A PATTERN-MATCHING CALCULUS FOR *-AUTONOMOUS CATEGORIES

ABSTRACT. This article sums up the details of a linearcalculus that can be used as an internal
language of«-autonomous categories. The coherent isomorphisms associated with the autonomous
(= symmetric monoidal) structure are represented by pattern matching, and the inverse to the evident
natural transformatioms : A —— ((A — T) — T) is represented by a type-indexed family of
constants : ((A—oT) — T) — A.

The calculus presented in this article is no great novelty. It is essentially DILL [1] minus additives,

plus extended pattern-matching and a type-indexed family of congtant§(A — T) — T) — A.

It can also be seen as Hasegawa’s DCLL [2] minus the additive functions spaulas pattern match-

ing and the multiplicative conjunctiop. The main purpose of our calculus is the rapid verification of
equalities in autonomous ardautonomous categories. To this end, we emphasize pattern matching,
which in is very useful in practice, more strongly thanlin [1][or [2]. (A note to the impatient: the
translation of categorical expressions into our calculus is presented in Table 5.)

Autonomous categoig another word for “symmetric monoidal category*autonomous category
is an autonomous category together with an objecsuch that the evident natural transformation
na:A— (A— 1) — 1 hasaninverse.

We shall present a calculus for autonomous categorieguteomous calculysind discuss the
equational laws for the family of constards : ((A — T) — T) —— A which represents the
inverse of the natural transformatign A —— ((A —- T) — T).

The syntax of the autonomous calculus is as follows:

Types A B:=A—-oB|A®B|T|b
Patterns P,Q:=x|(P,Q)]()
Terms M,N :=2|AP: AM|MN|(M,N)|()|c*

whereb ranges over base types artiover constants of typd. The typing rules for patterns are

x:blpx:b zr:A—oBF,z:A—B

'-,P:A AH,Q:B .
if dom(T") N'dom(A) =0 C0.T
I'AF, (PQ):A®B p ()

(The capital greeks lettef§ A range over non-repetitive sequenags A1, xo : Ay, ..., 2, : A, Of
typed variables, andom(I") is the set of variables that occurin) Note that in a pattern we allow
only variables whose type %ot of the form T or A ® B. Also, note that for every typd, there a
unique patterrP, for which some judgemeiit -, P4 : A is derivable—up to renaming the variables
in dom(T").
The typing rules for terms are presented in Table 1. The notafipA™ stands for any merging of
1
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z: Az A

' A\FM:B
THFAP:AM:A—oB

AF,P: A

I'-M:A—-B AFN:A
I'iA+ MN : B

if dom(T") N'dom(A) =0

I'M:A AFN:B
TSAF (M,N): A® B

if dom(T") N'dom(A) =0

F(O:T

TABLE 1. Typing judgments of the autonomous calculus

I’ andA. For example, we allow
x1: A, 20 Ag - M A y1: Bo,y2: Bo - N: B
y1: Bi,x1: A1,y2: Ba,wo: Ao (M,N): A® B
Thus, the permutation rule

'EM:A
I'-M: A
is derivable by induction over typing judgements. The autonomous calculus is linear in the sense that,
in a derivable judgement - M : A, every variable il" has exactly one free occurrencefifi. So
every judgement' - M : A has a unique derivation, because in the binary typing rules (application
and pairing) it is determined for each free variable whether it comes from the left premise, or from the
right.
We uselet P : Abe M in N as “syntactic sugar” fo(\P : A.N)M. The equations of the au-
tonomous calculus are presented in Table 2.
A signatureX consists of a collection of base typleand a collection of constants.

if IV is a permutation of

Definition 1. An autonomous theorgver a signature is a set of judgments - M = N : A, where
I'M:AandI' - N : A are derivable typing judgements ovey such thats is a congruence that
contains all equations described in Tehle 2.

Proposition 0.1. The equations in Tab[g 2 are interderivable with the equations in Table 3.

Proposition 0.2. In every autonomous theory, ti¥erule let x be M in N = N[M /z] holds.

Proof. By induction over the derivation a¥. O
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AssocC let Q be (let Pbe Lin M) in N = let P be L in let Q be M in N if FV(P)NFV(N) =10

ID letPbe M inP=M
PAT let (Py, Py) be (M, My) in N = let Py be My in let Py be My in N if FV(P) NFV(Ma)
PaT, let (Py, Py) be (M1, Ms) in N = let Py be My inlet Py be My in N if FV(Py) NFV(M;
PAT+ let(be()inN =N

n AP.MP = M if FV(P)NFV(M)
LET, let Q be M in \P.N = \P.let Q be M in N if FV(P)NFV(M)

=2 =

TABLE 2. Equations of the autonomous calculus

~—

0
0

ID let Pbe M in P =M

PAT let (Py, Py) be (M, Ms) in N = let Py be My inlet Pobe My in N if FV(P) NFV(Ms) =0
PAT+ let )be()in N =N

n AP.MP = M if FV(P) NFV(M) =
LET, let Q be M in \P.N = A\P.let Q be M in N if FEV(P)NFV(M) =
LETapp let Pbe Lin MN = M (let P be Lin N) if FEV(P)NFV(M) =
LET0p let Pbe Lin MN = (let P be L in M )N if FV(P)NFV(N) =
LETpair let Pbe Lin (M,N)= (M,let PbeLinN) if FEV(P)NFV(M) =
LET i let P be Lin (M, N) = (let P be L in M, N) if FV(P) NFV(N) =

TABLE 3. Alternative equations for the autonomous calculus

Now for the semantics of the autonomous calculus.

Definition 2. An interpretationof typing judgments over a signaturein an autonomous categoy
sends

e each typed of 7 homomorphically to an objegt4 | of C,
e each environment = z; : Ay,...,z, : A, to the object{4;| ® --- ® |A,]| (Where®
associates to the left, say, and the empty producdjsand
e each judgemert - M : A toamorphismI'+ M : A| : |[I'] — |A] according to the
rules in Tablé}.
(Thus, an interpretation is uniquely determined by its effect on base types and constantiglaf

an autonomous theof is an interpretation— | such that, for every equatidh- M = N : Ain T,
itholds thatI' - M : A] = |[I'F N : A].

0
0
0
0
0
0
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lx: AFx: A =id| 4]

T, A M : B —f:|[,A] — |B]
ITFAP:AM:A— B :A(LFJ@{AJ%{F,AJ I, LBJ)

Il M:A— B] =f:|l|] — |A] — |B]

|AFN:A] =g:|A] — |A]

[[sA F MN: B = [n.a)= 1) o [A] 2% (4] = [B) @ (4] 2 |B)
[CHEM:A] =f: ] — [A4]

|[AFN:B] —g:|A] —

I
DA (M,N): A® B] =|I,A]=[|®

IF(O:T] =idT

TABLE 4. Semantics of the autonomous calculus

Proposition 0.3 (Soundness)For every interpretation —] of typing judgements over a signature
Y, the well-typed equations - M = N : A such thatil'- M : A = |[T'F N: A] form an
autonomous theory.

Theorem 0.4(Completeness)Suppose that - M : AandI' = N : A are typing judgments of a
theory7 . If the equation’ - M = N : A holds in every model df, thenitis in7.

Proof. We present a term model @f. A categorical languagés given by the grammar

Types A,B:=A—-B|A® B|T|b

Terms fogu=idalgo flg® flaap.clhalpaloa s\ flapply a4 glh™

(with the evident typing rules) wherteranges over base types ahdanges over generators of type
A —— B. Areverse interpretatiosends

e every typeA of the categorical language to a typd| of the autonomous calculus, homo-
morphically {.e., it does nothing but exchange base types)

e every termf : A —— B of the categorical language to a tefrfi] : [A] — [B] of the
autonomous calculus, according to Tdhle 5.

It is easy to check that, for every reverse interpretation, the categorical language, modulo the in-
duced equalityf = g < [f] = [g], forms an autonomous category.

To prove completeness, we start with the categorical language whose base types are Those of
and whose generators are of the fohmm: T —— A for every constant : A of 7. Let [—] be
the reverse interpretation that sends each base type to itself, and each génerator—— A to

B
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[idg : A —— A] =A\P:[A].P

[gof:A—C] =AP:[A].[g] ([f]P)

[f1®fa: A1 ® Ay — B1 ® By = NP1, P2) : [Ar] @ [As] ([ f1] P, [ f2] P2)
[a: A (BRC) — (A®B)®C| =XP,(Q,R)):[Al® ([Bl®[C]).(P,Q),R)
AN TRA— A] =X(),P): T®[A].P

[p: AT — A] =P ():[A]®T.P

[c:A® B— B® A] =AP,Q): [A]®[B].(Q,P)

[AMf:A—— (B —C)] =AP:[A].AQ: [B].[f](P,Q)

lapply s : (A — B)® A — B] =A[f,P): (J[A] — [B])® A.fP

TABLE 5. “Reverse interpretation” (used e.g. in the term-model construction)

A() : T.c. Thenitis not hard to show that the induced autonomous category forms an initial model of
7. O

Now we make the step from autonomous categoriesdaatonomous categories. sAautonomous
category is an autonomous category together with an ohbjestich that, for every object, the
evident mapny : A —— ((A — 1) — 1) has an inverse. In the autonomous calculys,is
AP : AXk: A — L.kP. We represent its inverse by a constént: (A — L) — L) — A. Thus,
the categorical equations

Caomna=ida
naoCa=id(g—l)—l
(after simplification) correspond to
AP:ACA(M\k: A —o LkP)=AP: AP
M (A—o 1) —o LMk:A— LE(Cah)=Ah:(A— 1) — L.h
in the autonomous calculus. The first equation is interderivable with
Ca(MAk:A— LLEM)=M C-ApPpP

where M ranges over terms of typ@ (with no free occurrence of), and the second equation is
interderivable with

K(CaM)=MK C-E1A

whereM ranges over terms of typel — 1) — | and K ranges over terms of typé — 1. (Of
course, we must hadéV (M) N FV(K) = (.) Thus we obtain:

Theorem 0.5. The autonomous calculus together with a typand a type-indexed family of constants
Ca: ((A — 1) — 1) —o A satisfying the rule€-AppandC-ETA is sound and complete for
autonomous categories.
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The use of the law-ETA is unpleasantly restricted becausanust have typel — 1 rather than
A —o B for arbitrary B. This restriction is lifted by the following law:

N(CaM)=Cp(Ak: B — L.M(koN)) C-NAT
To see that this law holds, consider
N(CaM) =Cp(Ak.B — L.E(N(CM))) C-ApPP
=Cp(Ak.B — L.(ko N)(CM))
=Cp(Ak.B — L.M(ko N)) C-ETA

(The lawC-NAT is called so because it essentially encodes the fact that the type-indexeddamily
represents a natural transformation.)
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