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Exercise 2.1
Given a ranked alphabet Σ = {f (1), g(2), a(0)} and a set of variables V = {X,Y } and do the follow-
ings:

(a) State the arity of all the function symbols.

(b) Construct TUF,V .

(c) For two terms give the set of their sub-terms.

Exercise 2.2
For the following pairs of terms find a unifier if possible and if not justify why it is not possible.

a) f(x, y) and f(g(y), b)

b) f(x, y) and f(g(y), g(x))

c) f(b, y) and f(g(y), b)

Exercise 2.3
For each of the following cases compute the tθ and state the domain, co-domain and range of
substitutions.

a) t = f(x, y) and θ = {x/b, y/a}
b) t = f(x, h(y)) and θ = {x/h(y), y/a}
c) t = f(h(x), g(x, y)) and θ = {x/b, y/h(y)}

Exercise 2.4
Find two terms s and t such that s is an instance of t but s and t cannot be unified. Explain your
answer.

Exercise 2.5
For the following terms s and t determine whether s is a variant of t, t is a variant of s, s is an
instance of t or s is more general than t (where x, y and z are variables):

a) s = f(x, a(y, z), y) and t = f(b(x), a(c, b(x)), c)

b) s = g(a(x), x) and t = g(y, a(y))

c) s = h(b(x), a(z, y)) and t = h(b(y), a(z, x))

Exercise 2.6

(a) Compute the substitution compositions θ(ητ) and (θη)τ , where x, y and z are variables and

θ = {y/a(z, x), x/z} η = {x/y, y/g(z)} τ = {z/h(b), y/z, x/a}

(b) Prove that for arbitrary terms t and substitutions δ1, δ2:

(tδ1)δ2 = t(δ1δ2)

Hint: Use structural induction.



(c) Prove that substitution composition is associative, i.e.,

θ(ητ) = (θη)τ

for arbitrary θ, η and τ .

Hint: Use structural induction.

Exercise 2.7
In the proof of the termination of the Martelli-Montanari algorithm, a lexicographic ordering on
triples of the form (uns(E), lfun(E), card(E)) is used. Show examples why orderings on triples of
the form (lfun(E), uns(E), card(E)) or of the form (uns(E), card(E), lfun(E)) would not work.

Exercise 2.8

(a) Use the Martelli-Montanari algorithm step by step to unify the following pairs of terms with
variables x, y, z and u and function symbols e(4), f (3), g(1), h(1), p(2), r(2), a(0), b(0) and c(0).
For each step indicate which rule you have used and the triple (uns(E), lfun(E), card(E)) of
the termination proof for the Martelli-Montanari algorithm.

a) f(g(x), g(c), y) and f(g(g(y)), x, a)

b) e(b, x, x, y) and e(b, g(y), g(g(z)), g(a))

c) f(x, y, b) and f(p(y, u), r(z, u), b)

d) f(x, g(z), g(z)) and f(h(y), y, g(h(x)))

e) s and t that you have chosen for the exercise 2.4

Give the corresponding most general unifier (mgu) or give the reason why the terms are not
unifiable.

(b) For pair c) in previous part, the Martelli-Montanari algorithm succeeds. For this case give four
unifiers and show that the computed mgu is actually more general than the unifiers you gave.

(c) Use prolog to write the following program and then run the given query and report and justify
the result.

thesame(X,X).

?− thesame(f(X, g(Z), g(Z)), f(h(Y ), Y, g(h(X)))).
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