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Judgements

Per Martin-Lof (1983)
Develops Kant's notion of judgement to hypothetico-general
judgement
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Examples

Hypothetical Judgement:
JFK

General Judgement:
AIECK(m)

Hypothetico-General Judgement:

Apecd(z) FK
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Logical Framework

e Logical frameworks formalize Martin-Lof's notion of
hypothetico-general judgement

e 'Logical Framework = Language + Representation’

e LF = MAII + judgements-as-types
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MI-calculus

e Ml is a first-order dependent type theory with signature 3
e MII has three levels:

e Objects;

e Types (which classify objects);

e Kinds (which classify families of types).
e Terms:

e \v:A.M:Ilx:A.B
e \1v:A.B:Ilx:A. K.
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Judgements-as-types

Judgements can have the form:
true:o — Type

Inference rule:

‘U ‘U

D)
H¢Z (;51 e Jn(¢n)
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Example

MP
Encoded as:
MP:1lyy. - true(¢p) — true(¢ D1p) — true(v)

Instantiate:

(M P)(p)(q):true(p) — true(p D q) — true(q)

Given proofs ® and W, we have:

(MP)(p)(q)(®)(¥):true(q)
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Judgements-as-types Correspondence

Given a derivation ®:

(X) J1(e1), - in(¢n) For i(0)

this corresponds to a derivation

PX: T :j1(¢1)7 <o T Jn(¢n) l_EOT M<I> J(¢)

in A\II
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Representation Theorem 1

The above example illustrated the correspondence between
the derivation of a proof (term) in AI and a proof in first
order natural deduction system.

Theorem (Harper, Honsell and Plotkin (87))

For every proof

O:(X) true(¢q),...,true(¢,) Fnp true(o)

in first-order natural deduction, there exists a (proof) term Mg
such that

Ix,xi:true(gr),. .., xy true(én) Fuyp, Mo true(o)

is a derivation in \II.
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Representation Theorem 2

e The previous theorem only showed a correspondence between
proofs of a first-order natural deduction system and (proof)
terms of AIL

e The correspondence between (proof) terms of AIl and proofs
in the object-logic is also of interest.

e We have the following theorem:

Theorem (Harper, Honsell and Plotkin (87))

For every canonical term of type true(¢) in AIl, with derivation
Cx,z:true(gr),...,x, true(dn) Fxyy, Mo :true(o)

there is a proof

O:(X) true(¢r),...,true(¢dn) Fnp true(o)

of ¢ in first-order natural deduction. BATH



Dealing with Modalities

Judgements:
valid:o — Type true:o — Type

Natural Deduction rules:

valid(¢)

" or
valid(Og)

Encoded rules:

O I:T0,.,.valid(¢) — valid(Og)
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Representation Theorem for S4

Theorem (Avron, Honsell and Mason (87))

There is a surjection between proofs of ¢

$:(X) valid(¢1),...,valid(¢,) Fgq valid(¢p)

and derivations of (proof) terms Mg

Ty, z1:valid(¢r), ..., valid(¢n) Fxg, Mo :valid(¢)

e Here we do not have a bijection between proofs in S4 and
(proof) terms in AII. We only have a surjection.
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Towards a Theory of Representation 1

Proving that a proof @ in the object-logic corresponds to a
derivation of a (proof) term Mg in Al is ‘easy’
proof-theoretically.

Proving that a derivation of a (proof) term Mg in AII
corresponds to a proof @ in the object-logic is ‘hard’
proof-theoretically.

Proofs usually involve analysing normal forms for derivations
in the framework and have been done in an ‘ad hoc’ way.

A semantic approach to these proofs is more natural (and
‘easier’).

This approach will provide a uniform methodology to obtain
these results.



Towards a Theory of Representation 2

Want a semantic framework which will provide a uniform way
to obtain representation results.

We sketch the development of this framework.

Semantic models need to capture consequence.

LF captures judged consequence, i.e. hypothetico-general
judgements.

e Thus we always work in judged proof systems, Or.
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Towards a Theory of Representation 3

We need a model over both the object-logic and the encoded
logic.

The encoding should induce a morphism between these
models.

This means our models must live in the same category.

Our models are (strict) indexed categories.

They are ‘in-between’ the contextual categories of Cartmell
(86) and their reformulation by Pitts (00).
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Towards a Theory of Representation 4

This leads to the following diagram:

Or < - Yo,

Kripke Models

Kripke Models
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Kripke Models 1

We use a slightly unusual notion of Kripke partiality.

We usually think of a proof being defined at all worlds in the
Kripke model.

Here the world tells us which proofs are defined at that world.

Thus not all proofs are defined at every world.
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Kripke Models 2

We exploit the constructive nature of AIL

The construction of a (proof) term Mg :j(¢) at a world w
corresponds to having a proof for j(¢) in the object-logic.

We interpret

[[FX7 X1 :jl((z)l)a <oy I Jn(¢n> l_EOT M@ J(¢)]]w

as follows.

The worlds in the Kripke model tell us which x's get
interpreted. The interpretation of x; corresponds to a proof of
ji(¢i) and thus the interpretation of [z;:];(¢);]"".

Thus at the world where all the z's get interpreted (and hence
we have proofs of all the j;(¢;)'s), we get

[Cx,z1:j1(d1), - -+, Zntin(dn) Fso, Ma:j()]”

interpreted and thus the proof of j(¢) defined. s BATH



Definability

With this notion of Kripke partiality in mind, we talk about
when proofs are defined in our model.

This naturally leads to the question being formulated in terms
of logical relations.

Have defined the correct notion of logical relation for the
AlI-calculus and proved the fundamental lemma.

This has not yet been done for a judged object-logic.



Main Result so far

We take our object-logic as {V, D }-fragment of minimal
first-order logic.

This is the internal logic of AL, i.e. itis in
propositions-as-types correspondence with AII.

We use the propositions-as-types correspondence as our
representation mechanism.

This means that the encoding function is a bijection.

This representation induces a morphism between the
respective Kripke models.

This morphism is an isomorphism, called the
propositions-as-types isomorphism.



The Propositions-as-types Isomorphism

Theorem

Representing the {¥, D }-fragment of minimal first-order logic with
the propositions-as-types correspondence induces an isomorphism
between the respective Kripke models.

rops-as-types correspondence
v, o) prop yp p

Yy, D}

‘Hyperdoctrine’ < - > Kripke Model
props-as-types iso
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Generalizing the Propositions-as-types
Isomorphism

e The judgements-as-types correspondence is a generalization of
the proposition-as-types correspondence.

e The morphism between models that the judgements-as-types
correspondence induces is in general not an isomorphism.

e Morphism is an epimorphism in general, this corresponds to
the notion of a uniform encoding, i.e. a surjective encoding
function.
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Uniform Encoding

In general, we want our encoding to be uniform.
This means that the encoding function is surjective.

The surjectivity means that each (proof) term Mg in AIl has
come from a proof ¢ in the object-logic.

This is the minimum condition with which we have something
useful to work with.

A uniform encoding will induce an epimorphism between the
respective Kripke models.



Generating Judged Proof Systems

We wish to prove representation results for classes of
object-logics in a uniform way.

Thus we need to have classes of specific object-logics.

To obtain these classes of object-logics, we use labelled
deductive systems.

We use labelled deductive systems since they were developed
with this r6le in mind and they provide a uniform
characterization of a wide class of non-classical logics.



Introducing Labelled Deductive Systems

We extend our diagram to include labelled deductive systems.
Or < - Xor

Kripke Models Kripke models
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Ongoing Work

e Prove representation theorems for classes of object-logics in a
uniform way using the semantic framework just outlined.

e Study the effect of encoding on normalization.

e View this work in terms of logic programming. The encoded
rules are essentially Horn Clauses. Can proof procedures in the
object-logic be lifted to the encoded logic and exploited more
generally?



