s containing exactly those moves that are hereditarily justified by a particular initial move.

Given a justified sequence s- m € Sa, we write strand(s-m) as that strand of s- m whose moves
are hereditarily justified by the same initial move as m. For the sake of completeness we write
strand(e) =«.

Definition 165 (Proper Stranding) We say that s is properly stranded if all its constituent strands

obey alternation.

Definition 166 We can define the referee Z such that for each arrow arena A and sequence s € Sa
it follows that
s € Zp if and only if s is properly stranded.

Lemma 167 The referee Z is separable, hence admissible.

Proof Proof is by inspection of the definition. |

We will now examine proper stranding a little more thoroughly and will eventually prove that it is
implicitly satisfied by sequences that respect total visibility.

Lemma 168 (Switching Conditions) A sequence s € Sa_,g is properly stranded if and only if

for any moves m,m’ € s such that m and m’ are in different strands we have:

e If m and m’ are consecutive in s | B then m’ is an opponent move.

e If m and m’ are consecutive in s | A then m’ is a player move.

Proof We first assume that s is properly stranded and that m and m’ are consecutive in's | B. We

construct a proof that m’ is an opponent move by induction on the length of s<ny.
Base Case If s<ny = € then the lemma is vacuously satisfied.

Inductive Step If m’ is initial then it must be an opponent move and we have nothing more to
prove. Otherwise, let the greatest (with respect to <) move in S<p, that is in strand(sgm:) be n.
We do not have n = m and therefore know that the move following n in s [ B is in a different strand
and hence, by inductive hypothesis, is an opponent move and thus n must be a player move. As s

is properly stranded we therefore have m’ an opponent move.

If we assume that s is properly stranded and that m and m’ are consecutive in s | A we can use a

similar argument to show that m’ is a player move.

We now prove the implication in the other direction:

e Let m and m’ be opponent moves from the same strand in s | B. We will show that they are
not consecutive in that strand. Let m* immediately follow m in s | B and we know this is
a player move as s | B alternates and hence by hypothesis it follows that m* is in the same
strand as m.



Cllaptel 5. YA Altlds o4

e Now m and m’ be player moves from the same strand in s | B. We will show that they are
not consecutive in that strand. Let m’~ immediately precede m’ in's | B and we know this is
an opponent move as s | B alternates and hence by hypothesis it follows that m’— is in the
same strand as m’.

Our proof in this direction is similar when we consider moves from A. |

Lemma 169 Given a player visible sequence s € Sa_,g With moves m,m’ € s [ B such that [s<p, |

and [s<q/|] commence with the same move we have m and m’ in the same strand.

Proof Exactly one initial opponent move hereditarily justifies m, by player visibility that move
must be in [s<m| and by the definition of [—] it must be the first move in the view. Similarly
[S<m'| commences with the initial opponent move that hereditarily justifies m’. If these moves are
the same then m and m’ are in the same strand by definition. |

Lemma 170 Given a player visible sequence s € Sa_,g and moves m,m’ € s such that m and m’

are in the same strand it follows that [s<py | and [s<qy| commence with the same move.

Proof Let move k be the initial move that hereditarily justifies m and m’. By player visibility we
have both k € [s<y| and k € [s<qy| and hence by inspection of the definition of [—] it must be
that [s<m| and [s<py| commence with the same move. [ |

Lemma 171 Given a player visible, properly stranded sequence s € Sa_,g and moves m,m’ €
s such that all moves strictly between m and m’ are in s [ A it follows that [s<m| and [s<py]

commence with the same move.

Proof We will simply show that for any consecutive pair of moves n,n™ € s such that m < n and
n™ < m’ it must be that [s<,| and [s<,+] commence with the same move. If n™ is a player move
then this follows directly from the definition of [—]. Otherwise, if n™ is an opponent move, by
the switching condition we must have n,n™ € s | A. By lemma 168 we have n and n* in the same

strand and by lemma 170 we know that [s<n| and [s<,+| commence with the same move. [ |

Lemma 172 Given a sequence s € Vp_,g we have s properly stranded.
Proof Our proof is by induction on the length of s.
Base Case If s = € then s the lemma is trivial.

Inductive Step Suppose s =s'-m. We have s’ properly stranded by inductive hypothesis. If m is
initial then it follows that s’ - m is properly stranded. Otherwise, let n be the greatest move in s’

from the same strand as m and we must simply show that A9"n % A%Pm.

case: Suppose m is a player move in s | A. If n is the last move in s’ | A then n must be an
opponent move. Otherwise let n’ immediately follow n ins’ | A. By inductive hypothesis we have
Slgn' properly stranded and by lemma 168 we know that n’ is a player move hence n must be an

opponent move.

case: Suppose m is an opponent move in s [ A. Consider the form of [s’] as follows:

ﬁ-\
po - 01 . [)1 e on’-\pn
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All moves in this view are from s | A by the switching condition and by inductive hypothesis we
have s’ properly stranded hence by lemma 168 we have every move in this sequence from the same
strand. By opponent visibility we have the justifier of m in this sequence, hence m is in the same
strand as the last move in s’ and we have proper stranding.

case: If m is an opponent move in s | B then we can simply apply lemma 168 to show proper
stranding.

case: Finally, suppose m is a player move in s [ B. If n’ is the last move in s’ | B then by
lemma 171 we have [s’,] and [s'] start with the same opponent move and by lemma 169 we have

n’ and m in the same strand and hence we have proper stranding. |

Thread independence, or single threading as it is sometimes known, is often explicitly required
in games models where the objects are arenas, for example in [1, 24]. Consideration of thread
independence may be avoided in categories of games, for example in[28, 39, 4, 5, 6] by utilising
the linear nature of the models and interpreting the languages in Kleisli categories of games where

plays may contain only a single thread.

We will now prove that thread-independence is preserved by composition. This proof is con-
siderably more involved and we only prove it for strategies that respect total visibility. It is not
clear how a proof of this nature can be extended to a more general form; for example the thread-
independence for the model of a language with general references in [1] requires a different kind
of proof.

Definition 173 (Threads) Given a sequence s- m, we define thread(s- m) to be that subsequence
of s consisting only of those moves m’ such that [s<ny] commences with the same move as does
[s-m]. For completeness’ sake we define thread(g) = €. We say that a sequence is single-threaded

if and only if it contains only one initial opponent move.

Definition 174 (Thread Independence) Given a referee & we say that a deterministic strategy
0 C Ra is thread independent with respect to R if and only if for all sequences s-m-n,s’ € 0 such
that there exists a sequence s’ - m’ € Ka for which thread(s-m) = thread(s’ - m’) then there must

exist some extension s’ -m’-n’ € o such that thread(s’' - m’-n’) = thread(s- m-n).

Definition 175 Given a sequence s € ¥ we define the relation <5 between moves in s as follows.
Given m,m’ € s we say m <5 m' if and only if m is the greatest move in sy from the same strand

as m’.

It is immediately apparent that for any non-initial move n’ € s there is exactly one move n € s such
that n < n'.

We know from lemma 172 that s is properly stranded and hence for any m,m’ € s such that
m <s m’ we have AOPn #£ \OPn’.

Definition 176 We define a sequence transformer F : 7/ as follows. Given arrow arena A and

sequence s = (Mg, <s,v\s) in Va then

Fs= <M57 <1$7<<S)'
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Lemma 177 Given a sequence s € Vp_,g such that Fs respects opponent visibility and moves
m,m’ € s | B where m < m’ and m is a player move in s we have all moves inclusively between
m and m’ are from s | B.

Proof As Fs respects opponent visibility it must be that | Fs<qy] has the following form:

~
m.ol.pl...onﬁ.\pn.ml_

The switching condition implies that for all 1 <i < n we have oj and pj in s [ B and lemma 168
implies that oj and pj are consecutive moves. Hence all moves inclusively between m and m’ are
froms [ B. |

Lemma 178 Given a sequence s € ¥ such that Fs respects total visibility then for any moves

m,m’ € s we have

m € strand(s<py) = m € [Fs<py| Am € |[Fs<py].

Proof We carry out an induction on the length of s. We consider here only the case where m’ is

a player move as the other case is similar.
Base Case If s = € then the lemma is trivial.

Inductive Step First note that m € strand(s<ny) implies that either m = m’ and the lemma s trivial
or else there exists a move k € s such that m € strand(s<x) and k < m’. By inductive hypothesis
we have m € [Fs<i] and m € |Fs<| and by visibility we have k € [Fs<qy| and by construction
we have k € |Fs<qy]. Therefore by lemma 53 we have m € [Fs<qy] and m € [Fs<qy]. [ |

As a corollary we have

msm = m € [Fsey] Am € |Fsepy]

and consequently Vk € [syy].k € [Fs<py]| and Vk € [spy].k € [Fs<ny].

Lemma 179 Given a sequence s € Vp_,p it follows that Fs respects total visibility.
Proof Our proof is my induction on the length of s.
Base Case If s = € then Fs trivially respects total visibility.

Inductive Step Suppose s = s’ -m. By inductive hypothesis we assume Fs' respects total visibility.
Consider any move j in Fs such that j v»\gs m. If we also have j v»g m then we have j € [s] from

the definition of F we must have ] <s m and we consider the following cases.

case: Suppose m is an opponent move in s [ A. By lemma 168 we must have j the immediate

predecessor of m hence j € |Fs].

case: Now suppose m is an opponent move in s | B. We note that for any pair of moves n,n’ that
are consecutive in Fs | B we have j € |Fs<,| = j € |Fs<y] by the definition of |—] when n’ is

an opponent move and from lemma 172 when n’ is an player move. We therefore have j € |Fs].

case: Now suppose m is a player move in s [ A. We know that [Fs] is of the following from:
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where o°

is initial. Consider any pair of moves p; and 0;. By lemma 168 we know that if p; and o;
are from s | A then they must be consecutive. By inductive hypothesis Fs’ respects total visibility
so by lemma 177 we know that if p; and o; are from s | B then all moves between p; and o; are
also from s [ B. We therefore know that j cannot fall exclusively between any moves in [Fs]. By
lemma 178 we know that the unique initial opponent move in [s'] must also be the unique initial

opponent move in [Fs'] and by the visibility of s we have o < j and hence j € [Fs].

case: Finally suppose m is a player move in s [ B. By lemma 172 we know that j is the immediate
predecessor of m in s [ B. If there are no moves from A between j and m then we trivially have
j € [Fs]. Otherwise we note that for any adjacent pair of moves n,n™* such thatj < nand n™ <m
we have have j € [Fs<,| = j € [Fs<,+] this follows from the definition of [—] when n* is a
player move and from lemma 172 when n™ is an opponent move. We therefore have j € [Fs]. W

Lemma 180 Given a non-empty total visibility sequence s € Va_,g there is exactly one initial

opponent move in [Fs].

Proof The proof is a simple induction on the length of s. |

Lemma 181 Given a sequence s € Va_,g and moves m,m’,m” € s we have

m € |—FS§mn-| Am' e |—FSSmII-| = mc |—F5§ml-| vm' e |—Fs§m-|-

Proof We assume without loss of generality that m < m’ and prove that m € [Fs<n»] by induc-

tion on the length of s<y.
Base Case If sy = € then the proof is trivial.
Inductive Step

case: Suppose m” is a player move. If m’ € [Fs<py] then either m' = m” and we have nothing
to prove or else m’ € [Fs.] in which case we must also have m € [Fs_] as m < m’ and we

can apply our inductive hypothesis to give m € [Fs<pr].

case: Now suppose m” is an opponent move. If m’ € [Fs<p,| then either m’ = m” and again we
have nothing to prove or else there is some move j such that j »\gs m” and m’ € [Fs<;j] in which
case we must also have m € [Fs.j] as m < m’ and moves in Fs have at most one justifier. Hence

by inductive hypothesis we have m € [Fs<mn]. |

Definition 182 We now define a similar sequence transformer T : 9/ such that for any arena A

and any sequence s = (Mg, <s,+\s) in VA we have:

TS = <Ms, <s,ns U <<S>

Lemma 183 The sequence transformer T : ¥/ is injective.

Proof Given any sequence s € TV we can create a sequence T 's € 1 by removing any



Cllaptel 5. YA AlClds 06

justifier between moves j,m € s when there exists another justifier for m in sj. It is simple to

check that T s is well-defined and is indeed the inverse. |

As a corollary for justified sequences s,s’ € ¥ we have:

s=s & Ts=Ts.
Lemma 184 Given a sequence s € Vp_,g for all m, € s we have:

em€]([s]=>me[Ts|.

e me[Fs]&me[Ts].

Proof The proof is by induction on the length of s. The proof of
me [s|]=>me[Ts]andm € [Fs] = m € [Ts]
is very straightforward. We consider here only the proof of m € [Ts]| = m € [Fs].
Base Case If s = € then the proof is trivial.
Inductive Step Suppose s=s'-m’.

case: If m’is a player move then m € [Ts] implies either m = m’ and therefore m € [Fs] or else
m € [Ts'] and by inductive hypothesis m € [Fs'] and m € [Fs] by the definition of [—].

case: If m' is an opponent move then m € [Ts]| implies either m = m’ and once again m € [Fs] or
else there exists some move j € s’ such that j v\ 7 m’ and m € [Ts<j]. We can apply the inductive
hypothesis to yield m € [Fs;] and by the definition of T we either have j «\gs m’ and hence
m € [Fs] by the definition of [—] or else j v»g m’ in which case we have j € [Fs] by lemma 178
and m € [Fs] by lemma 53. [ |

Lemma 185 Given a sequence s € Vp_,p it follows that Ts respects total visibility.

Proof Given any moves m,m’ € s such that m «~\7s m’ we have either m «\~g m’ or else m ~gg m’
by the definition of T and hence m € [Ts<py| by lemma 184. We Iso have m € [ Ts<py] as either

m is the predecessor of m’ or else m g m’. [ |

Lemma 186 Given a non-empty sequence s € Va_,p there is exactly one initial opponent move
in [Ts].

Proof The proof is by induction on the length of s. First we note that an opponent move in s is
initial if and only if it is initial in Ts.

Base Case If s = € then the proof is trivial.

Inductive Step Suppose s =s'-m.

case: If m is a player move then given any initial opponent moves n,n’ € s such that n,n’ €

[Ts'-m] we must have n,n’ € [Ts'] and we can apply the inductive hypothesis to yield n = n’'.
case: If m is an initial opponent move then given any initial opponent moves n,n’ € s such that
n,n’ € [Ts'-m] we must have m = n = n’ by the definition of [—].

case: If m is a non-initial opponent move then given any initial opponent moves n,n’ € s such
that n,n’ € [Ts'-m] we must have some move j such that j 15 m and n,n" € [Ts;] in which

case we apply the inductive hypothesis to SIS jtoyieldn = n'. |
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Lemma 187 Given a sequence s € Vp_,g and moves m,m’,m” € s we have

m € [Tscmr | A m' € [Ts<mr] = m € [Tsepy |V m' € [Ts<m].

Proof Ifmé€ [Ts<yr|Am’ € [Tscmr] then by lemma 184 we have m € [Fs<pr| Am’ € [Fs<py]
and by lemma 181 we have m € [Fs<py]Vm' € [Fs<m] and hence m € [Ts<py]Vm' € [Ts<p]
by lemma 184. |

Lemma 188 Given a sequence s € Va and move m € s we have

m € [Ts]| & m € thread(s)

Proof First we assume that m € [Ts]| and show that m € thread(s). Let n be the initial opponent
move in [s] and let n’ be the initial opponent move in [s<m] and it suffices to show that n = n’.
By lemma 178 we have n € [Fs] and hence n € [Ts] by lemma 184. Lemma 187 now yields
n € [Ts<m|. By lemma 178 we have n’ € [Ts<q| and by lemma 186 we have n =n'.
Now we assume that m € thread(s) and show m € [Ts]. Let n be the initial opponent move in
[s] and hence n € [s<py| by the definition of thread(—). By lemma 178 we have n € [Fs| and
n € [Fs<m| and hence n € [Ts] and n € [Ts<m| by lemma 184. We can now apply lemma 187
to yield m € [Ts].

|

Lemma 189 Given sequences s,s' € Va_,g we have

thread(s) = thread(s') < [Ts] = [Ts'].

Proof If thread(s) = thread(s') then by lemma 188 we know that [Ts] and [Ts'] contain
exactly the same moves. It is straightforward to show that [Ts] = [Ts'] as we can simply add
the appropriate extra justification pointers to thread(s) and thread(s’). Similarly thread(s) and
thread(s') can be recovered from [Ts] and [Ts'] by removing extra justification pointers. [ |

Definition 190 Given a referee R C ¥ we define the umpire ~: R such that s ~; s’ if and only
if thread(s) = thread(s'). Clearly thread independence is equivalent to ~ observance.

Theorem 191 The umpire ~: R is compositional and copy sufficient.

Proof By lemma 183 we know that T is injective. For any arena A and sequences s,s’ € A we
have the following by lemma 189:

(s=ts) & ([Ts] =[Ts])

and by lemma 185 we know that T's respects player visibility. Hence by lemma 160 it follows that

~;: R is compositional and copy sufficient. n

As a corollary we know by proposition 158 that the thread independent strategies form a lluf

subcategory of Ag.
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3.8 The Category of Legal Strategies

We are now in a position to demonstrate how we can use our reasoning referees and umpires to

help us define the category of arenas that will be the subject of the next chapter.

Definition 192 We define the referee £ = (7/N B). In other words for each arrow arena A we
define the following set:
LA:{S€5A|SE rVA/\SEQA}.

Lemma 193 The referee L is admissible by lemmas 134, 143 and 112 and we therefore have a
category, A, of arenas where each morphism from arena A to B is a subset of L5_,g. For each

arena A, the copycat strategy Copy/f is the identity morphism.

Proof From lemmas 134 and 143 we know that the referees 1/ and B are local, compositional
and copy sufficient and hence by lemmas 109 and 112 we know that £ is local, compositional and

copy sufficient. Therefore, by theorem 106 we know that A, is a well-defined category. |

Definition 194 Given an arrow arena A we say that a legal strategy is a prefix-closed, determin-

istic, thread independent subset of La.

Definition 195 We can now define the subcategory AT which is comprised of arenas and legal
strategies. The lemmas 152, 153 and 191 assure us that the category is well-defined.



Chapter 4

Games Semantics for Idealized Algol

This chapter recalls the fully abstract games model for Idealized Algol with active expressions, or
A4 for short, due to Samson Abramsky and Guy McCusker [6] and as such some of the proofs are
omitted. We make one or two cosmetic changes so as to make more obvious the connections be-
tween |A,, and its games model, and our own definitions of the interference controlled languages

and the corresponding models which we present later. We will highlight any difference as it arises.

4.1 Idealized Algol

Idealized Algol is a programming language first proposed by John Reynolds [50]. The language
consists of the simply-typed A-calculus to which base types and imperative constants are added.
The language can be considered as an imperative extension of the functional language PCF [44].
The resultant language is a combination of functional and imperative constructs. Owing to its
elegance, Idealized Algol has been chosen again and again as the object language for fruitful

research into the nature of imperative programming [42].

4.1.1 The IA; Types

Reynolds originally made some sharp distinctions between different kinds of base type. Suppose
we have a set of data values S. For example S could be N, the set of natural numbers, or B, the
set of boolean values. Two distinct atomic types in Idealized Algol may be constructed from any

given data set S.

1. Tg the type of program terms that yield a value from S. We call terms of this type expres-
sions.

2. vars: the type of assignable terms that can store a value from S. We call terms of this type
variables.

For our illustrative language we will consider only the data types N, the set of natural numbers,
and the singleton set 1 = {x}. We will not use the type var; as it does not seem useful to store a

value of unit type, however we write com for T1. We simply write N for Ty and var for vary.
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1A,

M == X identifiers
| n numerals
| skip null command
| MM function application
| AxO.M function abstraction
| (M,M) pairing
| ™M left projection
| ™M right projection
| M;M sequential composition
| whileM=0doM looping
| ifM=0then Melse M conditional
| newM:=0inM variable allocation
| doM:=0thenM side effecting expressions
| M:=M assignment
| M dereference
|  mkvar MM bad variable constructor
|  succM successor
| pred M predecessor
| YM fixed point combinator

Table 4.1: Term Grammar for 1A,

Reynolds originally makes a distinction between terms of type com, which are executed primarily
in order to produce side effects, and terms of any other type whose execution is always side effect
free. The language we will consider here is different: we will allow terms of type N to produce
side effects. This extended language is termed Idealized Algol with active expressions. A fully
abstract games model for the language without active expressions was subsequently presented by
Abramsky and McCusker in [10].

We have already described our atomic types:N, com and var. We use the metavariable T to repre-

sent a type that is either N or com. The 1A, types, 8, are constructed as follows:
B:=1|var|6x0|6=6.

Note that the presentation of 1A, in [6] does not include product types however it is well known

that the games model presented therein is fully abstract for the language extended with product

types.

41.2 1A; Terms

Terms are constructed using the grammar defined in table 4.1. We include here some extra term
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1A,
_—  Axiom FI—AP:GO FI—AQ:61X|
F,x:GFAx:G FFA<P,Q):90><91
FFa(PQ):0x8 Fa(PQ):0x86
XE1 XE2
FFamP:0 N
F,x:e’FAP:G FFAP:G’:>6 FFAQ:G'
= | =E

F-aAX:0.P: 6/ =0 F-APQ:8

Table 4.2: Typing Rules for A-calculus fragment of 1A,.

constructors,
doM:=0then M

and
whileM =0do M

which are not present in [6], but will be present in the interference controlled languages that we
present later. However, we need not be concerned as these new constructs can be regarded as

syntactic sugar: while M = 0do N is equivalent to
(Y (A fN=com=com 3N Xy if x = 0 then y; fxy else skip))MN

and do X := 0 then M is equivalent to new X := 0 in M;X.

4.1.3 Typing Rules for 1A,

The typing rules for the A-calculus fragment of 1A, are given in table 4.2. It is well known that
the additive nature of the application rule implies that the following two rules are admissible:
rx:0,y:0FaP:0
r,x:0 FaP[x/y]:0
FEAP: O

Typing rules for the other 1A, constructs are given in table 4.3.

contraction

weakening

4.2 Operational Semantics for 1A,

The operational semantics for 1A, is call by name and is defined on terms with respect to stores. A
var context Xp,...,Xn is one in which all identifiers are of type var and a store is a partial function
that maps identifiers in such a context to natural numbers. Given store S, we define store update as
follows.

(sjx—=n)x = n

(sjx—=>n)y = sy ify#x
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1A,

Fan:N Fa skip : com
MN-aM:N FrEaM:N
MFasuccM: N Mapred M: N
FEaM:com ThHaAN:T Fr’NFaM:06=10

M-aM;N:T Fr-AYM:0

M=aL:N TFaM:T TEAN:T TEFAM:N=com T FaN:N

MFaifL=0thenMelse N : T " =a mkvar M N : var
MF=aM:var THEAN:N =AM :var

[ aM:=N:com THAM:N

,x:varkFaM:com ,x:varkaM:com
Manewx:=0inM:com MadoXx:=0then M:N

Table 4.3: Typing Rules for the Language Constructs of 1A,

Canonical Forms

S,V»U’AS,V

A subset of typeable terms at each type are described as being of canonical form, or values. These
are skip,n,(M,N) and Ax.M. The operational semantics is defined in the big step style using a
relation {5 so that s,M{}»S’,V means that evaluating term typeable term M in initial store S yields
a canonical form V with final store §'.
Sequencing and Conditionals
s,M{ps',skip s ,N{as",V
s,M;N{},s",V

s,Lyps’,n+1 s’ ,M{as",V

s,if L=0then M else N{,s",V
s,LUas’,0 s NY,s",V

s,if L=0then M else N{},s",V
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Arithmetic

S, M“U’Asla n

s,succ M{las’,n+1

s,M{s’,n+1
s,pred M{},s',n

Looping and Fixed Point

s,if L =0 then M; (while L = 0 do M) else skipl}AS', skip
s,while L = 0 do M{}5s’, skip

s,M(Y M){s’,V

s, Y M8,V
Projection
S, L'UA317<M7N> SlaM'UAS”aV
mL,s,s”,V
S, LlLASIa<M7N> SI,NU’ASHaV
s,ToLyxs",V
— Application
s,LYas, Ax.M s',M[N/x]{}as",V
S, L(N)‘U’AS”aV
Store

S, NU«ASI,H Slv M‘U’Asuvx

$,M := N{A(s"|x = n),skip

S, M’U’Aslax
- ¢
s, IM{as’,n
s,N{as’,n s',M{as", mkvar M; M, s Min{xs"”,skip
$,M := N},s",skip
s,M{},s’, mkvar M; M, s’ Mallas”,n
s, IM{Jxs”,n

(s|x = 0),MA(s'|x = n),skip

X)=n

s,new X := 0 in M{a(s'|x — s(X)), skip
(s|x = 0),M{A(s'|x = n),skip
s,do X := 0 then M{5s',n
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4.3 The Denotational Semantics of 1A;

We are now going to show how to interpret 1A, in a category of arenas. The category that we will
use is AI as defined at the end of chapter 3. As already stated, this interpretation follows very
closely the games model of Abramsky and McCusker [6] and as such is not intended as original
work. However some cosmetic differences do exist in our presentation — we do not suggest that
these changes are an improvement but instead they are included to facilitate more direct reasoning

about our model for SCI languages in chapter 6 by using results presented in this chapter.

4.3.1 Models of 1A,

Abramsky and McCusker interpret 1A, in a category of games after first examining the categorical
structure that any such a model should possess. As we have already seen 1A, is an applied simply
typed A-calculus therefore they ask for a model to be a cartesian-closed category [16]. To interpret
recursion they ask for the category to be cpo-enriched [13], or at least rational [4].

4.3.2 The Cartesian Closed Structure of AT

We omit proof of the categorical structure here. The sceptical reader can refer to proofs of similar

claims in chapter 6.
Lemma 196 Given any sequence s € L it is straightforward to show that thread(s) € La.
Definition 197 Given a strategy O we write Othreads fOr the set of single threads in o.

The idea is that any strategy O in AI is completely determined by the set of the single threads it

contains. We do this by showing that —ipreads 1S injective by defining its inverse.

Definition 198 Given a set S C La of single threaded sequences we define the set weave(S) as
the least set such that

1. € € weave(S)

2. Given s € weave(S) and s- m-m’ € L, such that thread(s- m-m’) € S then we have s-m -
m’ € weave(S)

It is straightforward to show that given a legal strategy O : A it follows that:
weave(Othreads) = O-
We will find it convenient to define strategies in terms of the individual threads that they contain.
Definition 199 The null arena is defined as follows:
1=(0,0,0).

For any object A in AI we have exactly one strategy for A — 1, the strategy containing only the

empty sequence, hence 1 is terminal in A-'L—.
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Definition 200 The product of arenas A and B has 1 as its unit and is defined as follows.

Maxg = Ma+Mpg
AaxB = [Aa,AB]
Faxe = Fa+bs

Given strategies 0: A — C and 1: B — D we define:

OXT= Weave(cthreads + Tthreads)-

The projections T : A X B — A and T, : A X B — B are defined by the obvious copycat strategies.
Given strategies 0 : C — A and 1: C — B we form the pairing (0,T) : C — A x B as follows

<0-5T) = Weave(othreads + Tthreads)-

It is straightforward to show by means of surjective pairing that X is indeed the product.

Definition 201 Given negative arenas A and B we define the exponential formally as follows:

Ma=s = Ma+Mg
M= = [Aa,Ag]
mbasgm’ & (mbam’)V(mbgm')
V(xFg mAxkam')
*Faspm & xbFgm

It is simple to show that we have an isomorphism of hom-sets A} (A x B,C) ~ Al (A,B = C) and

hence AI is cartesian closed.
Furthermore, it is straightforward to show that subset inclusion of the legal strategies for any arena

form a directed-complete partial order and hence the category A-'L— is CPO enriched.

4.3.3 The Interpretation of Types

Definition 202 (Flat QA Arenas) For any basic data type T we define the flat QA arena: Tt as

follows:
MTf = {q} UT
)\qu = OQ
Ai;n = PAforeachnet
*x b, o q

q Fg;, nforeachnet

For the purpose of our illustrative language we will be particularly interested in the flat arenas
where T = N, the set of natural numbers. We write N for Nf. We are also interested in the flat
arena for the singleton data type for which we write com and with moves run and done for the
unique initial move and corresponding unique answer. Note that the names of our arenas may

coincide with the types in the languages; no confusion will arise in practice.
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Definition 203 (Variable Arenas) For each basic data type T we also define the variable QA

arena var as follows:

Mvar, = {ok,q}UtuU{writey|n € 1}
Avar write, = 0OQ
Avar,ok = PA
Naga = 0Q
ANar,n = PA

*  Fyar, writen

* |_vah q
writen  Fygr, ok

q Fvar, n

For the purposes of our illustrative language we will again be interested in variable arenas for the

basic data type of natural numbers. We will simply write var for vary.

We will now define some useful strategies. Our definitions will only describe the non-empty single
threaded plays that are complete in the sense that every question is answered but this is sufficient

to reconstitute the strategy.
Definition 204

e For each natural number n we define the strategy n: N to have single-threaded sequences of
the form q- n.

e We define S: N — N to have single-threaded complete plays of the form:

N — N
q

S>>0

n+1

e We define p: N — N to have single threaded complete plays of the form:

N — N
q

q

nJArl

e For each flat arena A we define the strategy ifz : N x A x A — A which has complete, single
threaded plays of the following forms:

N x A x A — A

iy (
m
m'

S0
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N x A x A — A

m
]
n#0
T
m'
m'

e We define the strategy assign : var x N — com to have single threaded complete plays of
the form:
var x N — com

run

S5>0

Writen
0
done

e The strategy deref : var — N has single threaded, complete plays of the following form:

var — N
q

S>>0

e The strategy mkvar : (N = com) x N — var has single threaded, complete plays of one of
the following forms:
(N = com) x N — var

q
q
A
(N = com) x N — var
Writen
run
q
f
done
ok

e Given a flat arena A we define the strategy seq, with single threaded complete plays of the
following form.

com x A — A

m
rl}m
done
r,p (
mI
mI
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e The strategy new : (var = com) — com has complete, single threaded sequences of the
following form. Where a cell trace is of the form (read - 0)* - ((writen - ok - (read - n)*)*.

(var = com) — com
run
run

cell trace<

e Similarly, the strategy do : (var = com) — N has complete, single-threaded sequences of
the following form with the cell trace defined as before and writep, is the last write move in
the cell trace or n = 0 if no such move has been played.

done
done

(var = com) — N

q
run

cell trace<

e The strategy while : N x com — com has complete single-threaded plays of following form
where the sequence s can be repeated zero or more times:

done

(N x com) — com

run
q
n%éO
S
run
done
b
done

A type A will be modelled in AI by a QA arena [[A] a. We start by defining the arenas correspond-
ing to base types:

[NJa. = N
[var]a = var
[com]a = com.

The interpretation of higher types is defined inductively:

[[A X B]]A: [[A]]/_\ X [[B]]A and [[A = B]]A = IIA]]A = [[B]]A.
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4.3.4 The Interpretation of Typing Judgements

A typed term
X1 :A. Xt AnEAM A

will be modelled by a morphism from [A;]]a X ... X [An]a to [A]a; in other words, a strategy for
the arena

[[Al]]/_\ X... X [[An]]/_\ — [[A]]/_\,

and specifically a closed term -4 M : A will be modelled by a strategy for the arena 1 — [[A]a.

4.3.5 Interpreting the A-calculus

The A-calculus and pairing part of 1A, is interpreted using the Cartesian Closed structure. Identi-

fiers are interpreted as projections:

X1 : AL Xn s AnFaxi tAlla=T6: [Ala X ... X [An]a = [A] A
Abstraction is modelled by currying:

[TFaM:A=BJa=A([l,x: AFaAM:BJa) : [T]a — [A= B]a.
Application is modelled by composition with the evaluation map:

[FFAMN :B]Ja= ([l FaAM: A= B]a, [l FaN:AJa);evaljas gy,
Pairing is modelled using the pairing map:

[T Fa(M,N):AxB]Ja= ([T FaM:A]ja, [l FaN :B]a).

Projection is interpreted by composition with the projection map:

[[F |—ATﬁN ZA]]AZIIF |—/_\N A X B]]/_\;Tﬁ

4.3.6 Interpreting 1A; Constants

The semantics of typed terms is defined inductively as follows:

[TFan]a = n
[T Fasucen]a = [ Fan]a;s
[TFapredn]a = [ Fan]ap
[FTFaM:=NJa = ([l FaM]a,[I FaNJ]a);assign
[TFaM]a = [l FaM]a;deref
[T Famkvar MNJa = ([T FaM]a, [T Fa NJa); mkvar
[F=aM;NJa = ([T FaM]a, [T FaAN]A);seq
[T FawhileM =0doNJa = ([T FaM]a, [T FaNJa);while
[TFaifL=0thenMelse N[a = ([ FaM]a, [ FaM]a, [l FaNJa);ifz
[T Fanewx:=0inM]]a = [ FaAx.M]a;new
[T Fadox:=0thenM]a = [T FaAx.M]a;do
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To interpret terms of the form I' -4 Y M : 8 we appeal to the cpo-enriched nature of our category.

Given aterm [ =ao M : A = A we can uncurry the interpretation to yield a strategy:
0 :[[F]ax[[Ala— M : [A]a.
We can now define the following chain of strategies:

oy = 1

Ont1 = (id[ry,,0n);0

and we interpret ' Fao Y M : 8 as the least upper bound of this chain. More concretely, we can
inductively define, for each game A, a strategy reca : (A = A) — A. In order for us to distin-
guish the separate subgames in this definition we will explicitly tag the components and write
reca : A= A’ —» A”. We will write m for a move from A, m’ for the corresponding move in A’
and, similarly, m” for the corresponding move in A” and we will write j,j’,j” for the justifiers
of m,m’,m" respectively where appropriate. We write n~ for the move immediately preceding a

given move n.

€ € reca.

sEreCaAAs-me€ Laa_an = s-m-m’ € reca with m’ initial if j is from A’, otherwise
" — !
Ialu

screcaAs-m’ € Laspar = s-m’-m’ € reca If m” is initial then so is m’, otherwise
we have j"~ A~ m'.

Suppose s € reca and s-m’ € reca. If '~ is from A then s-m’-m € reca with j'~ ~m. If

j'~ is from A” thens- m’-m" € reca with j'/~ ~ m”.

Note that player is always copying the previous move. We can now see that the interpretion
=AY M is equivalent to:
[l FaM]a;reca.

For every 1A, type A we define the divergent term:
Qa:A=Y (AxAX)

with semantics {€}.

4.4 Inequational Soundness

The object of this section is to show that the following inequational soundness result holds. For
allterms T Fa M : A, I =4 N : Ait follows that:

[[M]]Ag [[N]]A=> MEN

This of course implies that equality in the model implies observational equivalence and also that

we can use subset inclusion of strategies to reason about the observational preorder.

The proof follows that given in [24] and starts with a substitution lemma.
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Lemma 205 Giventerms ,x: AFaM:Band Tl Fa N : A it follows that [ =5 M[N /x| : B is well
typed and also that:

[MIN/X]]a = {idr, [N] a); [M] a-

Proof The proof is by induction on the structure of M. |

We need to make this notion more specific so we define a notion of state transition. Given a

sequence s € Lyygr], We define the transitions
n—n'

where n and n’ are natural numbers, and s € Ly as follows.

€
n s N n read~nn

S, ! 1 S o
n—n n —n
write(n')-ok
n — n ss. n
n—n

We extend this to traces involving more than one var type as follows. Given a context [ = X :
var,...,Xn :var, a sequence t € Lyrj,, and states S and s’ in variables Xi, ..., Xn, We write

LN

S—S

if and only if
tx
s4) P 5 ()

for each i.

Definition 206 We say that a sequence s € Lyard.. gvare is a multi-cell trace if and only if for all
1 <i<nitfollows thats | vari“ is a cell trace.

4.4.1 Operational Soundness

The next step is to show that the model is sound for evaluation.
Lemma 207 Given any term [ -4 M : A, where A is not of type T, it follows that:
M,s{aV,s' = [MJa=[V]aands=s"

Proof This is proved by induction on the derivation of M,s{}AV,s’ using the substitution lemma
and the continuity of composition. |

Lemma 208 Given any term I =a M : com such that M, sl}askip,s’ it follows that there exists a
sequence t € [M]a such that
LY

and s [ [com]ja = run - done.

Similarly, given any term ' Fao M : N, such that M,s{an,s’ it follows that there exists a sequence

t € [M]]a such that
S tf[[r A S/

ands [ [N]Ja=q-n.

Proof This is proved by induction on the derivation of M,sl}AV,s’ and of course yields the
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following soundness result:
M,sllaV,s' = [M]a #L .

4.4.2 Computational Adequacy

Next comes a proof of computational adequacy which uses a computability predicate in the style
of Tait-Girard-Plotkin [44]. The computability predicate is defined on semi-closed terms —terms
whose only free identifiers are of type var.

Definition 209 (Computable Terms)

e A semi-closed term I -4 M : com is computable if and only if whenever there exists a
sequence t € [M]a such that
r
LY

for some stores s and §', and t | [A] a = run - done then it follows that M,s{ sskip,s'.

e A semi-closed term I' 5o M : N is computable if and only if whenever there exists a sequence

t € [M]|a such that
tf[[r A S/

S
for some stores s and ', and t | [A]a = q - n then it follows that M,s{An,s'.
e A semi-closed term [ =5 M : var is computable if and only if
M=alM:N
is computable, and for all numerals n
FEaM:=n:com
is computable.

e A semi-closed term ' - M : A= B is computable if and only if -5 MN : B is computable
for all semi-closed computable terms " =4 N : A.

e Anopen term X; : Aj,...,Xn: Apn, I Fa M : B, where I contains only identifiers of type var,
is computable if and only if for all computable semi-closed terms

FEAN:AL...,TFAN: A,

it follows that ' =a M[N; /X1, ... Nn/Xn] computable.

Computational adequacy is implied by the following lemma:

Lemma 210 All 1A, terms are computable.

Proof The first stage is to prove that terms built without subterms of the form Y N, except for
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the subterm Q, are computable. This proof is by induction on the structure of the term. The final
result is now proved by defining a term My, for every term M, where every subterm of the form
Y N is replaced with a term Y XN — an unwinding of the form of the form N;(...NQ...). Tt is
now straightforward to show the following:

e If [M]]a #L then there exists some K such that [My]a #L.

e For all k it follows that Mg C M.

We have already seen that every My is computable and so the above two fact imply computational

adequacy:

[Mla#L = [Mg]Ja#L for some k
= My, S{a for some s
= M,SllA

Computational adequacy and the soundness of the model for evaluation together provide the re-
quired observational soundness result. Suppose [M]a C [M']la and we are given any context
C[—] such that C[M]{}5. By compositionality we must have [[C[M]]]a C [C[M’]]a and hence
[C[M']]a # [Q] A by soundness. By adequacy we have C[M']{}5 and hence M C M’

4.4.3 Definability

Before we describe the definability result for 1A, from [6] we will look at the 1luf subcategory of
Az comprised of exactly the innocent strategies. It is straightforward to show that the semantics of
any term that does not use the new or do construct is innocent. In other words the innocent strate-
gies in AI correspond exactly to programs which make no use of store. The innocent strategies
form a lluf subcategory of AI in which the functional language PCF can be soundly modelled.
It was this innocent subcategory which yielded the first definability results for a model of PCF in
[28, 39]. It is straightforward to show that the compact strategies, with respect to subset inclusion
in the innocent subcategory of AT, are exactly the strategies 0 for which responses are made to a
finite number of views; we will refer to such strategies as innocently compact. It is also straight-
forward to show that the compact strategies, with respect to subset inclusion in A-'L—, are exactly the
strategies O for which Oyhreads 1S finite. It can now be shown that every compact strategy in our
model is the denotation of some 1A5 term. In common with many such results [25, 1, 30], this can

be shown using a factorization argument; first proving definability for innocent strategies.

Lemma 211 (Innocent Definability) Given an innocent strategy, with finite view function,
o:[A]ax ... x [An=1]a = [An]a
such that each of the A; are 1A types, there exists a term
X1 AL Xne1 tAnc1  FAM DAL

with semantics O.

The reader can refer to [2, 4, 28, 36] for the proof.
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It can now be shown that all strategies result from the composition of an innocent strategy and the

stateful constant new.

Lemma 212 Any legal compact strategy 0 : 1 — A can be factorized into the strategy
new : 1 — ((var = com) = com

and an innocently compact strategy
o' : ((var = com) = com) — A

such that new;0’ = 0.

Lemmas 211 and 212 together yield the following result:

Proposition 213 Given a compact strategy,
o:[AiJax ... x [An_1]a = [An]a
such that each of the A; are 1A types, there exists a term
X1 AL Xne1 tAnc1 FAM DAL

with semantics O.

Proof First we curry the strategy to yield a strategy 0’ for the arena:
1= [AiJa=-..= [An=1]a= [Ad]a
We can then use the factorization result to yield an innocently compact strategy ¢” for the arena:
[((var = com) = com)]a = [Ai]a= ... = [An=1]la = [An]la
We can then use the innocent definability lemma to define the following term with semantics ”:
f : ((var = com) = com) Fa ML AT Mt A == A
We can now uncurry the original context and curry the function f to arrive at a term:
X1 AL Xnot : Any Fa A =00M)=00M) v ((var = com) = com) = A

We can now apply this term to one which has the semantics of New to construct a term with

semantics O:

X1 2 AL Xnet s Aney Fa A FV@=00M)=00M) \g ) Var=SCOM ey y:— 0in gy) : A.
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4.4.4 Full Abstraction

Full abstraction does not hold in AI but the definability result does facilitate the construction of a
fully abstract model. We will first give some intuition as to why this is the case. It should be clear
that given any open 1A, terms X; : Aj,...,X:Ap_1FaM:Aqjandy; :Aq,....¥y : Ap_  Fa M Ayt
follows that

X1 2A1,...,Xn_1 CAn_l |—AM IAnEyl :Al,...,y:An_l l_A MIZAn

if and only if
)\Xl . .)\Xn_l.M . AnE)\yl . )\yn_lMl . An.

Furthermore, for any context C[—] : com we can create by abstraction an 1A, term C' : A = com

such that for any closed 1A term M : A we have
C[MJip < C'(M){a.

There are only two legal strategies for the arena com: [skip]]a and [Q]Ja. The point is that any
strategy p : A — com can be thought of as a test for strategies for closed terms of type [A]a.

Definition 214 Given two strategies 0 : A and T: B we say 0 < Tif and only if for all p: A — com
it follows that:
o,p=T=1p=T.

In other words 0 < T if and only if T passes all the tests that 0 does.

It is straightforward to show that if there exists some test that can distinguish a pair of strategies
then there must exist a compact test that also distinguishes them. In other words, given two
strategies 0 : A and T : B then 0 < T if and only if for all compact p : A — com it follows that:

op=T=1p=T.

However we have already shown that all such tests, for the arenas in which we are interested, are

the semantics of some 1A, term. Hence the following holds:
M E N & [[M]]/_\ 5 [[N]]/_\.

This is full abstraction — the definition exactly captures the observational preorder in denotational
terms. It is usual to interpret the language 1A, in a quotient of Az written Az / <, with the caveat

that we have not shown that this collapsed category has the structure suggested of a model of 1A ;.



Chapter 5

Syntactic Control of Interference

5.1 Introduction

At the heart of imperative programming lies interference — the possibility that the evaluation of
one program phrase may affect the later evaluation of another, by means of side-effects. Without
this possibility, assigning values to variables can have no effect on the outcome of a program. It
might seem to us that interference hampers our reasoning methods, both formal and informal, and
is a source of programming error. However, whether we like it or not imperative programming has

proved popular —perhaps interference is a good thing.

In Syntactic Control of Interference [47], Reynolds points out that problems really only arise when
we encounter covert interference —where distinct identifiers are bound to phrases that access the
same variable. This phenomena is known at ground type as aliasing and we encountered an
example in chapter 1:

newy :=0in (AX.X :=5;y := 2x!X)(y).

If we look inside the body of the procedure we see the subterm X := 5;y := 2x !X and we might
imagine that X will contain the value 5 and y the value 10. However, aliasing has resulted in both
identifiers being bound to the same storage cell and hence they “both” contain the value 10. It
is only when we have two language features in place, store and identifier binding (in the form of

procedures) that we encounter this covert interference.

In chapter 1 we mentioned Reynolds’ elegant solution to this problem [47]. He introduces the no-
tion of a non-interference relation, f, between program phrases with the intention that the relation

holds between program fragments if it is syntactically obvious that they do not interfere.

e If MfiN and M and N are not procedures then exercising M will have no effect on the exercise
of N.

e If M is a procedure, with arguments Aj,...A, such that MEN A AN A ... A ApfiN, then
M(AL,...,An)tN. That is, MiN implies that an application of M will not affect N if its
arguments do not affect N.
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As mentioned in chapter 1, the above does not form a definition of {, but some minimum require-
ments. Given such a relation, Reynolds then proposes the following design principles for an SCI

language:

SCI1 If xfly for all free identifiers X in M and y in N then M#N. This simply states that all channels
of interference are named by identifiers: there are no constants or programming constructs
that interfere with each other.

SCI2 If x and y are distinct identifiers then Xxfy.

SCI3 Terms of certain types are passive in that they do not assign to any global store. If M and N
are both passive then MfiN.

Principle SC1 is already in place in Algol like languages —there are no global channels by which
one subphrase may affect another. The other criteria are maintained by restricting any application
M(N) to only those phrases such that MN. By ensuring that a function and its argument do not
interfere we can ensure that N will not become bound to any identifier that can interfere with
other identifiers in the body of M. Reynolds suggests an elegant but restrictive definition for the ff
relation as follows

MEN < FV(M)NFV(N) = 0.

That is, the relation holds between M and N if and only if they have no free identifiers in common.
This is exactly the definition that Reynolds adopts in the first illustrative language he proposes
in [47] for which the name Basic SCI (in this thesis SCly, for short) was coined in [43].

In modern terms, Reynolds’s restriction may be thought of as the imposition of a multiplicative
application rule, i.e. a typing rule for procedure calls in which the function and argument have

distinct contexts, and the elimination of the structural rule of contraction.

5.1.1 Passivity

Note that Reynolds’ first definition of the }f relation is particularly restrictive —it does not take
into account the third of his design principles. As mentioned in chapter 4, Reynolds suggests,
in [50], that a specified subset of types be passive —terms of passive type cannot change the store.
The relaxation of the constraints for passive types in the third design principle amounts to the
reintroduction of contraction at those types. Thus SCI has some of the flavour of linear logic [23]

with passivity appearing somewhat analogous to the linear exponential, or !, logical connective.

Reynolds does propose a less restrictive definition of f| in [47]. After identifying a set of passive
types he defines for each term M the set A(M) of free identifiers that occur at least once in M
outside of any phrase of passive type. For example, suppose that command types are active and

expression types are passive, then given the following judgement for a term M:
X:var,y:vartx:=ly

we see that A(M) = x. Note that y is not included in A(M) as its sole occurrence is in the passive

subphrase !y. Reynolds then defines the § relation as follows:

MEN < (A(M) NFV (N) = 0) A (A(N) NFV (M) = 0).
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This treatment, however, gives rise to problems —the subject reduction property is lost. Consider

the following term:
x:var,y:var = Aw®P m (3, (AzZPy:=ly+1;x:=2) x)) ly.

This term is valid in Reynolds’ system as the function and its argument are in the {} relation because
the use of y in both the function and its argument lie within passive expressions. However [3-
reduction yields the following:

x:var,y:var 1 (3, A2%Py :=ly+ 1;x:=2)ly).

which is clearly not valid as the subterm (Az®P.y :=ly+ 1;x := z)!y has a function and argument
that are clearly not in the f§ relation — the identifier y is used actively in the function. Note that
this problem goes away when we reduce further —they program does after all obey Reynolds’ SCI
principles. This poses a problem for any type system that adheres to the design SCI principles,

one of the following must be true of any such type system:

e The term X : var,y : var - 11 (3, (Az®P.y :=ly+ 1;x := z)!y) should not be typeable. This
seems unnecessarily restrictive as the program conforms to Reynolds’ principles.

e The type system does not obey subject reduction.

e A term may be typeable despite having untypeable subterms. Clearly the term
x:var,y:vark (Az®Ply :=ly+ 1;x:=2)ly

should never be typeable if the system is to conform to Reynolds’ principles but perhaps the
term
x:var,y:var 13, (Az®Ply :=ly+ 1;x:=2)ly).

should be typeable.

For the rest of this chapter we will recall different languages which adhere to the SCI design

principles in different ways.

5.2 PCF

At one end of the spectrum of languages that adhere to the SCI design principle is PCF. As PCF
is a purely functional language, it makes no use of state and thus all interference is banished.
We might consider that it conforms to an extreme example of Reynolds’ second definition of § in

which all types are passive.

PCF has a long and distinguished history in theoretical computer science. It is considered the
paradigm of sequential functional languages.
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PCF
M == n numerals
| MM function application
| AxO.M function abstraction
| (M,M) pairing
| mM left projection
| ™M right projection
| ifM=0then Melse M conditional
|  succM successor
| predM predecessor
Table 5.1: Term Grammar for PCF
PCF
Axiom rl—pPIe() I'I—pQ:91X|
Mx:0Fpx:06 M Ep (P,Q): 6y x 6,
Fp(P,Q):0x8 Fp(P,Q):0x6
XE1 XEZ
Fl—me:G r*—pﬂzpiel
rx:0FpP:0 FFpP:6 —08 THpQ: @
MpAx:0.P:0 —0 MpP(Q): 6

Table 5.2: Typing Rules for the A-calculus fragment of PCF.
5.2.1 The PCF Type System
The types, 0, are constructed from primitive types T as follows.
6:=T1/0x6/6—-06
For our illustrative language we will define T as follows.
T:=N

Terms are constructed using the grammar defined in table 5.1.

5.2.2 Operational Semantics

The language 1A, is an extension of PCF. As such every term judgement of PCF is also a term

judgement in 1A,. In other words it is simple to show that:

FrMN-pM:A=TFAM:A
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PCF

FEpM:N
Fpn:N MpsuccM:N

NN-pM:N FN-pL:N IT'FpM:1 TFpN:T
MFppredM: N MpifL=0thenMelse N : 1T

Table 5.3: Typing Rules for PCF Language Constructs

The operational semantics of PCF is call by name and is typically defined, in the big step style,
via a relation {}p from closed PCF terms to PCF values. Given a well-typed closed PCF term
Fp M : A we choose the following definition, using the semantics of 1A5:

(M:AJpV : A) & (s,M: A8,V : A).

It is simple to show that this definition is equivalent to the standard operational semantics of PCF
and this will be useful when we prove soundness and adequacy for our games model of PCF. The

definition does not depend on the stores s,5’ so we may insist that they are the empty store.

5.2.3 Models of PCF

As with 1A, it is the case that PCF consists of the simply-typed A-calculus as a basis to which
ground types and language constants are added. Hence we should aim to interpret PCF in a

cartesian-closed category.

The standard model of PCF [44], as it has come to be known, comprising of continuous functions
on partial orders, fails to capture the sequential nature of PCF and hence there is no definability
result for this model. However, Plotkin shows that if a parallel “or” operator is added to the
language then the standard model is fully abstract [44]. It was not until the remarkable success
of game semantics that models with appropriate definability results, yielded the first fully abstract
models of PCF [28, 4, 39]. The innocent subcategory of AI that we defined in chapter 4 is simply
a reworking of these models and resembles [28] most closely in style.

5.3 Basic SCI

Basic SCI, henceforth SCly, is an example of a language that also follows the SCI design princi-
ples. It is at the other end of the spectrum to PCF in that no type is deemed passive and thus all
aliasing is banned. This language was first presented in [47] and follows from Reynolds’ initial
definition of the {§ relation. Note that all types can have side effects —there is no notion of passiv-
ity. Note too that we do not have a general fixed point constructor as it is straightforward to show

that this would lead to subject reduction problems,
Y f~ f(Y ),

hence all recursion in the language is via the (while — = 0 do —) construct.
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SClp

M == n numerals
| skip null command
| MM function application
| MM function abstraction
| (M,M) pairing
| mM left projection
| ™M right projection
| M;M sequential composition
| ifM=0thenMelse M conditional
| newM:=0inM variable allocation
| M:=M assignment
| M dereference
|  mkvarMM bad variable constructor
|  succM successor
| pred M predecessor
| whileM=0doM looping

Table 5.4: Term Grammar for SCly,

5.3.1 The SCIy Type System
The types, 0, are constructed from primitive types T as follows.
0 ::=Tlvar|6x 0|6 — 06
For our illustrative language we will define T as follows.
T ::= N|com

Terms are constructed using the grammar defined in table 5.4.

5.3.2 Operational Semantics

Our discussion of the operational semantics of SCly, will be similar to that for PCF. The language
1A, is also an extension of SCly so every term judgement of SCly, is also a term judgement in
1A;. In other words it is simple to show that:

FrMNeM:A=THFAM:A

The operational semantics of SCly, is call by name and is typically defined, in the big step style,
via a relation |}g from closed SCly, terms to SCly, values. Given SClp term M : A well typed in a

var store, we choose the following definition, using the semantics of 1A4:
(s,M:Algs,V:A) < (s,M:Al,s,V : A).

It is simple to show that this definition is equivalent to the standard operational semantics of SCly,

and again this will prove useful in our soundness and adequacy proofs.
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—— Axiom
F,x:GFBx:G

Mg (P,Q):0x8
xE

1
r|—BT[1P29

rx:0FgP:0 |
FFgAx:0.P:6 —0

FI—BP:GO I'I—BQ:91 |
X

r |—|3 <P,Q> : 90 X 91

Mg (PQ):0x8

FI—B T[2P : G’

MFeP:6 <8 AFpQ: @

—o

MAFgP(Q):6

Table 5.5: Typing Rules for the

Affine A-calculus fragment of SCly,.

SClp
Fgn:N Fg skip : com
MN-sM:N MrNgM:N
NgsuccM: N Mgpred M:N

FgM:com THFgN:T
rl—BM;NZT

I'I—BL:N r|—BMZT I'l—BN

FN-eM:N T FgN:com
I g while M =0do N : com

T FTFgM:N TFgN:N=com

MgifL=0thenMelseN : 1

MFNgM:var TFgN:N
FgM:=N:com

Mx:varkFgM:t

lFgnewx:=0inM:T

I g mkvar M N : var

Mg M :var
Mg!M:N

Table 5.6: Typing Rules for the Algol-Like Constructs of SCly,
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5.3.3 Models of SClIy,

It is, of course, possible to model SCly in a cartesian-closed category. Indeed it is straightfor-
ward to show that we can give an operationally sound interpretation of SCly, in the category A-'L—.
However such an interpretation will necessitate an amount of “junk” in the model: morphisms for

which there can be no denotation. For example there can never be a SCl term
X:combkg M :com x com

that has the contraction map as its denotation. Instead we allow a category with more general
structure. We still insist that our model be equipped with products and we use these when we
interpret products in our language and also when we interpret the language constants that are
typed in the additive style. We will leave our treatment of these products until we give a concrete
definition of a category with the relevant structure in chapter 6. For the rest of this section we will

discuss the interpretation of the affine A-calculus fragment of SCly,.

5.3.4 Monoidal Categories

In this section we recall the definition of a monoidal category from [34]. A monoidal category is
specified by a tuple (C,®, |, assoc, unitl, unitr) consisting of a category C, a bifunctor ® : C xC —
C, an object | in C and natural transformations

e assocapc: (A®B)®C —+AQ(B®C)

e unitla: IQA— A

e unitra: Al — A

such that unitl) = unitr; : 1 ® | — | and the following diagrams commute for all objects A, B,C and

D.
(A®B)®@C)®D

assoc® id

(AR (B®C))®D

asso SSOC

A® ((B&C)®D) A® (B®(C®D))
assoc
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assocC
(A®1)®B

A®(l ®B)

unitr® id id ® unitl

A®

A symmetric monoidal category is a monoidal category with the further natural isomorphism
commag:A®B —+B®A

such that unitl = comm;unitr and comm : comm = id and the following diagram commutes.

assocC comm
(A®B)®C A® (B®C) (B®C)®A
comm ® id asgoc
(BR®A)®C B®(A®C) B® (C®A)
assoc id ® comm

Henceforth the ® symbol can be read as right-associative.

A symmetric monoidal closed category is a symmetric monoidal category in which every functor
— ®B has a specified right adjoint, the exponential, which is written B —o —. This induces a natural
isomorphism, the currying operation, between the hom-sets

C(A®B,C) ~C(A,B —C).

A categorical model of SCl, will ideally be a symmetric monoidal closed category (SMCC) with
products. We further require that the unit of the monoid |, be the terminal object 1. However we

should note that it is not always possible to have such structure.

5.3.5 The Interpretation of SCly in an SMCC

In this section we will explain how SClp can be modelled in an affine SMCC. Each SCI type A
will be modelled in C by an object [A]l. We start by defining objects corresponding to each of the
base types: [N]],[com] and [var]. The interpretation of higher types is defined inductively:

[A > B]] = [A]]  [B] and [A — B]| = [[A]] — [B].
A typed term
X1 AL ... Xn:ApFs M A
will be modelled by a morphism
Al ®...0 [An] — [A]

and a closed term Fg M : A will be modelled by a morphism 1 — [[A]]. The A-calculus fragment
of SCly, is interpreted using the affine symmetric monoidal closed structure. Identifiers are inter-

preted as projections:

X1 : Ao Xn s Anke Xt Al =T [A] ®... @ [An] — [A]-
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Abstraction is modelled by currying:
[TFeM:A—B]=A([lx:AFgM:B]): ] — [A — B].
Application is modelled by composition with the evaluation map:
[ AFeMN:B]=[tgM:A—-B]®[AtgN : Al;evaljaog]-
Pairing is modelled using the pairing map:
[T (M,N):AxB]=([I e M:A],[I Fe N :B]).
Projection is interpreted by composition with the projection map:
[FFe TGN Al = [ Fg N : Ax B]; .

Lastly, in a categorical model of SCl, we will require morphisms with which to model the Algol-
like language constructs. We will only give the example of sequential composition of commands
here, but see chapter 6 for a concrete example of how all the constructs may be interpreted. We

must specify a map in our SMCC
seq : [com]] x [com]] — [[com]]
and we can then define the semantics of sequential composition of commands as follows:

[T e M;NJ = ([T Fe M], [l Fs N]);seqq-

5.3.6 Concrete Models

A model of SClIy, that is of particular interest is Reddy’s object spaces model [46] which was
a precursor to the field of game semantics. In [37] McCusker gives a different presentation of
Reddy’s model and shows it to be fully abstract — thus demonstrating that Reddy’s model was the
first fully abstract model of a higher order imperative language.

We present a games model of SCly, in chapter 6.

54 SCIR

In Syntactic Control of Interference Revisited [40], O’Hearn et al. proposed a type system, SCIR,
that adheres to Reynolds’ SCI principles. In this elegant system, contexts are split into two zones,
active and passive, and contraction is permitted only in the passive zone. This idea is familiar from
linear logic, in particular Barber and Plotkin’s DILL [12] and has since been applied to other pro-
gramming languages [11, 54]. The notion of passive type in SCIR is sophisticated. These zones
show the distinction between passive types and passive use. Phrases of passive type are essentially
side-effect free when viewed externally, they do not write to non-local store, but some phrases
of passive type do affect the store locally. Free identifiers are used passively unless they have an
occurrence outside of any subterm of passive type. This use of zones permits the construction of

programs that contain untypeable subterms and thus permits the problematic intermediate terms
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[o1¢]

n

skip

MM

MM

(M, M)

M

™M

M;M

if M =0then M else M
newM:=0inM
do M :=0then M
M: =M

M

mkvar M M

succ M

pred M

YM

promote M
derelict M

identifiers

numerals

null command
function application
function abstraction
pairing

left projection

right projection
sequential composition
conditional

variable allocation
variable allocation
assignment
dereference

bad variable constructor
successor

predecessor

fixed point combinator
promotion

dereliction

Table 5.7: Term Grammar for SCIR.

that lead to the failure of subject reduction in [47]. However, it is simple to show, by induction on

typing derivation, that all subterms of an SCIR term that contain no free identifiers are themselves

typeable in SCIR.

A type reconstruction algorithm for SCIR was given in [55].

5.4.1 The SCIR Type System

The SCIR types, 6, are constructed from primitive types T as follows.

0 ::= 1|0 x 6|6 — B|PO

We should note here that we omit the non-interfering product types that occur in the original

presentation of the SCIR language [40] as it is unclear how these would be interpreted in our

model. A subset of the types are referred to as passive. Passive types @ are generated by the

grammar

@::=@x @6 — @PO.

Terms are constructed using the grammar defined in table 5.7. The terms of the system and their

typing rules are shown in Figure 5.8.
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SCIR
. Mx:0,AFsP:
ﬁAmom | S (pPassiﬁcation
x:@Fsx: Mx:6lAFsP: @
Mx:0|AFsP:0 MNAFsP:0
Activation Weakening
Mx:6,AFsP:9 r,r'AA FsP: 8
r,x:0,y:0|AFsP: 6 MAFsP:8y TAFsQ:6
Contraction X
r,x:0|AFsPly/x]: & MAFs(P,Q):6yx86;
MAFsP:86px 0 FAx:0 FsP: 8
[AFsP -8 L YEi(i=0,1) | > Y
FMAFsTEP : 6; MAFsAx:6'.P:6 — 0
MAFsP:8 —8 TMA'FsQ: 6 . MFsQ:0 -
r,r'Aa,A FsP(Q) : 8 | Fspromote(Q) : PO
MNA+FsQ: PO

A Fsderelict(Q) : 6

Table 5.8: A-calculus and Structural Rules for SCIR

SCIR

| Fsn:N | Fsskip : com
FlAtsM:N FlAFsM:N

MAFssuccM:N MAFspredM: N

MAFsM:com T|AFgN:com FAFsM:P(6=8)

M| AFsM:N : com M AFsYM:9

MAFsL:N T|AFsM:T TJAFsN:T F|AFsM:var [|AFgN:N

MAtsif L=0thenMelse N : T MAFsM:=N:com
MAFsM:N T[]AFsN:N=com FAFsM :var
[|AFsmkvar M N : var FAFsIM:N
A, x:var FsM : com Ix:var FsM:com
MNAFsnewXx:=0in M :com I Fsdox:=0thenM:N

Table 5.9: Typing Rules for the Algol-Like Language Constructs of SCIR.
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As in [40], we will consider an illustrative programming language based on this type system. For
our base types, T, we have the natural numbers N, commands com and variables var. We shall only
use N passively so we will define the shorthand exp = PN. The language is equipped with a range
of constants for imperative programming, including assignment and dereferencing of variables,

sequential composition, conditionals, and two variable-allocation constructs:

e new —:=0in —.

e do — :=0then —.

The operational reading of these is as follows. The command new X := 0 in M is executed by
allocating a fresh storage variable, binding X to this variable, and then executing M. The expression
do X := 0 then M again binds X to a fresh storage variable and executes M, and then returns the
final value stored in X. Note that the empty active zone in the typing rule for this construct ensures
that M has no side-effects except for writes to X, so the overall expression is side-effect free.

The language also admits a recursion construct
Yo : P(0 —6) — 6.

Note again the use of a passive type, this time to ensure that unfolding the recursion does not

violate the constraints on application. We write Qg for a divergent term at type 6.

5.4.2 Operational Semantics

SCIR has a call-by-name operational semantics defined in the standard fashion via a big step
relation, as for |A,. Given terms M and V that are typeable in a var context we intend

M , S~U,5V, s

to mean that term M with store s converges to value V with store s’. The semantics is given in
terms of stores which are functions from locations to values of type eXp. An evaluation relation
of the form s,M |l s',V, where s and s’ are stores and M and V are terms, is defined inductively;
we omit the definition here. When M is a closed term we write M || V to indicate that 5,M | s,V
where S is the empty store. We write simply M | if there exists some value V such that M |} V.
The term constructors promote and derelict have no operational effect.

Definition 215 We define the observational preorder T on typed terms. Given I'|A+sM and
FAFsM’, we write [|AsMC M, if and only if for any context C[—] such that -5 C[M] : com
and FsC[M’] : com, we have C[M] |} implies C[M'] |}.

Our definition of the operational semantics for SCIR is slightly more difficult than that for PCF
and SCly. The language 1A is not exactly an extension of SCIR. The language SCIR has more

syntax in its types, its terms and its judgements. However we can define a very simple translation,
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from SCIR types and contexts to | A, types and contexts as follows:

*

T =1
(AxB)* = A*xB*
(A—B)* = A*"=B"
(PA)* = A*
(Al oo Akt | Ak - AR = A LA LA - A

We overload the translation to map terms of SCIR to terms of 1A, by stripping away the derelict

and promote term constructors. It is now simple to show that:
FMAFsM:A= (I A)"FaM* A"

Lemma 216 Given a well-typed closed SCIR term g M : A it is straightforward to show the

following:
(M:AlgV : A) = (M*: A" V™ D AY).
and
(M*: A*[aV : A*) = (V' AV =V*AM AV - A).

5.4.3 Models of SCIR

In this section we detail the categorical structure that we might expect from a model of SCIR.

A notion of categorical model of SCIR, bireflective categories, was proposed by O’Hearn et al.
in [40], and a concrete functor-category model was defined. Bireflective categories are studied
in [18] and have proved interesting in their own right. In [38] McCusker proposes a more general
notion of a model of SCIR which we will now outline. McCusker’s definition of a categorical

model of SCIR is a category that possesses the following structure [38]:
e C has symmetric monoidal structure (C, ®, |,assoc, unitl, unitr,comm) .

e C has finite products. Written X with terminal object 1.

e C has a full subcategory P of passive objects with inclusion J : P < C. A passive type will
therefore be interpreted as an object of the form JX.

e The inclusion functor J has both a left and right adjoint:
SH4IHP.

We write NS and €S for the unit and counit of S - J and we write NP and &P for the unit and
counit of J 4 P.

e The functors S and J must be strong monoidal: we ask for natural isomorphisms
s:SAxSB— S(A®B) s':1—SI

and
j:JA®JIB— J(AxB) i1 —=J1.

To interpret contraction at passive types, it can be shown that that the monoidal structure
of C restricts to a product structure on P and that | is terminal so weakening can be inter-
preted [38].
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e [n order to model application and abstraction we ask that C be an SMCC, or more minimally,
that for any C object X and any SCIR type A we ask that the exponential X —o [A] exists.

To give a concrete model of SCIR, we must provide categories C and P which possess the afore-
mentioned structure, together with a chosen object for each base type, which should be in the class
of exponentiable objects, and a chosen morphism to interpret each of the constants. McCusker
calls such a model a categorical model of SCIR.

We now show how such a model is used to interpret SCIR. Note that we simplify some of the

definitions by sometimes identifying a pair of objects that we know are isomorphic.

As usual, an SCIR type A will be interpreted as an object [A] in C. We start by specifying the
interpretation of the base types: [N], [var] s and [com]s. Interpretation of higher types is defined

inductively:
[AxB] = [A]x[B]
[A—B] = [A]l—[B]
[PAT = PlA]
A typed term

X1 A Xk P A=t | Xk Ak Xn s AnFsM A
will be modelled by a morphism
S[AI] ® ... @ S[A-1] ® [A] - - - [An]l = [A]

and a closed term s M : A will be modelled by a morphism 1 — [A].

We should remind ourselves here that our semantics is constructed by induction on the typing
derivation so we need a rule for constructing the semantics of a term corresponding to each typing

rule.

The A-calculus fragment of SCIR is interpreted using the symmetric monoidal closed structure.

Identifiers are interpreted as identities:
[—Ix:Absx: Al =idpap-
Abstraction is modelled by currying:
[TAFsM:A—B]=A([l|Ax:AFsM:B]): [ |A] — [A— B].
Application is modelled by composition with the evaluation map:
[F,r"|AA FsMN:B]=[|AFsM:A—-B]Q[I"| A" FsN : Alsevalja_ogy-
Pairing and projection are modelled using the categorical product:
[TFs(M,N):AxB]=([I FsM:A],[l FsN:B]).

[T sTiN : A] = [ FsN : Ax BJ; .
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We use the reflective and coreflective subcategorical structure of C to model the SCIR structural

rules.

Passification and activation are modelled using the adjunction S - J. For any map f : A — JB there
exists a unique map passf : SA — JB such that f = ni; passf. Because the adjunction is monoidal
it follows that given any map: f : AQ@ B — JC there exists a unique map passa(f) : SA®B — JC
such that id ® N3; passa(f) = f. For proof see [38].

Activation is modelled by precomposition with the unit of the adjunction S 4 J:
M| x:AAFsM:B] = (idr@nz®ida);[,x: A| AtsM: BJ.
Passification is modelled thus:
[Fx:A|AFsM :B] = passp([l | x: A,AFsM : B])
Dereliction is modelled by composition with the counit of the adjunction J 4 P:
[T | Atsderelict M : A] = [ |FsM : PA]; €.
Promotion is modelled by the adjunction J 4 P:
[l |Fspromote M : PA] =PI |[FsM : A].

Weakening is interpreted using the fact that the terminal object is the unit of the tensor.

[r,r AL FsM:A] = idspr®! ®@idpy @[ [AFsM AL
Finally contraction is modelled by precomposition with the contraction map A : SA — SA® SA:

[Fz:A|AFsM:B] = (idsprp ® A®idjap); [, x: Ay : A|AFsM: B

We know that the contraction map exists because SA ® SA ~ SA x SA.

Lastly, in a categorical model of SCIR we will require morphisms with which to model the Algol-
like language constructs. We will only give the example of sequential composition of commands
here, but see chapter 6 for a concrete example of how all the constructs may be interpreted. We
must specify a map in C

seq, : [[com] x [com] — [com]

and we can then define the semantics of sequential composition of commands as follows:

[T [AFs M:N] = ([ |AFgM], [ [ AtgN]):sedq.

The interpretation we have given assigns a semantics inductively on the derivation. However,
a judgement may in general have several possible derivations. It is therefore desirable to show
that every derivation of a term yields the same semantics. This property is known as coherence.
Given a categorical model of SCIR we are not guaranteed coherence. To this end McCusker [38]
and O’Hearn et al. [40] propose extra structure to be required of a model. In [40] the notion of
bireflectivity is proposed, which we will encounter shortly. McCusker’s solution is more general
than bireflectivity, and is termed a retractive model of SCIR.
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A categorical model of SCIR is retractive if and only if for every object A, there is a map Qa :
JSA — A such that aa;n 2 = ida. McCusker shows that any retractive categorical model of SCIR
is coherent [38]. It is interesting to note that the retractive property implies that passification can
be defined using the retraction map.

f = nxpassf
ap;f = O(A;r]ﬁ;passf
oa; T = passf

Passification is therefore modelled as follows:
[Fx:AlAFsM:B] = (idspry ® aa ®idpap); [ [ x: A,AFsM : B].

O’Hearn et al. also propose adding structure to a categorical model of SCIR with their notion of
bireflectivity [40]. A bireflective model is a categorical model of SCIR in which the left and right
adjoints are equal. Coherence also holds for bireflective models of SCIR. A proof of coherence
is sketched in [40] and it is this proof that motivates the extra structure of bireflectivity. However,
it is trivial to show that a bireflective model is necessarily retractive and hence McCusker’s proof
suffices. It is interesting to note that in a bireflective model it is the case that the promotion rule can
be equivalently modelled by post-composition with NP. We only know of three models of SCIR.
In [40] O’Hearn et al. give a concrete example of a bireflective, and hence retractive, semantics
using functor categories. The system has also been studied by Reddy, who provided a model for it
based on coherence spaces [46]. Reddy’s model turns out to be retractive but not bireflective. The
third model is the games model that we will present in chapter 6 which is also retractive but not

bireflective.

5.5 Other Approaches to SCI

551 SCI2

In [49] Reynolds proposes a language that conforms to all three of the SCI language principles.
This language uses subtyping to counteract the subject reduction problems of Reynold’s original

proposal of an SCI language that incorporates passive types [47].

5.5.2 Bunched Typing — SCI+

In [43] O’Hearn proposes elegant typing systems based on the logic of bunched implications [41].
In bunched implication logic there are two implication connectives: a linear implication and an
intuitionistic implication. In the type systems that O’Hearn proposes there are two kinds of func-
tion types; one where a a function and argument are permitted to interfere, and one where they are
not. O’Hearn proposes a type system, SCI+, which subsumes both 1A and SCly. Furthermore
O’Hearn goes on to show how bunched typing can be extended to accommodate passivity in the
style of SCIR.



Chapter 6

A Games Model for SCI

In this chapter we will define the novel category of arenas, C, which we will later use to in-
terpret languages that adhere to the SCI design principles: PCF, SCly and SCIR. We will then
demonstrate that the category possesses the required structure described in chapter 5

e All finite products.
e A symmetric monoid with enough exponentials to model SCly,.
e A cartesian closed subcategory to model PCF.

o The necessary structure for a retractive model of SCIR.

Finally we will construct sound and adequate models of each of the languages in C.

6.1 SCI Arenas

The objects in our category will possess more structure than the QA arenas described in chapter 3

Definition 217 An SCI arena (in this chapter simply an arena) A is a tuple (Ma,Fa,Aa,~A)

where:

e My is a set of moves.

e A :Ma — {O,P} x {Q,A} x {a,1t} is a labelling function that tells us whether a move is
an O-move or a P-move, whether it is a question (Q) or an answer (A) and whether it is
active (0) or passive (T1). We sometimes write AQA if we are only concerned whether a given
move is a question or an answer. We define AOP, A0™, AOPQA et similarly.

o FAC (Ma + {*}) X Ma, where x is just some dummy symbol, is known as the enabling
relation and it must satisfy the following:

l. xFam= )\gAm =QA(m'Fm & m' =%). We call such a move m an initial move.



Cllaptel 6. A bdllles viodel 101 oLl 70

2. If m kA m’ and m # % then
APm £ AP m'

and
)\gAm =Q.
o ~AC {q€ Ma]A®q = Q} x {q € Ma|]A?Aq = Q} satisfying symmetry, reflexivity and

! OoP OoP 1
g~qg=A"g=A"q.
We now draw the attention of the reader to several features of SCI arenas:

e Once again we are going to allow initial player moves.

e The distinction made by the labelling function between active and passive moves is not a
novel feature. It has already been included by Abramsky and McCusker [10] in a fully
abstract games model of Idealized Algol with passive expressions.

e We do not allow answers to justify questions. This may be considered a shortcoming of
our model; we therefore cannot model the lifted sum types that are present in the language
modelled by McCusker in [36]. It is not obvious to the author how best to extend the
category to include lifted sums.

e The ~ relation is also familiar and can be found in Laird’s model of a language with linearly-
used continuations [29] which was developed concurrently with the model presented in this
chapter. The idea here is that a pair of moves in the ~ relation may possibly interfere with
one another. For this reason we have insisted that ~ must be reflexive and, as we shall see
later, when we form the product SCI arena A + B we will insist that initial moves from A
are in the ~ relation with those from B.

e For any SCI arena
<MA1|_A17\A7NA)3

there is obviously an underlying QA arena

(Ma,Fa, A7),

Much of the terminology that we define for SCI arenas is inherited from that defined for QA arenas

in chapter 3.

Definition 218 (Negative Arenas) We say that a negative SCI arena is one for which all initial

moves are opponent moves.

Definition 219 Given a la