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Chapter 1

Introduction

The aim of this dissertation is to investigate the amalgam method and its
uses in modern group theory. First, some historical background will be
provided, followed by the main aims of this dissertation.

1.1 Motivation

Group Theory was changed forever with the completion of the proof of the
classification of finite simple groups in 1981. After over 10,000 pages of
proof it was shown that any finite simple group is isomorphic to one of the
following [5, p. 60]:

e Cp — A cyclic group of prime order;
e A, — An alternating group of degree n > 5;

e A finite simple group of Lie type (classical, twisted and exceptional);
and

e One of the 26 sporadic groups.

Since then, much work has gone into understanding and simplifying the
proof and also into methods of identifying some of these groups. Two con-
cepts that have been used are amalgams and the coset graph.

An amalgam is a collection of three groups with injections from one
of the groups into the other two. The coset graph is a way of describing
how the cosets of a group interact with respect to three subgroups. Both
of these structures, which can be used to identify special properties of the
group, will be discussed in detail: an extensive example will be given and
important results proven.

The idea behind the amalgam method is to use graph-theoretic results
about the coset graph to infer results about the structure of the amalgam
and classify the possible amalgams satisfying certain conditions.
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The amalgam method was introduced by Goldschmidt in his paper Au-
tomorphisms of trivalent graphs [3] where he classified all finite primitive
amalgams of index (3,3) in the following theorem:

Theorem 1.1 ( [3, Theorem A)). If G, Py, P, are groups such that:
e G is finite and G = (Py, Pa),
o |P: PINP =3 fori=1,2, and
e no non-trivial normal subgroup of G is contained in Py N Ps.

Then the pair (Py, P3) is isomorphic to exactly one of the following fifteen
pairs of groups:

Amalgam | (P, P»)
G1 (Z3, Z3)
Gi (X3, %3)
Gi (33, %)
G? (D12, D12)
Go (D12, Ay)
G5 (D24, %4)
G2 (DgAY3, %)
G3 (D12 x Za, Ay X Z)
G3 (Dg x X3, Z5 x ¥4)
Gs (X4, %4)
G} (Zy x B4, Za x Ly)
Gy ((Qs X Z4)X3, (Zy X Z4)%3)
Gi ((Qs x Q8)' X3, (Z4 X Z4)Dy2)
Gs ((Qs % Q8)?23, (Zs x Z4)D13)
G ((Qs % Qs)? D12, (Z4 x Z4)E3\Dg)

Where (Qs x Qg)"X3 is a semi-direct product with n non-central 2-chief
factors (n=1,2) and (Qs x Qs)" D12 is a non-split extension.

Since then, there have been many papers about identifying amalgams
using the amalgam method. In [2] Delgado and Stellmacher classified P
and P, for rank 2 amalgams where

o G=(P,P),
e B is the normalizer of a Sylow p-subgroup in F;,

e No nontrivial normal subgroup of B is normal in G, and
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e O”(P;/O,(P,;)) is a rank 1 Lie-type group in char p (including soluble
ones).

This work was then continued in [12] where Stellmacher and Timmesfeld
partially classified P;, P> and Ps for rank 3 amalgams where

G = (P, Py, Ps)

and the other 3 hypotheses above are also satisfied.

1.2 Prerequisites

It will be assumed that the reader has a background knowledge of group
theory (a level appropriate to a third year undergraduate student). For
those readers without this knowledge of group theory it is recommended
that they read Topics in Group Theory, by Smith and Tabachnikova [11].

1.3 Aims

A treatment of the general amalgam method is beyond the scope of this
dissertation, however, the aim will be to demonstrate the method in action
by working through an example with constraints to simplify proceedings.

First some preliminary group theory will be given, before the definitions
of an amalgam and a coset graph are given along with some key proper-
ties. Then some key results, interesting in their own right, will be proven
about these objects. The group-theoretic properties of the amalgam and
graph-theoretic properties of the coset graph will become inextricably linked
through some pivotal theorems.

We are then in a position to work through an example of the amalgam
method, taken from [7]. There will be comparisons to the general amal-
gam method as well as two concrete examples demonstrating the properties
proven.

Finally, there will be a brief overview of how amalgams and the coset
graph generalize. This includes amalgams based on n subgroups, defining
amalgams, the coset geometry and coset complex. One of the most inter-
esting results is that the link between amalgams and geometry extends to
the simplicial coset complex where group-theoretic properties are related to
topological properties of the simplicial complex.
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Preliminaries and Definitions

We first recall some basic group theory definitions, then give definitions of
an amalgam, coset graph and their properties. Definitions in this section
are from [1] and [7].

2.1 Basic Group Theory

Definition 2.1. For a group G we let G# denote the set
G*:={geG|g#e}

Definition 2.2. For a group G, a subgroup H is maximal if whenever
U < G such that H < U then U = G. That is, H is not contained in a
proper subgroup of G.

Definition 2.3. Let G be a group. Define the Frattini subgroup, ®(G),
to be the intersection of all maximal subgroups of G.

Definition 2.4. We say that an Abelian p-group, G, is elementary Abelian
if 2P =1 for all z € G.

Lemma 2.5 ( [7, 2.1.8]). Let G be an elementary Abelian p-group and let
the order of G be p". Then

GECpxCpx - xCp=(Cy)".

n copies of Cp

Proof. This follows immediately from the classification of finitely generated
abelian groups (see [11] page 81).
O

Corollary 2.6 ( [7, 5.2.6]). Let G be an elementary Abelian p-group. Then
its Frattini subgroup is trivial, that is

B(G) = 1.
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Proof. This follows from Lemma 2.5.

Lemma 2.7 ( [7, 5.2.7]). Let P be a p-group. Then
(a) P/®(P) is elementary Abelian.
(b) If |P/®(P)| = p™, then there exist x1,xa,...,x, € P so that

P = (x1,xa,...,2).

Proof. (a) Inanilpotent group every maximal subgroup is normal of index
p. The result therefore follows from the fact

P/®(P)= P/P, x P/Py x---x P/P,,
where P; are maximal subgroups.

(b) We use (a) and Lemma 2.5 to see that P/®(P) is generated by n
elements x1®(P), xo®(P), ..., z,®(P) with all z; in P. Therefore

P = (x1,29,...,2,)P(P).

We now use the fact that if a subgroup H of G is such that G = H®(G)
then G = H, to see that P = (z1,z2,...,%n).
O

Definition 2.8. Let G be a group. A non-identity element g of G is said
to be an involution if ¢ has order 2; that is

@=e and g #e.

Definition 2.9. For G a group and H < GG we define the normalizer,
Ng(H), of H in G to be

Ng(H):={g€ G|gH = Hg}.

So by definition H < Ng(H) and Ng(H) is the largest subgroup of G having
H as a normal subgroup. Note also, that if H < G then Ng(H) = G.

Definition 2.10. For a group G we define an automorphism of G to be
an isomorphism ¢ : G — G.
We define Aut(G) to be the group of all automorphisms of G.

Definition 2.11. For a subgroup H < G we say H is characteristic in G,
written H char G, if H is Aut(G)-invariant; that is, for all ¢ € Aut(G) and
all h € H we have ¢(h) € H.

Lemma 2.12 ( [7, 1.3.2]). If H QG and K char H, then K < G.
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Proof. For all g € G, define the automorphism v, : G — G sending z to
x9. As H is a normal subgroup of G, for all g € G we have HY = H, so
4| ris an automorphism of H for all g € G.
Now K char H, so is invariant under automorphisms of H. Therefore
K is invariant under 4|y for all g € G, so for all k € K and g € G,
Yglr(k) =k € K and so K 4 G.
O

Definition 2.13. Let G be a p-group and denote
QG) =(x eGP =1).

Then it is clear that Q(G) is a characteristic subgroup of G and if G is
Abelian then

G is elementary Abelian <= G = Q(G).

Definition 2.14. For G a finite group and p a prime we define the p-radical
of G, O,(G), to be the largest normal p-subgroup of G. This can be shown
to be equal to

0,(G) =[] 4
A<G
AeP
where P is the set of all p-groups.

Definition 2.15. For G a finite group and p a prime we define the p-
residue of G, OP(G), to be

orG) = () A
A<G
G/AeP
where P is the set of all p-groups.

Definition 2.16. We define a linear representation of a group GG on a
vector space V over a field F' to be a homomorphism

p:G— GL(V).
We define the degree of ¢ to be the degree of V over F'.

Definition 2.17. We define a permutation representation of a group
G on a set € to be a homomorphism

¢ : G — Sym(9).

We define the degree of ¢ to be ||
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Definition 2.18. For a group G acting (on the right) on a set €, we define
the stabilizer of an element w € 2, stabg(w), to be

stabg(w) =Gy, ={9 € G |w- g =w}.

Definition 2.19. For a group G acting (on the right) on a set Q we define
a set of imprimitivity to be a non-empty, proper subset A C €2 such that
for every g € G either:

A-g=Aor(A-g)NnA=0.
It is clear that if A is a set of imprimitivity, then so is AY.
Definition 2.20. We say the action of the group A on G is coprime if
e (|4],|G|) =1, and
e A or G is soluble.

Note. By Feit—-Thompson one of A or G must be soluble if their orders are
coprime.

Definition 2.21. Let G be a group. We say that GG is of even type if the
connected component of a Sylow 2-subgroup is unipotent and non-trivial.

2.2 Amalgams

We now give a formal definition of an amalgam and some basic properties
associated with amalgams.

Definition 2.22. An amalgam is a quintuple of three groups A, B and
C and two injective homomorphisms ¢; : C — A and o : C — B. We
denote the amalgam as A = (A4, B,C, 1, ¢2).

A2 o2,

Figure 2.1: Amalgam

Definition 2.23. The index of an amalgam A = (A, B,C, ¢1,2) is the
ordered pair (|[A: p1(C)],|B : ¢2(C)|).

Definition 2.24. We say an amalgam, A = (A, B,C, 1, v2), is simple if
for every 1 # K < C one, or both, of the following holds:

pi(K) 4 A4
p2(K) 4 B.
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Definition 2.25. A completion, denoted (G, 1,12), of an amalgam A4 =
(A, B,C,¢1,¢2) is a group G and homomorphisms ¢; : A — G and )5 :
B — G such that G = (¢1(A),¥2(B)) and ¢ o ¢1 = 13 0 p. This is
equivalent to saying that Figure 2.2 commutes.

Ad}l/( \2B
IAN ) e

Figure 2.2: Completion of an Amalgam

We say a completion is faithful if and only if both ; and 2 are injec-
tive.

Definition 2.26. Let G be a group. The canonical presentation is
(G| R(G))

where R(G) is the kernel of the homomorphism from the free group on G,
F(G), to G, sending each generator of F'(G) to the corresponding element
of G.

Definition 2.27. Let A = (A, B,C, ¢1,¥2) be an amalgam. Let (X; | Ry)
and (X | Ra) be the canonical presentations of A and B, where X1NXs = ().
Then the amalgamated free product, denoted A ¢ B, also known as the
universal completion, is the group

(X1UXo | RiU Ry U{p1(9) = ¢2(9) | g € CY}).
Every completion of A can be obtained by a group homomorphism from
the universal completion.

Note. This notation is ambiguous, as the definition of A *¢ B depends on
1 and @9; however, the notation has become standard so we will follow
convention.

Definition 2.28. For an amalgam A = (A, B, C, 1, ¢2) we can identify A,
B and C with their images in A x¢ B, so 1 and 9 are seen as inclusion
maps. We say that A is primitive if:

e Forall 1 # K < Awith K CC, C = Np(K); and
e Forall 1 # L < B with L CC, C = Na(L).

Note. If C is a maximal subgroup of A and B then primitivity is equivalent
to A and B having no common normal subgroups.
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2.3 The Coset Graph

We now give definitions of the coset graph and some of its graph theoretic
properties.

Definition 2.29. Let I' be a graph with vertex set V(I') and edge set E(T").
Then we say I' is bipartite if V(') can be partitioned into two sets V7 and
V5 such that edges in E(T") only connect vertices in different vertex classes
(so there are no edges between two vertices in the same class).

Definition 2.30. The (right) coset graph, I' = I'(G, Py, P,,C), of sub-
groups P; and P of G with C < P; N Ps is the graph with vertex set

V(L) ={Pg|geGi=12}

and edges between vertices representing cosets that share a coset of C' in G,
SO

E(T) = {Ck| g€ G).

Therefore two vertices Pig and P»h are joined by the edge Ck if and
only if Ck C Pig N Pyh. It is clear that I' is a bipartite graph with disjoint
vertex classes {P1g | g € G} and {Pxg | g € G}.

Note. T'(G, Py, P»,C) is never the empty graph (that is, the graph with no
edges). By setting k, g and h as the identity we see P, and P» are connected
by the edge C' since, by definition, C' < P; N P, so certainly C' C Py N Ps.

Definition 2.31. Let I" be a graph (or subgraph) with vertex set V(I') and
edge set E(T"). We say that two vertices a and (3 are connected if and only
if there is a path of edges in E(T") from « to 3. We say that the graph I is
connected if every pair of vertices « and # in V(T') are connected.

Definition 2.32. The distance, d(«a, ), of two vertices o, € V(I') is
defined to be the length of the shortest path between them. We define

d(a, a) to be zero for all vertices «; and if o and 3 are not connected we let
(e, B) = 0.

Definition 2.33. For a connected component T C I we let the diameter
of T be the least integer n such that the distance between any pair of vertices
is at most n.

We also denote for any vertex o € V(I'), and any j € N

Ajla) ={B el |d(e,f) = j}.

For the case j = 1 we simplify the notation so that the set of adjacent
vertices to « is written simply as

Ala) ={B €T [ d(a, f) = 1}.
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Definition 2.34. For a pair of vertices «, € V(I') we define the edge set,
E(a, ), to be the set of all edges between « and (3, that is:

E(a,p) :={Ck| Ck C ang}.
Definition 2.35. For a vertex o € V(I') and for i a natural number we

denote }
G[OZJ = ﬂ Gs.

eV (T)
d(a,0)<t

2.4 Examples

Example 2.36. We give an easy example of an amalgam as follows: let

o A= S5
o B =25y
o (' = As; and

e 1 :C — A and s : C'— B the obvious inclusion maps.

Then A = (A, B,C, 1, ¢2) is an amalgam of index (2,8). We have a com-
pletion (G, 1,12), where G = Sy and ¢; : A — G and 3 : B — G are the

obvious inclusion maps, and it is faithful.

Example 2.37. We will now construct the coset graph of the following
quadruple of groups:

o G =05y
o P = Ay;
e P, =1V, and

o C={((12)(34)).

Now there are only two right cosets of A4 in Sy, namely Ay and A4(12).
On the other hand, Vj has 6 distinct left cosets: Vi, Va(12), V4(23), Va(13),
V4(123) and V4 (132). We know, therefore, that I'(Sy, A4, Vi, ((12)(34))) is a
bipartite graph with vertex classes of size 2 and 6. It is a simple calcula-
tion to see that A4 and A4(12) both have three neighbouring vertices, each
connected by 4 edges. This results in the coset graph shown in Figure 2.3,
where u; = Ay, ug = A4(12) and vy = Vy, vo = V4(123), vz = V4(132),
vg = V4(12), vs = V4(23) and vg = V4(13). The number of edges has been
written above each edge for simplicity.

In this case we have, for example:

10
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u

Ui
4 4 4
4 4
V2 U3 V4

2
Vs

\\4
Ve

Figure 2.3: Example coset graph

U1

e d(vi,v3) =2, d(ug,v1) =1 and d(uy,uz) = oo;
o A(ug) = {v4,v5,v6}; and

e the diameter of each connected component of I' is 2.

11



Chapter 3

Important Results
Concerning Amalgams and

the Coset Graph

We now prove some key results: that every amalgam A has a faithful com-
pletion; that the coset graph I' is connected if and only if the group is gen-
erated by the specified subgroups P, and P»; and various results concerning
the stabilizers of I' and the action of G on I'.

3.1 Amalgams

One of the key results in amalgam theory is that every amalgam has a faith-
ful completion. We can see that every amalgam has a completion by simply
taking G to be the trivial group and letting (1, and 2, map all elements
of A, and B respectively, to the identity element. However, although com-
pletions always exist it is not obvious why there should exist a completion
that is faithful. We prove this result now, following [1].

Theorem 3.1 ( [1, 4.1]). Given an amalgam A = (A, B,C,¢1,p2) there
exists a faithful completion. Also, if A and B are finite there exists a finite
completion.

Proof. Let S be a left transversal of ¢;(C) in A and 7 a left transversal of
©2(C) in B. Then any element a in A can be written in a unique way as
s1(c) for some s in S and some ¢ in C. Similarly, any b in B can be written
as tps(c) for a unique element ¢ in 7 and ¢ in C.

Now denote:

Q=AxT={(a,t)|ac At eT},

and
V=8 xB={(s,b) | s€S,be B}.

12
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We define an action of A on 2, denoted e:
(a,t) ® aj := (aay,t),
and define a similar action of B on €, denoted o:
(s,b) o by := (s,bby).
Now define © : Q@ — ' by

O(sp1(c), 1) = (s, tpa(c)).

We aim to show that © is a bijection and then construct permutation repre-
sentations into €. First we will see that © is onto. Let (s,b) be any element
of . Then there exists ¢ in 7 and ¢ in C such that b = tys(c) and so
(s,b) = (s,tpa(c)). Now spi(c) isin A, so (spi(c),t) is in Q and so

©: (sp1(e), 1) = (s, 1p2(c)) = (s,b).

Hence © is onto.
Now we show that © is injective. To see this, suppose O(a,t) = O(d’, ).
Then there exist ¢ and ¢’ in C and s and s’ in S such that

(a7 t) = (5901(6)7 t)a
and
(a’lv t/) = (3/901(0/)7 t/)'
Now,
O(sp1(c),t) = O(s'p1(c), 1)) & (s,tpa(c)) = (5, t'pa(c))
& s =15 tpa(c) = t'pa(d).

Since any b in B is written uniquely as tps(c) we must have ¢ = ¢ and
w2(c) = pa(c’). Hence we have ¢ = ¢, as 9 is injective, and then we must
have ¢1(c) = p1(c¢’). Hence

(aat) = (SgOl(C),t) = (Slwl(cl)vt/) = (alat/)>

and so O is injective and hence a bijection.
With this bijection we can define the following action of B on 2, denoted

(a,t) xb=©71((0(a, 1)) 0 b).
Notice that given any d € C, p1(d), as an element of A, acts on € by

(sp1(c), t) @ p1(d) = (spr(c)pr(d), 1) = (sp1(cd), t)

13
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and po(d), as an element of B, acts on 2 by

(s¢1(c), t) * p2(d) ((O(s¢1(c), 1) o p2(d))
(s, tp2(c)) 0 pa(d))
(s, ta(c)p2(d))
(s, tpa(cd))
sp1(cd),t).

-1

I
CDCD@@

|
—~~

Hence ¢1(c) acts on 2 in the same way as @2(c) acts on §2. Notice also
that both these actions on 2 are faithful and so there exist permutation
representations

U, A— Sym(Q2), and
Uy : B — Sym(Q2)

which are injective.
So G := (V1(A),¥y(B)) is a faithful completion of A. Moreover if A
and B are finite then it is clear that G is a finite faithful completion.
O

3.2 The Coset Graph

We now prove some important results about the coset graph to facilitate its
application to the amalgam method.

Lemma 3.2. Let I' = T'(G, P1, P»,C) be a coset graph. If |Py N Py : C| is
n € N then for any pair of adjacent vertices {P;g, Pjh} € E(I') there are
exactly n edges between P;ig and Pjh.

Proof. As |Py N Py : C| = n, there are exactly n cosets of C' in Py N P,. Let
C:{ti |ti GPlﬂPQ,i:1,...,n}

be a left transversal of C' in P, N Ps.
As P;g and Pjh are adjacent there exists k£ in G such that

Ck C Pign Pjh.

It is also clear that Ck C P;g N P;h if and only if P;g = P;k and Pjh = Pjk
as cosets are disjoint. We therefore only need to consider cosets of C' in
P;k N Pjk. There must be at least n such cosets: Ctik,Ctak,...,Ctyk.
Now if Ct C P,g N Pjh = (P, N P;)k, then we have Ctk~! C P, N P;j so
Ct = Ct;k for some t; € C. Hence there cannot be any other cosets and so
the number of edges between P;g and Pjh is exactly n.
O

14
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3.2.1 The Action of a Group on its Coset Graph

The group G acts on the coset graph I'(G, Py, P», C') by acting on the cosets
with right multiplication, so for a vertex o = P;h and g € G

a-g:= Pi(hg).

This action clearly preserves the graph structure: if Ck is an edge of I’
between vertices Pyhi and Pyho, then for any ¢ in G we automatically have

Ckg C Pihig N Pyhag,

and so the image of the Ck is an edge between the images of the vertices
P1h1 and Pghg.

The action of G on I' has two orbits, namely the set of cosets of P; and
the set of cosets of P». G also acts transitively on cosets of C' and so is
transitive on the edges of T

Lemma 3.3 ( [7, 10.3.1]). (a) For a = P;h € V(I'), the stabilizer G, is
conjugate to P, specifically G, = PP

i
(b) For an edge e = Ck € E(I'), the stabilizer G. is conjugate to C.
(c) The kernel of the action of G on I is (P1 N Py)g.
Proof. (a) For a vertex a = P;h and g € G acting on « it is clear
a-g=Phg=Phsgeh 'Ph=P
and so G, = Pih.

(b) Let e = Ck be an edge. Then the stabilizer of the edge e is the set
{g€G|Ck-g=Ck}
which contains those elements such that kgk~! € C. So G, = C*.

(c) By part (a) any normal subgroup of G contained in P; N P» fixes all
vertices in I'.

O]

Lemma 3.4 ( [1, 4.4]). For any vertex o, Gy, is transitive on A(a) and the
sets E(a, B) form sets of imprimitivity.

Proof. Let @ and (8 be adjacent and without loss of generality let « = Pig
and 8 = Pyh. We saw in Lemma 3.2 that o« = Pik, 0 = P2k and

E(a, B) = {Ctik, Ctok, . .., Ctyk}

where the t; are elements of P; N P,. By 3.3(a) we know G, = Plk . Consider
two edges, Ct;k and Ctjk. Then the element ¢ := k:flti_ltjk sends Ct;k to

15
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Ctjk and t is in G. It is clear that in fact ¢ is in G, which is equal to the
stabilizer of any edge between o and 3, and so is equal to C*. Therefore
Gp acts transitively on E(a, ().

Now consider § and v in A(a) with § # 7. Let Ck; C anN S and
Cko C an~y. Then, from 3.2, we have 8 = Pyk1, v = Poko and

o = Plkl = Plkg.
We therefore have koki Lin P, and so
x =k Vky = k7 ok € PP = G,

It is clear = takes 8 to « and the other cosets between « and 3 are of the
form Ct;ky with ¢; in P N Ps. Hence Ct;k1 - © = Ct;ks, an edge between «
and . Therefore x takes [ to v, and G, is transitive on A(a).

We saw before that G, acts transitively on each F(«,3). Now any
element of G, has the form y := k~'2k with z € P;. Now

Ctik-y=Ctizk € E(a,’y)

for some v € A(a). This holds for all 1 <4 <n and so A(«a) - g = A(«) for
all g in G, and so A(«) is a set of imprimitivity.
O

Lemma 3.5 ( [1, 4.7]). The kernel of the action of G on I' is the largest
normal subgroup of G which is contained in C.

Proof. Denote by N the largest normal subgroup of G contained in C.

If K is the kernel of the action of G on I' then every element of K fixes
every vertex and edge of I'. So in particular it fixes the edge C' and so
K <(C. As K <G and N is maximal, we have K < N.

AsNglGforeveryninNandginvaehawenf1 e N<C<Pso
Pign = P,g for i = 1,2 and P;g is in V(I'), so N fixes all vertices in I". It is
clear that we also have C'gn = Cg for all edges of I', so N < K. Equality
therefore holds.

O

3.2.2 Connectedness of the Coset Graph

We now relate the connectedness of the coset graph to a group-theoretic
property; that is, whether G is generated by P, and P;.

Theorem 3.6 ( [1, 4.6]). The coset graph I’ =T'(G, Py, Py, C) is connected
if and only if G = (Py, Py).
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Proof. Firstly, assume G = (P;, P»). We know that C' is an edge between P;
and P». Let I'y be the connected component containing the edge C. P; and
P, are both in I'y and because disconnected components of I" are disjoint
we find that

r, =i,

Hence as G = (P1, P») we have T, invariant under right conjugation by G.
By Lemma 3.3(a) this means that I', is invariant under the stabilizers of all
the vertices in V(I'). However, we then see that all the vertices must be in
I'y,sol'y =T, and I' is connected.
Now assume I is connected. Let Gy = (Py, P») and assume Gy < G. Let
a = P; and choose a 3 = P;x such that (3 is not in Gy and n = d(a, ) is
minimal. We will show that in fact § is in G thus deriving a contradiction.
I' is connected so there exists a path from a to 8. Choose a shortest
such path, and denote the vertices v; (i = 0,...,n), where 79 = « and
Yn = 8. We have chosen n minimal, so v,—1 = P;g and 7,,—2 = P;h for some
g,h € Gy. By the result in Lemma 3.4 we know G, , = P/ is transtive on
A(yn—2) so there exists a k € P/ < Gy with y,_2 - k = 3. However, then
would be in Gy, the desired contradiction, and so G = Gy = (Py, P5).
O

We now use Theorem 3.6 to prove a result about how subgroups of the
vertex stabilizers act on the graph.

Theorem 3.7 ( [7, 10.3.3]). Let G = (Py, P»). Suppose that {a, B} is an
edge of I', U < G N Gg and one of the following holds:

(a) Ng,(U) acts transitively on A(d) for 6 € {a, B}; or

(b) U QG and U 9 Gg.
Then U acts trivially on T.

Proof. Tt is clear that assuming (b) with 3.4 implies (a) and so we can assume
that (a) holds. Now let

Ty = (a)NG(U) U (/B)NG(U).

Then U fixes every vertex in I'g. Let v be in I', so there exists = in Ng(U)
and ¢ in {«, f} such that v = 6*.
Now
A(6%) = A(y) and N, (U) = Ng;(U)*,
and by (a), Ng,(U) is transitive on A(6*) = A(y). Moreover, one of the
vertices in {(«)*, (8)*} is adjacent to v and

{(a)", (8)"} € To.
It follows that A(y) C I'y. Since, by Theorem 3.6, I" is connected we con-

clude that I' = T'g. Thus U stabilizes every vertex in T
O

17



Chapter 4

The Amalgam Method

In this chapter we will follow [7, 10.3] to demonstrate the amalgam method
in action, and we will compare the example to the general amalgam method
given in [4]. We will also see how the amalgam method can be used to help
identify groups.

4.1 Motivation

The amalgam method has been used to aid the proof of the classification
of finite simple groups [4, pp. 161-169]. It is used by considering Sylow
2-subgroups of G' and their normalizers.

Let G be a group of even type (see Definition 2.21) and T a Sylow
2-subgroup of G. When considering Np, the normalizer of T, we have a
dichotomy: N7 is either contained in a unique maximal 2-local subgroup of
G, or this subgroup is not unique.

The first case is tackled using a technique called near components which
is beyond the scope of this dissertation but is discussed in [4].

In the second case there exists at least two maximal 2-local subgroups
and we can form an amalgam from two or more of these My, Ms, ..., M,,
as in Figure 4.1. In this context the amalgam method, with a few additional
assumptions, can be applied to assist in the identification of the groups
involved.

4.2 Assumptions

In our example we will assume the following conditions to restrict our con-
clusion to only two cases:

Assumption (G). Let G be a group generated by two finite subgroups P;
and P,, and let T := P; N P,. Suppose for i = 1,2:

G1 Cp,(02(P)) < O2(F);
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4: The Amalgam Method

Figure 4.1: Amalgam formed from n maximal 2-local subgroups

Go T € Syl B;;

g3 Tg = 1;

Gs P;/O2(F;) = S3; and
gs [UZ(T)), b # 1.

(O2(P;) is the p-radical as defined in Definition 2.14 and Q(Z(T)) is
defined in Definition 2.13)

The aim will be to use the amalgam method to prove that assuming G
implies:

Conclusion (H). G, P; and P, are such that either:
Hy P =P, >~ S,; or
Ho P =Py =0y xSy
So our aim is to prove the following theorem:

Theorem 4.1. Let G be a group generated by two finite subgroups P, and
Py If G, P and Py satisfy G then H follows.

4.3 Comparisons to the General Method

We can see how this example compares with the general case as given in [4,
Chapter 28].
4.3.1 Amalgam Hypothesis

In the general case the Amalgam Hypothesis is assumed:

Assumption (G*). Let X be a group with non-identity subgroups P, B,
X7 and X9 and such that
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4: The Amalgam Method

G*1 X = (X1, Xa);
G2 B =X1NXy;
G*3 No nonidentity subgroup of B is normal in both X; and Xo;
G*4 P is a Sylow p-subgroup of both X; and X5 for some prime p; and
G*s F*(X;) = Op(X;) for i =1,2.
Where F*(X;) is the generalized Fitting subgroup of X; as defined below.

Definition 4.2. Let GG be a finite group. We define the Fitting subgroup,
F(G) to be the unique largest normal nilpotent subgroup of G.
We define the generalized Fitting subgroup, F*(G) to be

(F(G),X | X a component of G)

where the components of G are the quasisimple subnormal subgroups of G.

Although G* is a weaker set of assumptions than G a lot can still be
inferred and generally the structure of X would be pinned down using extra
assumptions, often involving X;/O,(X;) (such as Gy).

In the general case, it is the structure of X; and X5 that we are concerned
with so X is defined to be the universal completion gp(D) (see Definition
5.9) to simplify matters. We therefore have an extra assumption

G*¢ D ={B, X1, Xs} is a defining amalgam (see Definition 5.10).

We have analogues of results such as Lemma 3.3 and Lemma 3.4 as well
as properties such as I' being a tree (a graph without any circuits).

Often p is taken to be 2 which simplifies matters (for example, any group
consisting only of elements of order 1 and 2 is Abelian).

4.4 Preliminaries

We now assume G at all times, and let I' denote the coset graph of G with
respect to G, P, P» and T

Note that, by Lemma 3.2, I" has only single edges between vertices and,
by Theorem 3.6, I" is connected. By Lemma 3.3(c) we have the kernel of the
action of G on I' being Tz and, by Gs, we see that Tz = 1 and so G acts
faithfully on I'.

If we have an edge, {a, 3}, then it is conjugate to the edge {P;, P>} and
so the statements G, ..., G5 hold for G, and Gg instead of P; and Px.

Lemma 4.3 ( [7, 10.3.4]). Let {o, 8} € E(I).

(a) Go N Gg has index 3 in Gg and is a Sylow 2-subgroup of Gg. In
particular Go = (Go N Gg,t) for allt € G, \ Gg.
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4: The Amalgam Method

(b) |A(a)| =3 and

03(Go)= () (GanGp), (=G
BEA(a)

where Gg] is the group defined in Definition 2.35.
(c) Gqo acts 2-transitively on A(a).

Proof. (a) follows from G5 and Gy; (b) from Lemma 3.4; and (c) from Lemma
3.3(a).
O

We now denote two groups associated with each vertex a € I,
Qo := 02(Gy); and
Zo = (QUZ(T)) | T € Syly(Ga))-;

where Q(Z(T)) is as defined in Definition 2.13.

In the general method @, and Z,, are defined slightly differently (however
under G these definitions coincide). We have @, defined to be the kernel of
the action of X, on A(a) and for P, a Sylow p-subgroup of X, we have

Za = (QUZ(P))¥).

Before we prove some elementary facts about (), and Z, we need some
precursory results.

Theorem 4.4 (Schur—Zassenhaus [7, 6.2.1]). Let G be a group and K a
normal subgroup of G such that (|K|,|G/K|) = 1. Then K has a complement
in G. If in addition K or G/K is soluble, then all such such complements
are conjugate in G.

Proof. The proof is given in Appendix A under Theorem A.4.
O

Lemma 4.5 ( [7, 8.4.2]). Let the action of a group A on a group G be
coprime. Then

G= CG(A) X [Gv A]
Proof. The proof is given in Appendix B under Lemma B.3. O
We can now prove some facts about @, and Z,,.

Lemma 4.6 ( [7, 10.3.5]). Let a be in V(I'), V <4 G, and T in Syl (Ga).
Suppose that

o QZ(T)) <V < AZ(Qa)); and
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4: The Amalgam Method

o |V :QZ(T))| =2.

Then
V =Cv(Gy) x W, where W :=[V,G,].

Moreover W = Cy x Cy and Cg,(W) = Qq, i.e. Go/Cq, (W) = Ss.
Proof. Let D be in Syl;(G,). By Lemma 4.5 we have the decomposition
V =Cy(D) x W, where W :=[V,D].

Then G5 and the fact that G, = DT imply that W # 1 and thus |W| > 4.
Let d be in D#. By our hypothesis,

V/QUZ(T))| =2 =|V/QUZ(T)|-
Now Go = (T, T%) shows that |V/Cy (Gy)| < 4. It follows that
Cv(Ga) = Cv(D)

and |W| = 4. The other statements follow from Gj.

Lemma 4.7 ( [7, 10.3.6]). Let o, 3 be incident in I'. Then
(a) Za < UZ(Qa));
(b) QaQﬁ =Gy N Gﬁ c Syl2(Ga);'

(c) Ca,(Zs) = Qu; in particular, the Sylow 2-subgroups of G, are non-
Abelian; and

(d) ZoZg is normal in Gy if and only if there exists v in A(a) \ {5} such
that ZoZs = ZoZ-.

Proof. (a) Let T be in Syly(Go). Then @, is a 2-subgroup and so is
contained in 7', and G; implies that Q(Z(T)) < Z(Q.), so because Z,,
is generated by the Q(Z(T)) it is a subgroup of Z(Q,) and the result
immediately follows.

(b) By G4 and Lemma 4.3 Q, and Qg have index 2 in G, N Gg. It is
therefore enough to show that (), and Qg are unequal.

For a contradiction, assume @, = Q3. Then as G acts faithfully on I’
we can apply Theorem 3.7 and Lemma 4.3 to see that ), = 1. This
contradicts G; and so ), and (g are unequal and the result follows.
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4: The Amalgam Method

(¢) By G5 the normal subgroup Z, is not central in G,. So Z, is also not
central in T a Sylow 2-subgroup of GG, since this would contradict Gs
as Go = (T'| T € Syly(Ga)).

By part (a) we have Q, < Cg,(Za). If Q4 and Cg, (Z,) were unequal
then Cg,, (Z,) would contain a subgroup D of order 3, and G, = DT,
with T a Sylow 2-subgroup of G, by G4. But then we would have
Q(Z(T)) being central in G, which contradicts Gs.

(d) If ZoZg < G, then ZoZg = ZoZ., for all v in A(a) since G, is tran-
sitive on A(«) so the forward implication is proven.

Assume now that Z,Zg = Z,Z,, for some v in A(a) not equal to .
Then Z,Zg is normalized by G, N Gg and thus, by G, it is also
normalized by G, and so the equivalence holds.

O

4.5 The Main Concept

We now start to create the links between the coset graph I' and our preferred
conclusion H.

Lemma 4.8. Let a and (3 be adjacent in T and let § be in {a, B}. Assume
we have

Gs =Sy and Q5= Cy x(Cy
or
G§ S4 X 02 and Q(g = CQ X 02 X 02.
Then Z(; = Q(;.

Proof. Consider the first case: we know from Sylow’s Theorems and the fact
|S4| = 3 x 23 that Sy has either 1 or 3 Sylow 2-subgroups each of size 8.
With a little calculation we can see that there are in fact 3 (all conjugate)
and they are:

A ={(1234), (1432),(13), (24), (12)(34), (13)(24), (14)(23), e};
B = {(1243), (1342), (14), (23), (12)(34), (13)(24), (14)(23), e}; and
C = {(1324), (1423), (12), (34), (12)(34), (13)(24), (14)(23), e}

)

As they all intersect in V4 and Vy < Z(V}) we initially consider whether any
elements of V4 are in the centralizers of A, B or C. We see that

(13)(24) € Z(A);
(14)(23) € Z(B); and
(12)(34) € Z(C).
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As Z(A), Z(B) and Z(C) are all 2-groups we need only consider the remain-
ing involutions and elements of order 4 in Sy to calculate the elements of
the centralizers. It is clear by considering any element (ij) and any element
(ijkl) that elements of either form are not members of the centralizers.

We therefore have:

N
~~
Sy
N—
|
—
\’('b
—
S
N—
o
w
N—
—
\
=
N
Sy
N—
:_/
o
=
(oW

And so we get

Zs =

The second result easily follows from the first, whence Zs = Q5 = V4 x Cs.
O

Theorem 4.9 ( [7, 10.3.7]). Let a and 8 be adjacent in I'. The following
statements are then equivalent:

(i) H holds.

(ii) Zo ¥ Qp
Proof. First, assume that H holds. Then for § in {«a, 5} we have:

Gs =Sy and Q5= Cy x Coy;

or

G5§S4><C2 and Q(;gCgXCzXCQ.

We can therefore use Lemma 4.8 to see that Zs = )5, and by Lemma
4.7(b) we have Z, £ Qg, so statement (i) implies statement (ii).
Assume now that Z, £ Qg. Let § be in {«a, 3} and set

T:=Q.Q3 and FE:=Q.,NYg.

Once again, using Lemma 4.7(b), we see that T' is a Sylow 2-subgroup
of G5 and |T'/Qs| = 2. We therefore get

Qu: Bl =2=Qs: Bl (4.1)
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and
T =QpZa and Qn = EZq. (4.2)
Now from Lemma 4.7(c) we see that [Z,, Zg] # 1 and so we also have
Z3 % Qa.
Using symmetry and (4.1) we see that
T=QuqZs and Qp= EZgs. (4.3)

Now recall Definition 2.3 of ®(G). We know that Zs is an elementary
Abelian subgroup of Z(Q)s) so using (4.2) and (4.3) with Corollary 2.6 we
see that

(Qa) = G(E) = &(Qp)-
Hence we have ®(E) characteristic in Q)5. We therefore have ®(E) nor-

mal in both G, and Gg. We now apply Theorem 3.7 and see that ®(F)
must be trivial. We now have

Q. and Qg are elementary Abelian. (4.4)
Also, the fact T' = QQ,Q3 means that
E=Z(T). (4.5)

Now denote Ws := [Qs, Gs]. Then we can use (4.1) to apply Lemma 4.6
with V = Qs, so

Q(s = Z(G(s) X W(; and W(s = Cg X CQ. (4.6)

By (4.2) and (4.3) there exists an involution 5 in 7'/@Q)s that acts non-
trivially on O%(Gs)/Ws. Hence

X5 := O*(Gs)(ts) = Sa.

We now consider the two cases of Z(G,) =1 and Z(Gy) # 1 separately.
First we assume that Z(Go) = 1. Then |T| = 8, and so Z(Gg) =1
follows from (4.5) and (4.6). We therefore have

Ga :Xa and Glg:Xﬁ

as in Hi.
Now consider the second case, where Z(Gy) # 1. We therefore have,
from (4.5) and (4.6), that Z(Gg) # 1. But from Theorem 3.7 we know

Z(Ga)NZ(Gp) = 1.
As Z(G,) and Z(Gp) are in Z(T') =T we can see from (4.6) that
Z(Ga) = Cy =2 Z(Gp).

It is clear that Hs follows immediately.
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Therefore Theorem 4.1 is equivalent to saying that G implies for all
adjacent vertices Z, £ Q3. We will now therefore assume there exists a pair
of incident vertices with Z, < @3 and show this leads to a contradiction.
We do this using a new concept, that of a critical pair.

Definition 4.10. Define the critical pair constant, b, as follows:
b:=min{d(a,8) |, B €T, Zy £ Qp}.
Now define a pair («, ') of vertices to be a critical pair if
Zo £ Qu and d(a,d) =b.

Note. If o is a vertex of I' then because Z,, acts faithfully on I' there must
exist a vertex § with Z, £ Gg. Hence Z, £ Qs and I' is connected by
Theorem 3.6 so d(«, ) < co and b is an integer.

In the general amalgam method critical pairs are defined identically and
play just as crucial a role.
Now if a and 3 are vertices of I" with d(«, ) < b then by the minimality
of b we have
Zo <Qp and Zg < Q.

Therefore, by Theorem 4.9, Theorem 4.1 is equivalent to saying G implies
b=1forI.

We now consider some properties of critical pairs. We use the following
notation; let (o, ') be a critical pair and ~ a path from « to o’ of length b.
Enumerate the vertices of v by

y=(a,a+1l,a+2,...,d/) or y=(a,....,d —2,a —1,d),
with the obvious relation
o —i=a+(b—i) for 1<i<b-1.

We also denote
R :=1[Zy, Zy].

Lemma 4.11 ( [7, 10.3.8]). Let (a, &') be a critical pair of T'. Then
(a) (¢, @) is also a critical pair;
(b) GaNGay1 = ZyQa and Go_1 NGy = ZoQur;

(c) R<Z(GoNGay1)NZ(Gy—1NGy) and
R = [ch Ga+1 N Ga} = [Za’a Go—1 N Ga’];

(d) |R| =2;
(¢) Zo =120, Go] X UZ(Gy)) and [Zy,Go] = Co x Co; and
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(f) |Zo : UZ(Y))| =2 for all Sylow 2-subgroups Y of G4.
Proof. We first use the minimality of B to see
Zoa <Qu-1<Gy_1NGy and Zy <Qat1 <GaNGat1
The fact that Z, £ Qn provides us with
Guw-1NGy = ZyQy

since by Lemma 4.3 and G4, Qn has index 2 in G _1 NG .
Now as Z, and Z, are normal in G, and G, respectively, we see that

R<Z,NZy. (4.7)
We now apply Lemma 4.7(c) and see that R # 1, so we we also have
Lo j{ Qo and GoaNGay1 = ZyQq

We therefore have part (a) (as d(a, ') = d(/, ) and part (b). We use
(4.7) and Lemma 4.7(a) to prove part (c). We now use Lemma 4.7(a) and
(c) to see that

1Za/Cz,(Zar)| = |20/ /| Cz,,(Za)| =2 and  Cgz,(Zo) = UZ(GaNGair))-
(4.8)
We use (4.8) to see part (d) and part (f), and finally Lemma 4.6 implies

part (e).
O

In the general method it turn out that (a) is only true if [Z,, Zg] # 1
and Qo = Op(Xa).
We now prove some important results about vertices in A(«).

Lemma 4.12 ( [7, 10.3.9]). Let « —1 be in A(a)\{a+ 1} such as in Figure
4.2. Suppose that (o — 1,a/ — 1) is not a critical pair. Then we have the
following results:

(a) ZoZoy1 = ZaZa-1 9 Ga;
(b) Qo NQp I Gy for all 5 in Aa); and
(¢c) a and o' are conjugate, and b is even.
Proof. Since we have (o — 1,a’ — 1) is not critical we have the following
Za-1< Qa1 (£Gy-1NGy).
In particular b > 1 and

Za—l < ZaQa/ = ZaCGa/(Za’)-
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Where the first inequality follows from Lemma 4.11 and the equality
from Lemma 4.7. We can therefore infer

[Zafla ZO/] S R S ZOM

where the second inequality follows from Lemma 4.7 again.

We therefore have Z,_1Z, being normalized by Z, and G,_1 NG, and
so, by Lemma 4.3, also by (Gq N Ga—1,Zy) = Go. We now use Lemma 3.4
to see (a).

To obtain part (b) we use part (a) along with Lemma 4.7(c) and Lemma
3.4 again.

Now we have two cases: either « is in (/)¢ or a is in (o’ — 1)%, so

G

a € (o) <= biseven.

To finish proving (¢) we may assume that o and o/ — 1 are conjugate, so
we also have G, and G, _1 conjugate. We then apply (b) to see

Za < Qa’72 N Qa’fl = Qa’fl N Qo/'

However, from this we see that Z, < Q. contradicting our assumption
that (a, ') is a critical pair.
O

Theorem 4.13 ( [7, 10.3.10]). Let (o, &) be a critical pair. Assume there
exists a verter o — 1 in A(a)\{a+ 1} such that (« —1,a' — 1) is a critical
pair. Then b= 1.

Proof. Label vertices as shown in Figure 4.2, so that a—2is in A(a—1)\{a}.

Figure 4.2: Sample path 7 [7, pp. 291 Fig. 1]

Now denote
Rl = [Za—la Za’—l]

We assume that b > 1 and derive a contradiction.

We know that because d(a,a+1) <b and d(a/,o/ —1) <b we have
Zo < Qa1 and Zy < Qq—1. Using the assumption that (o — 1,0/ — 1)
is critical we apply Lemma 4.11 to this pair to see that |R;| = 2 and

Rl = [Za—la Ga—l N Ga] < Z(Ga—l N Ga) N Z(Ga’72 N Ga/fl)-
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In particular we have that Ry < Z(Q4—1) and so [R1, Z,] = 1. We now
apply Lemma 4.11(b) to see that Z, and G,—1 NG, generate G, so we
have

Rl < Z(Ga)- (4‘9)
Now we show:
(a — 2,0’ — 2) is a critical pair. (4.10)

Assume, for a contradiction that (o — 2,/ — 2) is not a critical pair.
Then we can apply 4.12(a) to the pair (o« — 1,a' — 1) and vertex o — 2 to
see that for all 6 in A(a — 1) we have Zn_1Zy = Zo—1Z5.

Now consider the vertices around « and rotate them so that o — 1 goes
to a + 1. We can then apply 3.4 to see that

Za+1 Za = a+IZa+2-

We now appeal to the minimality of b to see that Z,1 2442 < Qo and it
follows that Z, < Q.. This implies that (a, o) is not a critical pair, which
is the desired contradiction to prove (4.10) holds.

Now let Ry := [Z4—2, Za/—2]. We now use the recently proven (4.10) to
see that the pair (o, ') and the vertex a — 2 also satisfies the hypothesis.
We therefore get that |Ry| = 2 and

Ry =1[Zp—2,Go2NGa-1] < Z(Gy-1). (4.11)
Now by 3.4 there exists y € Go_1 and x € G, such that
(=2 =a  and (a+1)*=a—-1
Hence
[Za,GoaNGo-1] = [Za—2,Ga—2N Ga-1]Y = R2Y < Z(Go-1),
and using 4.11(c) we see also
R* =[Z4,Go N Got1]" = [Z0; Ga N Go—1] = ReY < Z(Go-1).
It therefore follows that
R < Z(Got1). (4.12)
We also have, applying (4.9) and 3.7,
RNRy=1. (4.13)
Now we show that it must be the case that if b > 1 we have

b=2. (4.14)
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Assume the contrary, that b > 2. Then Z, < Q4—_2, and by (4.11) and
Lemma 4.7(a) we have that Rs centralizes Z,, and G,—1. Since

Ga = <Zo/’ Ga N Goz—1>7

we must have the fact that Ry centralizes G,_1 and G,. We can now apply
Theorem 3.7 to see that R2 = 1, which contradicts the fact that |Rs| = 2,
and so (4.14) holds.

We now treat the remaining case of b = 2. We first denote:
Va:=(Zg| B € Ala)), (dGa)
and
Vor1:=(Zg| B eAla+1). (dGat1)
Now because b > 1 we have Zg < @), for all 3 in A(«) and also Z, < Qa1
for all v in A(a+1) so Vo < Q4 and Vo1 < Qqy1. We also have
Za = <Q(Z(GO< N ch+1))Ga> < Va,

because V,, is normal in G, and similarly, because V41 is normal in Gg41,
we have Z, 11 < Vai1. We can therefore see that

ZaZor1 S VanNVagr. (415)

Now because we know Ry < Z(G,, the 2-transitive action of G, on A(«)
(Lemma 4.3(c)) gives us

V! =Ry < Z(Ga).

We now derive a contradiction showing that V,, is Abelian: Since V, is
generated by involutions we have V,/R; elementary Abelian so

where ® is the Frattini subgroup as defined in Definition 2.3. We now use
(4.12) to see
R - (I)(Voc—i—l)-

Now denote

Vai=Vo/Zy.

We can use Lemma 4.11(f) to get |Z5/Zo N Zg| = 2 for all § in A(a), so we
must have |Zg| = 2. In addition, V, is generated by the three subgroups
Z 3 with 3 in A(a), so we have

Val <8. (4.16)
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Now set
W .= Va N Va+1. (ﬁ Ga N Ga+1)

We use (4.15) to see that Z,Z,1+1 < W, and the definition of V,, gives us

V= (W), (4.17)
We now apply Lemma 2.7 to see
(W) < P(Vo) NP (Vor1) =R1NR=1,

where the final equality follows from (4.13). We therefore have the fact W
is elementary Abelian, and V # 1 shows that |V, /W| > 2.

We now look at the action of G, on V,. The kernel of this action
contains @, since [Go—1 N Gy, Za—1] = R1 < Z,. Now denote

Vo :=[Va, 0%(Ga)l.

First consider the case that Vy = 1. Then W is normal in G, and
V! = 1. But this contradicts the result that V! = R; as we have also proven
|R1| = 2. B

Now consider the other case, that Vj # 1. We now use (4.16) we see
that

Vol = 4. (4.18)
Now assume |V, /W| = 2. Let x be in G, such that W* # W. Then
Vo = WW?* and so W N W?* = Z(V,) and |Vo,/W NW?*| = 4. Let D be
in Syl;(G4). The nontrivial action of D on V, implies a nontrivial actiuon
of D on Vo, /W N W?. Therefore, all maximal subgroups of V,, that contain
W N W*?* are D-conjugates of W. However, this would mean every element
of VZ is an involution and so V. is elementary Abelian, but this contradicts
the fact V'a = R;.
We therefore have that
Voo /W | > 4.

We can now apply (4.15) and use (4.16) to see
Vol =8, W =24Z4y1 and |W|=2. (4.19)

Now because Z, < G, and Z, % Qq we see that [V,, Z,] # 1. How-
ever, we also see that because b = 2 we have

[Vaa Za’] S [Vaa Va—l—l] S Wa
so W = [V, Zy]. But then

which contradicts (4.17), (4.18) and (4.19), so we have b = 1 as desired.
O
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4.6 Main Result

We are now in a position to prove Theorem 4.1:

Theorem 4.14 ( [7, 10.3.11]). Suppose G holds. Then Py and Py satisfy H;
that is, either

Plgp2gs4 or P1§P2§CQXS4.

Proof. Let G satisfy G but not H. Among all the quadruples (G, Py, P»,T)
that satisfy G but not H choose the quadruple such that |7’ is minimal. Then
by Theorem 4.9 we obtain that b > 1 and by Theorem 4.13 (a—1,0a/ — 1) is
not critical for all  — 1 in A(a)/{a+1}. We now apply Lemma 4.12 to see

b=0(mod 2) and X :=Q4NQat+1 IGy. (4.20)
We can also apply Theorem 3.7(b) and Lemma 4.3(a) to get

Qo+ X| = |Qat1: X[ =2.

Now let

D e Syl3(G,) and Go =G/ X.
Then G, is a group of order 12 and @,, is a normal subgroup of order 2. It
therefore follows that D is also normal in G,. Now let X < L < G,, such
that L = DQ,,;. We now obtain the following results

L is a normal subgroup of index 2 in Gg; (4.21)
L= Ss; (4.22)

Syl (L) = {Qy | B € Ala)}: (4.23)

O2(L) =X =QaNQg for all € A(a); (4.24)
Qa+1 = ZyO2(L); and (4.25)
Cr(0O2(L)) < Oz(L). (4.26)

Where (4.25) follows from Lemma 4.11(b) and to see (4.26) note that
Zo (4 G,) is contained in Qu+1 and thus also in O2(L). We therefore see

Cr(02(L)) < CL(Za) < QaN L < 02(L),

where the central inequality is from Lemma 4.7.
Now Gy tells us there exists an element t in G441/Qq+1 such that

o =a+2 and t? € Qa1

Therefore Qo1 = (Qa+1)! is a Sylow 2-subgroup of L (< Gg) and L'
(< Gy42)- First we show:
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O2(L) is not elementary Abelian. (4.27)

Assume that Oz(L) is a counterexample to this. Then by (4.22), (4.24)
we can denote

A1 = OQ(L) and A2 = OQ(Lt)

Aj and As are two elementary Abelian subgroups of index 2 in Q,41. Con-
sider the two cases A1 = As and A; # As.

If A; and Ay are equal then A; must be normal in (Gq, Ga42) and so
slao normal in

<Ga7 Ga N Ga—l—h Ga+1 N Ga+2> = <Ga7 Ga+1> =G.

But this contradicts Gz and (4.26).
We therefore have A; not equal to As. We can use (4.22), (4.23) and
(4.26) to see that Qn+1 is non-Abelian and so we have

A=A NAy = Z(Qa—l—l) and ’Qa—i—l/A‘ =4.
Now if O%(Gas1) acted trivially on Qu+1/A then we would have
(Ga, O*(Gat1)) < No(4),

Which contradicts Theorem 3.7. We therefore must have O%(G,.1) act-

ing transitively on (Qn11/A)%. But that means every element of Qfﬂ is
an involution and Q.1 is elementary Abelian, again a contradiction. We
therefore have (4.27) holding.

Now we denote

GO = <L7 Lt>

and we denote the largest normal subgroup of Gy in Qu+1 by Q). Because
we have Gf = Gy we also have Q! = Q. Now we want to show that

[@Q,D] # 1. (4.28)
To prove this, assume that [Q, D] = 1 and set
Go := Go/Q.F

We now use the fact Q11 is a Sylow 2-subgroup of both L and L! and
(4.21)-(4.26) to see that the quadruple

(é()? Z7 Et'} @a-ﬁ-l)

In this proof we use the tilde notation, éo, rather than the bar notation Gy to follow
convention.
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satisfies our hypotheses Go, G3 and G4. Now as we are assuming [Q), D] = 1
we can use Lemma 4.7(c) and Corollary B.2 to see

Wi=[Z,D]#1 (Q<W < 0y(L)),
and also B B
C;(0s(L)) < Os(L)

so we have G; and Go also holding and so all of G is satisfied.
We now appeal to the minimality of |T'| to establish a contradiction and
so prove (4.28). As |Qqa+1| < |T| we get that either

L=S or L=Cyx58y.
So by Lemma 4.6 we have
W =[0a(L), 0*(L)] £ Oa(L"),
and W < Z,, implies Z, £ Oy(Lt). Now using (4.22) we have
O2(L) = (02(L) N Oz(L")) Za
Since Zo, < Q(Z(02(L))) we get
©(02(L)) = ®(02(L) N Oo(LY)),

and if we conjugate with ¢ we see that ®(Oy(L)) = ®(O2(Lt)). But now
— as in the proof of step (4.27) — ®(02(L)) is normal in (Gq,Gaty2) = G,
and Gs gives us that ®(O2(L)) = 1. This contradicts (4.27) and so we have
established (4.28).

We now show

Let 0 € A(a) and v € A(B)\{a}.
Then (Z,, Z) is not normal in L. (4.29)

We fix the notation
A(B) = {a,v,6},
and we set

Vg = (Za, 2, Zs) (2 Gp).

Now every z in QQ,\Qp interchanges v and § and normalizes L (from
(4.21)). Now if (Zq, Z,) is normal in L, then we also have (Z,, Zs) equal
to (Za, Z3), and so is normal in L. This implies that Vj is normal in L
(£ Go N Gp), which contradicts Theorem 3.7. This shows (4.29) and we

now show

Let b>4,a— 1€ Ala)\{a+ 1} and a — 2 € A(a — 1)\{a}.
Then (o — 2,a’ — 2) is a critical pair. (4.30)
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To prove this we assume that (a — 2,/ — 2) is not critical. Then Z,_5 <
Qo'—3 N Qu—2. Since by (4.20) o/ — 2 is conjugate to o we get

Za—2 < Qu-3NQu—2

Qo2 N Qur—1 from (4.20)
Go—1 NGy

ZaQur s from 4.11(b)

IN

and so we have

[Za—Qa Zo/] S [Zom Za’] S Za-

Hence Z,—9Z, (< Qa N Qa—1) is normalized by Z, and also by Q-1 (<
Ga—2NGy). Now (4.21) - (4.26) imply that Z,_2Z, is normal in L which
contradicts 5 and so (4.30) is proved.

Now for the following argument let o — 1 be in A(a)\{a + 1} and let =
be in L (< G,) such that

(a+1)"=a—1

Then
a—2:=(a+2)"

is adjacent to @ — 1 and is different from both « and o + 2.
Now we will show

b< 4 (4.31)

First we assume b > 4. Applying (4.30) we see («—2,a’ —2) is a critical
pair. We can therefore use Lemma 4.11 to see

In addition to this, b > 4 tells us Zp < Qu/—2, S0 we also have [Ro, Z/] =
1. Now we can use (4.21) - (4.26) to give us [Ra, L] =1 and

Ry < Z(Gat2N Gogt1),

since x is an element of L.

As we also have, from 4.11(a), that (a,a’) is a critical pair and there
exists o/ + 2 such that d(o/, o/ +2) =2 and (¢/ + 2, + 2) is critical. Now
we use the assumption that b > 4. Then we have Z /19 < @y —2 and so

[Ra, Zor42] = 1,
because Ry < Z,/_o. We therefore have

GOH—Q N Ga+3 = Qa—l-ZZa’JrQa (from 411(b)>
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centralized by Rj. It follows that Ry < Z(Gay2) and also Ry < Z(Ga—2)
after conjugation with x in L. This contradicts the action of Z,/_5 on Z,,
as in Lemma 4.11(b), (e) and (f). We therefore have proved (4.31).

We now are finally in a position to prove the theorem, by showing that
(4.31) and (4.28) contradict each other.

Because we have Q < Oy(L) < Qa2 we see that

Q, Zat2] = 1. (4.32)
Now we have to distinguish between two cases: Z,i2 f O2(L) and

Zat2 < O2(L).
In the first case Q41 = O2(L)Z4+2 and

L= (2L )0s(L) = CL(Q)Os(L).

This shows that O?(L) < COL(Q) since Q is normal in L. In particular
this means [, D] = 1, which contradicts (4.28).

We therefore only have to consider the second case Zo42 < Oz(L). Then
we have Zyy9 < Qq, and (4.31) and (4.20) show that we must have b = 4.
We can now use (4.30) to see that

Zoy2 ¥ Qa—2 = Qat2)e

and L** is a normal subgroup of index 2 in G_5. The subgroup

(Zas2)™) (< Go)

contains a Sylow 3-subgroup D2 of G,_2. Now as above, (4.32) and @ < Gy
show that [(Q), D2] = 1. This contradicts (4.28) since D is a Gy-conjugate
of the Sylow 3-subgroup D of G,. So the result is proved.

]

4.6.1 General Conclusions

In the general case, if [Z,, Zg] # 1, the amalgam method leads to the con-
struction of F-modules, namely for critical pairs (o, 8), Zg is an F-module
of

Xp = Xp/Cx,(Zp).

Even if [Z,,Z3] = 1 then if Vj is defined as in Theorem 4.13, it turns
out for critical pairs (a, 3) that Vj is a quadratic module for X5/Cx,(Vjs).
Then extra assumptions can be used to narrow down the possible groups.

4.7 Worked Examples

We give two examples of groups satisfying G: one example for H; and one
example for Ho. These are sourced from [7, pp. 299-301].

36



4: The Amalgam Method

4.7.1 Worked Example Satisfying G and H;

We will consider the case G = GL3(2). This is the general linear group of
degree 3 over [y, the field of two elements. That is, all invertible 3 by 3
matrices over Fo.

Denote

a b c
P = 0 d e |]|abcde f,gel,
0 f g

Then P; is a subgroup of G as if 1 and z9 are defined as:

a; bi C;
T = 0 d; e
0 fi g

Then we have
X 1 digi —eifi cifi —bigi biei —cid;

T, =~ 0 aigi —aie; ;

a;(digi — eifi) 0 —a; f; a;d;

where the denominator is the determinant of z; so is non-zero (as x; is in
GL3(2)) and because we are working in [Fy this is the identity element, so
the determinant of a:i_l is

det(z; 1) = (ai(digi — eifi))* = (det(z;))? # 0.

Therefore z; ' is in GL3(2) and in P;. We also get:

ap b az by co
X1 Ty = 0 d1 €1 . 0 d2 €9
0 fi »n 0 f2 g2
ajaz aiby +bide +c1fo ajca + biez + c192
= 0 dido + €1 fo dies + e1g9o e P.
0 Jida + g1 /2 fie2 + g192

We therefore have P being a subgroup of G.
Now denote Py as follows:

a b ¢
PQ:: d e f |CL,b,C,d,€,f,gEF2
0 0 g¢g
Similarly, for
a; b ¢
yi=| di e fi |,
0 0 g
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we have
X 1 eigi  —bigi bifi —cie;
Y = gi(arer — buds) —digi aigi cdi—aifi |,
9i\ ;€5 i (g 0 0 a;e; — bid;

and again as we are working in Fo and
det(y;) = gi(ae; — bid;) # 0
we must have the determinant of ¥, Las
det(y; 1) = (gi(aiei — bidi))? = (det(x,))?) # 0.
Therefore y; ! is in both GL3(2) and P». Finally we have

ar b1 az ba ¢
Y1-yYs = di er fi || d2 ex fo
0 0 o 0 0 g

aias + bidy aibs +bies ajco + blfz + c192
= dias +erdy dibs +e1ea dica+ei1fo+ fige | € Po.
0 0 9192

So P, is also a subgroup of GL3(2).

We now need to check 3 things: that G, P; and P» satisfy G, H; and G
is generated by P; and P».

Now define two mappings from P; and P, to SLg(2) the group of 2 by 2
matrices with entries in F5 and with determinant 1:

di e
@1 : Pp — SLa(2) @1(%)H< . ;.>;

and
i b
P S el (0.

€;
Now ¢1(z;) and p2(y;) are members of SLa(2) because:
det(z;) = a; - det(p1(z4)),
and

det(yi) = gi - det(p2(vi)),

and because x; and y; are members of GL3(2) we must have the determinants
of ¢1(x;) and @2 (y;) non-zero and so (because we are working over Fy) they
must be equal to 1. The mappings are clearly onto and they have kernels:

1 b ¢
ker(cpl) = 010 ’ b,c ey p =2 (5 x Oy
0 01
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and

1 0
ker(g02) = 01 | b,ceFy y = (5 x Ch.
0 0

— S~ O

Now ker(y;) has a complement in P; that acts faithfully on ker(p;) and
SO
P =5, P,

and our example satisfies H.
Now we calculate T, the intersection of P, and P,. Elements of T" are of
the form

a b c
0 d e
00 f

However, T is a subgroup of GL3(2) and so elements must have non-zero
determinant, and therefore a, d and f are all non-zero, and so are equal to
1. We therefore have

1
T := 0
0

O = Q

b
¢ | |a,byceFyp,
1

and as the order of GL3(2) is 168 (= 23-3-7) and the order of T is 8 (= 23)
T is a Sylow 2-subgroup of any subgroup of GL3(2) which contains 7. So T
is a Sylow 2-subgroup of P; and P, as required. The other conditions in G
are easy to see and so we need only now see that G is generated by P; and
Ps.

We see this by first noting

P[P [Saf

PPy = — — 72,
|1 P T 8

and then consider

G|
| PPy
168
2
< 3.

’G . <P1,P2>‘ S

As the order of G is not divisible by 16 (which would be needed if the index
of (P, P») in G were 2) we have G = (Py, P»). Therefore GL3(2), P; and
P, satisfy G and H;.
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4.7.2 Worked Example Satisfying G and H;

To see Hy we consider the case G = Sg, the symmetric group of degree 6.
Let
a:=(12) and  b:=(12)(34)(56).

Now consider the centralizers of these elements:
P :=Cg(a) and Py = Cg(b),

and consider an element of P;. Then under conjugation of x the set {1,2}
must be invariant. This is equivalent to the set {3,4,5,6} being invariant
under conjugation by x. Therefore the elements of Py are of the form (12)‘c
where ¢ = 0,1 and c is an element of the symmetric group on the elements
3, 4,5 and 6 (denoted Y3 456)). Therefore

Py = (a) x Y3456y = Ca x Sy,

and we get
O2(Pr) = (a) x ((34)(56)) x ((35)(46)).

We also get that
T := O2(P1)((34)),

is a Sylow 2-subgroup of P;.
Now considering P, we see that for x an element of G and defining

Q= {(12), (34), (56)} ,
we get that x is an element of P; if and only if
Q* =Q,
and hence P acts on §2. The kernel of this action is clearly
N = ((12)) x ((34)) x {(56)),

and we get
Py/N = 3q = Ss,

and so we see that N is in fact equal to Oz(FP2). We therefore have
T = N((35)(46)),

and this is a Sylow 2-subgroup of Ps.
We have P; and P, non-equal and as

|P:T|=3=|Py:T],

we get that, as required,
T=P N°P.
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We therefore have this example satisfying all of G and ‘H and we have
only to check that G is generated by P, and Ps.
As in the previous example we look at the index of (P;, P») in G,

< _la|
BERIETE]
6!

3-48
= 5

G (P, Py)

and because P; is not contained in Ag we see that in fact G is equal to
(Py, Py) and so Sg, Py and P, satisfy both G and Ha.
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Chapter 5

Generalizations and
Applications to Identifying
Groups

The idea of an amalgam can be extended to the idea of a general amalgam
over a connected partially ordered set. The definitions in this section are
from [4, Chapters 28, 29].

5.1 Generalized Amalgams

Definition 5.1. Let D be a set with a partial order <p. Then D is con-
sidered a connected partial order if and only if for any two elements a and
b of D there is a finite sequence xg, x1, ..., T, with zg and x, equal to a
and b respectively and, for all ¢, z; and x;41 are comparable.

We can now define an amalgam based on a connected partially ordered
set.

Definition 5.2. Let D be a connected partially ordered set. An amalgam
D (based on D) is a collection {X,}.ep of groups along with a collection
of group homomorphisms {04 }qpep With

a<b
6ab . Xa e Xb

which satisfy the following two conditions:

e For all elements a, b and cin D with a < b < ¢ the composition dp.0d,p
equals d4c, so Figure 5.1 commutes; and

e For all elements a in D we have J,, equal to the identity function on
X,.
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Figure 5.1: Commutative Diagram for a D-amalgam

We can denote D as D = {X,, 00} or D = {X,}.

We can think of the amalgam as towers of groups based on equivalence
classes of elements that can be compared. Unfortunately, because we are
considering a connected partially ordered set rather than a totally ordered
set the picture cannot be easily visualized. If we have a totally ordered set
the picture is clearer with a tower of subgroups arranged by order with every
subgroup connected to every subgroup ‘above’ it in the tower.

Just as with our previous notion of an amalgam we can also complete a
general amalgam:

Definition 5.3. Let D be an amalgam defined on a connected partially
ordered set D, groups X, and group homomorphisms d,;,. A completion
of D is a group H with a collection of homomorphisms

Na : Xg — H
for all @ in D which satisfy:
® 1y = Mmp 0 dgp for all a < b; so Figure 5.2 commutes; and
o H=(n.Xa)|a€D).

We now define the general amalgam of a group X.

Figure 5.2: Completion rule for a general amalgam
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Definition 5.4. Let X be a group, D a connected partially ordered set and
{X,}aep a family of subgroups of X indexed by elements of D. Let the X,
satisfy:

e X is generated by {X,}eep, that is

X =(Xq | a € D); and

o X, < X; whenever a < b.

Let gap : Xo — Xp for a < b be the inclusion map. Then D = {X,, jap}
is called an X-amalgam.

5.2 Comparing Completions and Universal Com-
pletions

We can compare completions by defining morphisms between completions:

Definition 5.5. Let {H,7,} and {H,7,} be two completions of an amalgam
D. A morphism of completions from {H,7,} to {H,7,} is a homomor-
phism

v.H— f[,

such that for every element a in D we have
Ne = ¥ o1n,.

We can define epimorphisms, monomorphisms and isomorphisms of com-
pletions by considering if W has the appropriate properties as a group ho-
momorphism. We now prove that any morphism of completions is actually
an epimorphism.

Lemma 5.6. Let ¥ be a morphism of completions from H to H. Then ¥
is surjective and H is contained in V(H).

Proof. Let h be an element of H that is not in W(H). As H is a completion
of an amalgam it is generated by the images of X, under 7, for all a in D.
Let

h= Na1 (Tay )Maz (Taz) = Nan (Tay ),

where each z,, is an element of X,,. Then as ¥ is a morphism of completions
we can replace each 7,, by ¥ o1, and so we have

h= (¥ 0 Nay (Tay ) (¥ 0 Nay (Tay)) -+ (¥ 0 Na, (Tay,))-

However, because ¥ and the 7,, are homomorphisms we get

h=Wo [77a1 (xa1>77a2 (xaz) © Nay, (:Ean)].
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But since {H,n,} is a completion, each element 7,,(x4,) is a member of H
and so

h=W(h)

where h is a member of H. This contradicts the assumption that h was not
in the image of H under V. The second results follows from considering the
images of each 7, (X,,;) under ¥, which generate H.

O

The idea of morphisms of completions leads to a very important concept
in amalgam theory - that of a completion being universal.

Definition 5.7. Let {H,7,} be a completion of an amalgam D. We say
that {H,n,} is universal if and only if for any given completion {H,7,}
there is a unique morphism of completions from {H,n,} to {H,7,}.

Proposition 5.8 ( [4, 28.2]). Let D be an amalgam. Then D has a universal
completion and it is unique up to isomorphism of completions.

Proof. We create the universal completion by creating the quotient of a free
product. Let D = {X,, 4} be an amalgam and let F' be the free product of
all the X;. Let K be the normal subgroup of F' generated by the elements

xiléab(x),

with z ranging over X, and a and b ranging over all of D with a < b. Let
H be the quotient F'/K with the obvious mappings of X; into H. It is clear
that H is a universal completion and the definition of a universal completion
along with Lemma 5.6 gives uniqueness.

O]

Definition 5.9. Let D be an amalgam. We denote the universal com-
pletion by {gp(D),{p .} where gp(D) is the group defined in 5.8 and

fD,a X, — gp<D>,

the homomorphsims.

5.3 Defining Amalgams

We make one more definition relating to types of amalgams.

Definition 5.10. Let D be an X-amalgam. We call D a defining X-
amalgam if and only if the injections of X; into X form a universal com-
pletion of D.

We prove a preliminary lemma.
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Lemma 5.11 ( [4, 28.4]). Let X be a group and let D be an X-amalgam
over a connected partially ordered set D. Let X, and T be the images of X,
and x in gp(D) under {p . Then

(a) There is a unique homomorphism 0p x from gp(D) into X mapping T
to X for every x in X, for all a in D. This Op x is surjective and is
a morphism of completions.

(b) The mappmg &p,a into the universal completwn is an isomorphism

of X4 with X for all a in D. Moreover, the X for a in D form a
gp(D)-amalgam D which is wsomorphic to D.

Proof. We have part (a) following immediately from the definition of the
universal completion.
For part (b) we construct the injections p x o {p , which inject X, into
X and the result follows.
]

We now provide equivalent definitions of a defining amalgam.

Lemma 5.12 ( [4, 28.5]). Let D be an X -amalgam. The following conditions
are all equivalent:

(a) The mapping 0p x defined in 5.11 is an isomorphism;

(b) D is a defining X -amalgam, that is, the injections of X, into X form
a universal completion of D; and

(c) If)? is a completion of D then any morphism XX of completions
is an isomorphism.

Proof. Since the maps 0p x are from X, into the universal completion gp(D)
we immediately have that (a) implies (b).

Now let (b) hold and let X be a completion of D. Then, because X is a
universal completion of D (by (b)), we have a map

gp:X—>)?.

Now let ) be a morphism of completions from X to X as in (c). Then we
can construct the morphism of completions

Yop: X — X.

However X is a universal completion so by definition there is only one
morphism of completions from X to X, that is the identity map and so ¢
must be injective. By Lemma 5.6 we have that ¢ is surjective and so it is
an isomorphism and (b) implies (c).

Finally, 6p x is a morphism of completions and so (c) directly applies.

Therefore (c) implies (a) and the equivalence is proved.
O
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5: Generalizations and Applications

5.4 The Coset Geometry and Coset Complex

We can now define the general amalgam analogue of the coset graph, the
coset geometry, and the topological idea of the coset complex.

Definition 5.13. We have for any X-amalgam D = {X,, .} based on a
connected partially ordered set D a coset geometry

I =T(D,X)=T(D).

This consists of vertices that are cosets of the X,’s in X. Two vertices, X,g
and Xph are connected by an edge if and only if a < b and X,9 C Xph or
b < a and Xph C X,g.

We say that a vertex is of type a if it is of the form X,g for some ¢ in
X.

Definition 5.14. Let D be an X-amalgam and define the coset complex
to be the simplicial complex whose vertices are the vertices of I'(D, X) and
whose simplices are the flags of I'(D, X)) (a flag is a subset in which any two
objects are incident). We denote the coset complex by

C=C(D,X) = C(D)

We have the following lemma that is important in the use of the coset
complex and coset geometry. They are similar results as to those already
proven regarding the coset graph.

Lemma 5.15 ( [4, 28.8]). Let D be an X-amalgam based on a connected
partially ordered set D. Then we have the following statements holding:

(a) T'(D, X) is a connected graph;

(b) X acts by right translation on T'(D) and C(D, X) transitively on objects
of a given type. For every element x in X, right translation by x pre-
serves incidence in I'(D, X) and preserves simplices in C(D, X) (that
18, sends incident vertices to incident vertices and sends simplices to
simplices);

(c) The stabilizer of a vertex in I'(D, X) of type a is conjugate to X, and
the kernel of the action of X on both T'(D,X) and C(D,X) is the
intersection of all conjugates of all X, for a in D.

Proof. Both (b) and (c) follow immediately from the definitions of I'(D, X)
and C(D, X).

We see (a) by noting that the connectedness of objects in I'(D, X)) is an
equivalence relation preserved by the action of X on I'(D, X'). Now pick a in
D and let 'y be the connected component of the coset geometry containing
the vertex X,. Then I'y is preserved under the action of the stabilizer of
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X, which is equal to X,. As D is connected, every trivial coset Xy, for b in
D is connected to X, and so is contained in I'g. Then the stabilizer of I'y
contains the group generated by all the X,, which is equal to X. However,
X is transitive on objects of a given type and so 'y = T', and hence (a)
holds.

O

We now give a few definitions pertaining to the coset complex.

Definition 5.16. Let C and C be simplicial complexes. We say a simplicial
mapping (one preserving simplices),

x:C—2C,

is a local isomorphism if for every vertex  in C and its image x(Z) in C,
X induces an isomorphism of simplicial complexes between the stars of these
vertices, st5(7) and ste (x(7)) (a star of a vertex z is a subcomplex of the
simplical complex composed of all simplices of which z is a vertex).

Definition 5.17. Let C and C be simplicial complexes. We say a simplicial
mapping (one preserving simplices)

x:C—2C

is a covering if and only if it is surjective on the mapping of vertices and
it is a local isomorphism.

We now define an important property of simplicial complexes.

Definition 5.18. Let C be a simplical complex. Then we say that C is
simply connected if and only if it is connected (in a simplical sense) and
whenever C is another connected simplical complex and y is a covering from
C to C then x is an isomorphism.

5.5 Applying General Amalgams to Identifying Sim-
ple Groups

In this section we look at ways general amalgams can be used to identify
groups, and in particular simple groups. We use the following key result.

Theorem 5.19 ( [4, 29.1]). Suppose we have the following conditions:
e G is a group and D = {X,} is an G-amalgam;

e Gisa group and D= {)?a} is a defining @—amalgam; and
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e D and D are based on the same connected partially ordered set D and
there exists a surjective morphism ¢ of amalgams from D onto D.

Then there exists a surjective homomorphism from G to G.

Proof. By the definition of a morphism of amalgams the morphism ¢ consists
of surjective group homomorphisms ¢, from X  to Xg with a in D. These
o make G a completion of D and so, because G i is a universal completion
of D there exists another homomorphism y from G to G such that for all a
inD

X‘)?a = Pa

We therefore have the image of X under x containing X, for every a
in D and, as these generate (G, we must have y an onto homomorphism, as
required.

O

5.5.1 Reyvisiting Defining Amalgams

As Theorem 5.19 relies heavily on the fact that one of the amalgams is a
defining amalgam we now look at two ways of determining if an amalgam is
a defining X-amalgam. First we consider the coset complex, and link being
a defining amalgam with the property of a simplical complex being simply
connected. Secondly we look at the connected partially ordered set D and
prove two results relating to amalgams defined on a superset of D.

Theorem 5.20 ( [4, 29.2]). Let D = {X,} be an X-amalgam over a con-
nected partially ordered set D. If the coset complex C(D, X) is simply con-
nected, then D is a defining X -amalgam.

Proof. Let X = gp(D), as defined in Definition 5.9, let X, be the i image of
X, in X for each a in D and let D be the X- amalgam comprising of the . X

Let 6 = 0p _x be the homomorphism defined in Lemma 5.11 from X to
X which is surjective. We aim to show that 6 is in fact an isomorphism,
and hence, from Lemma 5.21 we see that D is in fact a defining X-amalgam.
From Lemma 5.11 we see that for each a in D, the restriction

0| %, Xa — X,

is an isomorphism and so # sends cosets of )/fa to cosets of X; for all ¢ in
D and so induces a mapping which sends vertices of C (13, X ) to vertices of
C(D, X). Let this mapping be denoted by ©. It is clear that © preserves
simplices and is surjective on vertices of C. Finally, as we know that 0 is a
group homomorphlsm it is clear that © preserves the action of elements of
XonC by right translation and the corresponding action of elements of X
on C.
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We now show that © is a covering in the aim of using Definition 5.18 to
prove that © is an isomorphism and show this implies so is 6.

Because © preserves the action of the groups on the corresponding coset
complex it is enough to check that © is a local isomorphism on one vertex
in each X-orbit so we simplify matters by considering only the vertices X,.

Now let Xpx be a vertex in C not equal to X,. This vertex lies in the
star of X, if and only if either

(i) a <band Xz = Xy; or
(ii) @ >band z € X,.

These conditions translate immediately for C and s0 © is a covering due to
the fact 0] is an isomorphism for all i in D.

Now we know from Lemma 5.15 that because C and C are coset complexes
they are connected and by assumption C is simply connected and so © is an
isomorphism. We now need to see simply that 6 is injective to prove that D
is defining.

Let Z be any element in the kernel of . We aim to show that 7 is in fact
the identity. As Z is in the kernel of 6 its image, (Z) must act trivially on
C. However, O is an isomorphism which preserves the action of the groups
on the coset complexes and so Z must act trivially on C too. Then for any
a in D we must have T being a member of the subgroup )/i\'a and because we
know each 0| %, Isan isomorphism we get that T is the identity. Hence 6 is
an isomorphism and D is indeed a defining X-amalgam.

O

When paired with Theorem 5.19 this theorem provides a way of compar-
ing groups by considering coset complexes which may be easier to analyze,
particularly if the groups are of large order but the cosets are more manage-
able.

We now consider how a superset of the connected partially ordered set
D is related to the amalgam D.

Theorem 5.21 ( [4, 29.4]). Let D be a connected partially ordered subset of
the connected partially ordered set E and let X be a group with D = {X,}
an X -amalgam defined on D. Now for each b in E'\ D define the following
set, group and amalgam:

Dy = {a€D]a<b};
Xy = (Xo|a€ Dyp); and
Dy = {Xa | a € Db}.

Now assume the following conditions hold:

(i) For every b in E\D, Dy is connected and Dy, is a defining Xp-amalgam;
and
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(i1) Letting D* := {Xy | b € E}, then D* is a defining X -amalgam.
Then D is a defining X -amalgam.

Proof. Let X be gp(D), 0 the map Op x defined in Lemma 5.11 and 5(\(1 the
image of X, for all a in D.
For all bin E \ D let

Xy = (Xo | a € Dy),

a subgroup of X. Then we can use assumption (i) to see that for every b in
E\D, 9]5(; is an isomorphism to Xj.

Now we have proven in Lemma 5.11 (ii) that the same is true for elements
of D and so the inverses of the isomorphisms 0| <, for b in E make X a
completion of D*. By assumption (ii) # is an isomorphisms and so D is a

defining X-amalgam as required.
O

Corollary 5.22 ( [4, 29.5]). Let & = {Xa, €ap} be an X -amalgam based on
a connected partially ordered set E and let D be a connected subset of E.
Let D be the amalgam comprising of X, and €4 for all a and b in D. Then
if D is a defining X amalgam so is £.

Proof. This proof emulates the proof of Theorem 5.21.
O

The above results are used to identify defining amalgams. Then Theorem
5.19 with additional assumptions and specialized techniques can be used to
pin down the groups the amalgams are based on.
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Chapter 6

Conclusion

We now summarize the findings of this dissertation.

e An amalgam is a very natural way of thinking of a group ‘sitting inside’
two other groups and there is a logical idea of completing an amalgam.
The idea of an amalagam can be seen to have a practical application in
the identification of finite simple groups by considering the normalizer
of a Sylow 2-subgroup ‘sitting inside’ two maximal 2-local subgroups
and by using techniques such as the amalgam method to identify the
groups involved in the structure.

e The coset graph I' is a way of visualizing the structure of a group G
by considering how cosets of two subgroups, P; and P, interact inside
G. As we have seen this is always bipartite and there is an action of
G on its vertices and edges.

e The coset graph is inextricably linked to amalgams and their structure
- group-theoretic properties of G, P, and P» are linked with graph-
theoretic properties of I' - with one of the most noteworthy results
being that I' is connected if and only if G is generated by P; and P
(Theorem 3.6).

e The amalgam method relies on this link to analyze the coset graph and
deduce the structure of a group given a list of assumptions G. This is
done by considering critical pairs: pairs of adjacent vertices satisfying
a property equivalent to the desired conclusion.

e Both amalgams and the coset graph can be generalized leading to the
idea of a defining amalgam and coset complex. A defining amalgam,
in some way, defines the group on which it is based and this is linked
to whether the simplicial coset complex is simply connected. We can
extend the amalgam method in order to analyze simplicial complexes
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6: Conclusion

and thus deduce further structure of groups. This would be a very in-
teresting research area and has been used to clear up some recognition
issues in the proof of the classification of finite simple groups.
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Appendix A

Schur—Zassenhaus

For self containment, we include a proof of the Schur—Zassenhaus Theorem
4.4, as given in [7, 6.2.1].

A.1 Preliminaries

We first prove Dedekind’s rule, the Frattini Argument and Gaschiitz’s The-
orem (the Schur-Zassenhaus Theorem for K an Abelian subgroup of G).

Theorem A.1 (Dedekind’s Rule [1, 2.14]). For A,B,C < G and B < A
we have
AN (BC)=B(ANCQC)

Proof. Let bg be in B(ANC) with b in B and g in ANC. As g is in C we

have bg in BC and as B < A we also have bg in A so B(ANC) C AN(BC).
Now let a be in AN BC so a = bc for some b € B and ¢ € C. Then

bla=cisin Aandin C as B< Aso ais in B(ANC) and so

AN (BC)C B(ANCQO).

The result follows.
O

Theorem A.2 (Frattini Argument [7, 3.1.4, 3.2.7]). Let N be a normal
subgroup of G and P a Sylow p-subgroup of N. Then

G = Ng(P)N.

Proof. G acts on the set 2 = Syl (N) by conjugation, and the stabilizer of
P is Ng(P). We also have, from Sylow’s Theorems that N acts transitively
on €.
Now let g be an element of G. The transitivity of N on {2 produces an
element A in N such that
P9 = ph.
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A: Schur—Zassenhaus

However, then we have
pot = p

and so gh~! is in the stabilizer of P, Ng(P). We therefore have g begin in
N¢g(P)g which is a subset of Ng(P)N and so G = Ng(P)N.
O

Theorem A.3 (Gaschiitz [7, 3.3.1]). Let K be an Abelian normal subgroup
of G such that (|K|,|G : K|) = 1. Then K has a complement in G and all
complements of K are conjugate in G.

Proof. First we define a relation on S, the transversal of K in G. Let R and
S be elements of S and define

R|S = H (rs™h) (e K).
(r,s)eRxS
Kr=Ks

We define the relation by
R~ S<«<= R|S=1.

This is an equivalence relation on & and let us denote by R the equivalence
class which contains R.
Now
zR|zS = H z(rs Dzt = z(R|S)z 71,

(r,s)eERxS
Kxr=Kuxs

and so if R ~ S we also have xR ~ xS5. We can therefore define an action

of G on s/ ~ by .
ST =18,
Now let o be the automorphism of K sending [ to I!¢/%l and let
k= (RIS)™,
then R* = S and so K acts transitively on S/ ~. We also have
R|S=1=kR|S= k=1

and so the stabilizer of R in K is trivial and we can apply a generalized
version of Theorem A.2 to see that

Gp={r€G|zRIR =1},

is a complement of K in G and existence is proven.
Now let X be a complement of K in G and so for all x € X we have
zX = X and 2X|X = 1. We therefore have X = G and, as K acts

X
transitively and (G )})l = G5, we see all complements are conjugate.

O]
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A.2 Proof

We are now in a position to prove the main theorem.

Theorem A.4 (Schur—Zassenhaus [7, 6.2.1]). Let G be a group and K a
normal subgroup of G such that (|K|,|G/K|) = 1. Then K has a complement
in G. If in addition K or G/K is soluble, then all such such complements
are conjugate in G.

Proof. Let U be a subgroup of G and N normal in G. Then we have
UK/K=U/UNK and (G/N)/(KN/N)= G/KN.
Therefore U N K is a normal subgroup of U with
(U A K |U/U 0K =1,
and K N/N is a normal subgroup of G/N with
(IKN/N, |G/ N]) =1,

and so our hypothesis is inherited through taking subgroups and quotients
of G. If we also have K or G/K soluble then this property is also inherited.
We now induct on the order of G to prove existence of the complement.
We can therefore assume all groups of order less than G which satisfy the
hypothesis have the necessary complement. We can also assume that 1 #
K <G.
Now let p be a prime dividing the order of K and let P be a Sylow

p-subgroup of K. denote
U := Ng(P),

and first assume that U is not equal to G. Then by induction U N K has a
complement in U. Theorem A.2 give us that

G=KU=KUNK)H=KH.

We therefore have H another complement of K in G since H N K is equal
to H N (U N K) which is equal to 1.
Now assume that U = G. Then P and also

N =2Z(P), (#1)

is a normal subgroup of G. Let G := G/N, then by induction there exists
N <V < G such that V is a complement of K in G. However, then

VNK=N and G=KV

and so a complement of N in V is in fact also a complement of K in G. Now
if V' is not equal to G then by induction such a complement exists. If V' is
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equal to G then K is trivial and so K is Abelian and we can apply Theorem
A.3 to obtain the desired complement.

Now let K or G/K be soluble and we induct on the order of G to prove
that all complements are conjugate. Let H; and Hs be two complements of
K in G and let N be a minimal normal subgroup of G that is contained in
K. Once again set G := G/N and so H; and Hj are complements of K in
G. By induction there exists a ¢ in G such that

H{N = (HyN)9 = Hy'N,

and so Hy and Hs9 are complements of N in Hy{N. If N # K then H1N # G
and so by induction H; and HY are conjugate in H; N and so H; and Hy
are conjugate in G.

Now assume that NV = K. If K is soluble then IV is a soluble minimal
normal subgroup and so must be Abelian (in fact, Elementary Abelian) and
so Hy and H, are conjugate by Theorem A.3.

Finally, assume K is not soluble, so G is soluble. Then there must be a
normal subgroup A in G with K < A < G and G/A a nontrival p-group.
By Dedekind’s rule A.1 shows that H; N A and Hy N A are complements of
K in A and so by induction they are conjugate in A.

We therefore have (after conjugation)

HNA=Hy,NnA:=D<I <H1,H2>.

Now since H1/D = G/A = Hy/D there must exist Sylow p-subgroups P; of
Hl and P2 of HQ with
H; =DPF;.

Also, because (|K|,|H|) = 1 we see that P; and P, are Sylow p-subgroups
of Ng(D) and so by Sylow’s Theorems there must exist g in Ng(D) with
PJ = Py and so

Hy9 = DIPY = DP, = Hi,

and the theorem is proved.
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Coprime Action on G

We now give some results that facilitate proofs concerning @, and Z,.

Lemma B.1 ( [7, 8.2.1, 8.2.2(a), 8.2.7]). Suppose A acts coprimely on G.
Let N be an A-invariant subgroup of G with the action of A on N also
coprime. Let g be in G and be such that (Ng)* = Ng. Then there exists c
in Cq(A) such that
Ng= Nec.
It follows that
Co/n(A) = Cq(A)N/N.
It also follows that
G =[G, A]Cg(A).

Proof. As N4 = N and (Ng)4 = Ng we must have g°%¢~' in N for all a in
A.
In the semidirect product AG we get a 'gag~' in N and

A9 < AN,

Hence A and A9 ' are complements of N in AN and, using the fact A is
acting coprimely on G along with 4.4, they are conjugate in AN.
Thus there exists an h in N such that A" = A9, For ¢ := hg this gives

c € Nag(A)N Ny,

and [A,c] <ANG=1.
The second result follows immediately and the final result follows with
N =[G, A].
O

Corollary B.2 ( [7, 8.2.2(b)]). Let N be an A-invariant normal subgroup
of G. Suppose that the action of A on N is coprime. Then if A acts trivially
on N and G/N, then A acts trivially on G.
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Proof. This follows as a consequence of Lemma B.1 where we see that
Ca/n(A) = Cq(A)N/N.
O

Lemma B.3 ( [7, 8.4.2]). Let the action of a group A on a group G be
coprime. Then

G = Ca(A) x [G, A]

Proof. By Lemma B.1 we need only show that the intersection Cg(A) N
[G, A] = 1. To do this we consider the following endomorphism

p:G— G gr—>Hg‘”.
€A

Now consider a commutator g = [h,a] in [G, A]. We have

p(g) = p(h*)p(h™") = (H h‘”) (H h"”) =1,

z€A x€A
so [G, A] < ker(y).
Conversely, for g in Cg(A) we get

olg) = g

and
gl =1=g=1,

since (|A|,|G|) =1 hence g =1 for g in Cq(A) NG, A].
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