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This paper, “Functorial Kripke-Beth-Joyal models of the All-calculus II: the LF logi-
cal framework” (henceforth abbreviated to II), is second in a sequence of three connected
works, beginning with “Functorial Kripke-Beth-Joyal models of the All-calculus: type the-
ory and internal logic” (henceforth abbreviated to I1I) [PP06] and concluding with “Functo-
rial Kripke-Beth-Joyel models of the All-calculus III: logic programming and its semantics”
(henceforth abbreviated to IIT) [PymO01]. It is concerned with the basic model theory of the
LF logical framework. Here we are concerned with logical frameworks in the original sense
introduced by Avron, Harper, Mason and Plotkin in [HHP87, HHP93, AHMP92, Pym90|
and developed from the point of view of encoding or representation, in [AHMP9S].

This paper builds on the work of I, in which we present the model theory of I and its
internal logic. In I, we present a categorical semantics for AIl and prove that this semantics
together with a suitable notion of satisfaction was sound and complete. We also gave a cate-
gorical semantics to the internal logic of AII using the propositions-as-types correspondence
an isomorphism of models is induced.

In this paper, we generalise this result and show how a ‘generic’ logic can be represented
in AIT using the judgements-as-types principle which is a generalization of the propositions-
as-types correspondence. The following diagram helps to explain the layout and purpose of
this paper:

7DC)T EPOT

Or

)

Kripke Models

Kripke models

Here Op corresponds to a logic which is defined using the labelled deductive systems
of Basin, Matthews and Vigano [BMV96, BMV97, BMV98, Vig00]. Labelled deductive
systems are defined in a way that is neither purely syntactic or purely semantic. A formula
is labelled with a world and relations between worlds are used to define connectives. The
Kripke semantics of a particular logic provide the information to describe the relation on
worlds which defines a connective. Labelled deductive systems provide a means to classify
a wide range of logics. We are using them as a way of characterizing a class of logics which
can then be suitably encoded into a logical framework.

Logics which can be defined in terms of a labelled deductive system are by no means
all of the logics which can be written down. However they do capture a lot of logics in a
systematic way and this is why they have been used as a means to describe a ‘generic’ logic.
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The work in this paper needs to be done in a systematic and non ad-hoc way. One way of
avoiding an ad-hoc approach is to use labelled deductive systems and this has been taken
here.

From the labelled deductive system, a proof system is extracted. This proof system
will either be a Hilbert-type system, natural deduction system or a hybrid of the two.!
This extraction provides POr in the above diagram and we will study arrows 1 and 2.
We are looking for soundness and completeness results for the correspondence 1 and their
semantic equivalents for the correspondence 2, adequacy and faithfulness. Understanding
correspondence 2 will allow us to see in what sense our Kripke models are related to the
traditional Kripke semantics.

So far, we have just been concerned with attempting to classify, systematically, a large
range of logics. Now, we are interested in how to encode a judged Hilbert-type system,
natural deduction system or a hybrid system, PO, into LF. The correspondence 3 involves
proving soundness and completeness for a proof system obtained from a labelled deductive
system with respect to a Kripke model. The Kripke model presented here is similar to the
Kripke models presented in . We want this to be the case because we wish to consider them
as objects in a category of (Kripke) models and wish to study (generalized) isomorphisms
(arrows) between them.

The correspondence 4 is the encoding or representation of the object-logic in LF. We
are interested what effect the properties of the representation have on the soundness and
completeness results for both the proof system and the encoded logic. The representation
can either be faithful or adequate. Adequacy being the strongest condition guarantees that
everything which can be proved in the proof system can be proved in the encoded system
and vice versa. State completeness induced result here

5 is the soundness and completeness result for the encoded logic. This is shown with
respect to the Kripke model presented in I. We are interested in what effect a completeness
result here has on the completeness result for POr.

Correspondence 6 is the morphism between the Kripke models for POr and the Kripke
models for ¥p... We showed in I that this morphism is an isomorphism if POr is the {V, D }-
fragment of minimal first-order logic and 4 was the propositions-as-types correspondence. In
general we investigate what type of morphism is induced from different choices of 4.

The third paper in this sequence, “Functorial Kripke-Beth-Joyal models of the AII-
calculus III: logic programming and its semantics” [PymO1] (henceforth abbreviated to III),
provides ...

ndeed, it seems that, [Pfe95] not withstanding, LF does not provide a satisfactory metatheory for
presentations of logical systems based on sequent calculi [Gen34].



2 Introduction to the LF logical framework

2.1 Introduction

In this section, we provide an introduction to the idea of logical frameworks, including both
their logical and computational motivations.

Logically, the idea of a logical framework can be seen as arising from Martin-Lof’s intu-
itionistic theory of iterated inductive definitions [ML71, ML75], in which form and inductive
definitional status in the natural deductive rules is considered. In other words, Martin-Lof
considers a formal metatheory of inference rules. This theory is further developed to provide
justification for logical rules by extending Kant’s notion of a judgement [Kan00] in [ML82].

Computationally, the need for a formal account of the relationship between a logic and
its metatheory arises from the desire, in computer science, to manipulate representations
of logics and other formal systems. Here we are mainly concerned with logics? In order to
represent a logic to a machine, the logic must be described in a programming language or
metalogic. Moreover, if we are to understand the resulting program, we must have a fixed
mechanism for describing logics in the metalogic.

2.2 The notion of a framework

In order to describe a framework, we must [IP98] have methods of:

1. Characterizing the class of (object-)logics to be represented;

2. Describing a metalogic or language, together with its metalogical status vis-a-vis the
class of object-logics;

3. Characterizing the representation mechanism.

We remark that these components are not entirely independent of each other.
The above prescription can be summarized by the slogan
Framework = Language + Representaion

In § 2.3, we describe the LF logical framework, for which AII is the language and
judgements-as-types the representation mechanism.

2.3 The LF logical framework

In this section, we provide an overview of the LF logical framework. In the sequel, we provide
a detailed account of the framework from both proof-theoretic and model-theoretic points
of view.

2Qur conception of logic here is a broad one. For example, in the sequel, we shall consider the linear
A-calculus with equality judgements. Such judgements can be considered to be propositions (c¢f. [MM91]).



One representation mechanism is that of judgements-as-types [HHP93], which originates
from Martin-Lo6f’s [ML85] development of Kant’s [Kan00] notion of a judgement. The two
higher-order judgements, the hypothetical J = K and the general Az € J. K(z), correspond
to ordinary and dependent function spaces respectively. The methodology of judgements-
as-types is that judgements are represented as the type of their proofs. A logical system £
is represented by a signature which assigns kinds and types to a finite set of constants that
represent its syntax, its judgements and its rule schemes. An object-logic’s rules and proofs
are seen as primitive proofs of hypothetico-general judgements, A cc . J(x) F K. Represen-
tation theorems relate consequence in an object-logic -, to consequence in an encoded logic
l_zﬁ .
The judgements-as-types notion of representation, described informally for LF in
[HHP93|, begins with Kant’s formulation of logic [Kan00], as developed by Martin-Lof
[IML85]. We contend that it is important to formulate this idea in two steps — identifi-
able formally for LF in [HHP93] only for particular cases of (classical) first- and higher-order
natural deduction — as follows:

1. Consider object-logics as systems for deriving not propositions but rather judged propo-
sitions;

2. Consider a correspondence between judged propositions and types in the language of
the framework constructed over a signature containing type-constructors corresponding
to each judgement form of the object-logic.

With this formulation, LF’s representation of object-logics now goes as follows:
An object-consequence, in logic £, is written

0: (X7j1(¢1)7 te 7jm(¢m) }_EJ(Qb))a

where j; and j are judgements, X is the set of variables that occur in the formulae and ¢ is
a proof-object. This object-consequence corresponds, in the language of the framework, to
a meta-consequence

FX> hn :j1(¢1)7 s Ym Jm(¢m) I_EL M :j(GX(Qb)),

where I'x corresponds to the set X of variables, each y; corresponds to a place-holder for the
interpretation of a proof of each j;(¢;). My is a AlI-term corresponding to the proof-object &
and ey is the encoding function for the language.

The propositions-as-types correspondence for the {V, D }-fragment of minimal first-order
logic is the special case in which each j;(= j) = proof.

We sketch the encoding function as follows: For any x € X, ex(z) = x and for any logical
connective p#, ex(p#1) = #ex(P)ex (1), where # on the right hand side is a constant in
AL

Roughly speaking, LF is concerned with those Hilbert and natural deduction systems for
which the correspondence is uniform [HST94]® The basic idea is that an encoding ¥, of a

3This notion appears to require some adaptation for our formulation.



logic £ is uniform if there is a surjection from consequences

0 (X,j1(¢1)7 tet 7Jm(¢m) |_£J(¢>)a

in £, to consequences

FX7 Y1 3j1(¢1)7 s Ym Jm((bm) I_EL M(5 :j(EX(¢>>a

in 25.

One property of this form of representation is that the encoded version of an object-logic
inherits the structural properties, such as weakening and/or contraction, of the language of
the framework. For example, suppose that ¥, is a uniform encoding of £, and that

Ix,Tabs, Ms:j(ex(9))

is the image of the object-consequence

0:(X, AtLj(9)),

where ¢ should be read as the realizer of the consequence.
In AII, weakening is admissible, so that if

I'x,Tatbs, Ms:jlex(9))

is provable, then so is
FX7 FA; F@ |_ZL M5 J(EX(¢))

(provided I'x,T'a, I'g is well-formed). By uniformity of >,
I'x,Ta,Te s, Ms:j(ex(9))
is then the image of an object-consequence
0" (X, 0,0 £ j(9)).

Consequently, LF is unable to uniformly encode relevant, or substructural [SHD93,
Rea88], logics such as intuitionistic linear logic [Gir87]. A framework, also based on
judgements-as-types notion of representation, which is able to uniformly encode intuitionistic
linear logic has been presented in [IP02].

While there are many examples of representation theorems [AHMP92|, the results are
‘ad-hoc” and the proof showing the relationship between derivations in AII and derivations
in the object-logic is often fiddly and technically difficult. Intuitively, this proof should
follow from the truth of the derivation in AT and thus be straightforward. The set-up we are
creating will allow this intuition to be exploited and enable the reader to prove representation
theorems in a straightforward manner.



3 Labelled Deductive Systems

3.1 Introduction

We wish to study the representation of the largest class of logics we can. It is by no means
clear how to write down a generic logic; in fact the question ‘what is a logic?’ is still an open
problem. To this end, we need to make a choice about the class of logics we wish to use. In
making this choice a lot of factors need to be taken into consideration:

e [s the characterization of the class of logics uniform?
e Are the class of logics suitable for representation in a logical framework?
e Do we capture the traditional logics, e.g. classical, intuitionistic, modal etc?

e How big is the class of logics?

It seems that our class of logics has to start with the traditional logics and provide
a suitable generalization of them. We also have to take into account what logics can be
represented in a logical framework; this is straightforward, the logical rules and axioms have
to give a proof system which is either Hilbert-style, natural deduction or hybrid of both.

We choose to take the labelled deductive systems of Basin, Matthews and Vigano
[BMV96, BMV97, BMV98, Vig00]. This class of logics certainly describe the traditional
logics as well as providing a uniform characterization of many more. It is also the case that
these systems have a give rise to a natural deduction proof system.

The labelled deductive systems mix semantics and syntax. The syntax comes equipped
with a Kripke semantics. To be able to represent these systems in a logical framework
we need to translate a labelled system into a judged system. This is done in § ??7. In this
section, we are considered with defining the systems and looking at some examples of labelled
deductive systems.

The key idea behind a lablled deductive system is that connectives can be characterized by
their relational properties, given by a Kripke semantics. To access these relational properties,
each formula is labelled with a world at which it holds. It is then possible to separate
connectives into two classes; local and global.* A local connective can only act on formulae
which all hold at the same world while a global connective can act on formulae at different
but related worlds.

We cannot stress enough that the choice of labelled deductive systems is just to map out
a class of logics from the space of all possible logics. There are other characterizations of
classes of logics which could have been chosen but it appears that labelled deductive systems
provide the most suitable characterization according to the criteria set out above.

4Basin, Matthews and Vigano use non-local, but it seems that global is a better term.



3.2 A labelled deductive system

All logical systems are built up inductively from an alphabet to a language, which is then
provided with axioms and rules. A labelled deductive system is the same and so we begin
by defining an alphabet.

Definition 3.1 (alphabet) An alphabet is a quintuple A = (S,V,E,Cp,Cq) of sets of
symbols as follows:

e S is a finite set of symbols with natural number arities;

o V C S is a distinguished subset of S which contains variables;

o F is a finite set of expression symbols;

e (' C F is a distinguished subset of E which contains local connectives;

o Cq C FE is a distinguished subset of E which contains global connectives. O

We remark that the term “connective” in Definition 3.1 should be interpreted broadly;
for example, the assignment operator := of Hoare’s logic [AHMP92] should be considered as
a member of this class of symbols.

We now show how to generate the different syntactic categories of the logic from the
alphabet.

Definition 3.2 (syntactic categories) Let A = (S,V,E,CL,Cq) be an alphabet. The
syntactic categories generated by A are inductively defined as follows:

e The nullary symbols are syntactic categories;

o Letcy,...,cp be syntactic categories and let s € S be an m-ary symbol, then sc; ... cp,
18 a syntactic category.

The syntactic categories containing variables are those formed solely from elements of V.. We
will distinguish a finite (possibly empty) set of nullary symbols {o1,...,0m} as the syntactic
category of propositions. O

Following Martin-Lof [ML75], Aczel [Acz78] and Gardner [Gar92], we define the expres-
sions of our logical syntax via a notion of arity.

Definition 3.3 (arities and levels) An arity a is of the form (ay, ..., a,) —, where, for
0 <1 < m isitself an arity and s is a syntactic category. Associated with each such arity is
a level, defined as follows:

0 ifm=0
1 4+ maxo<i<m(level(a;)) if m >0

level(a) = {

We refer to aq,...,a,, as the domain arities of a. |
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Every n-ary connective # € C' = C, U C¢ has an arity
(.o0y0iy...) — 05,
n—times

where each o; and o; is one of the distinguished syntactic classes of propositions.
Each n-ary expression symbol e € E\C' has arity

(cooytjy...) — s,

where each ¢; is one of the distinguished classes containing variables and s is a syntactic
category.

We also single out constants as those expressions which have arity equal to the syntactic
category containing variables and level 0. Predicates are those expressions which have arity

equal to (s1,...,S,) — o, where each s; is a syntactic category containing variables and o
is a syntactic category of propositions with level 1. Finally, a function is an expression with
arity (s1,...,8m) — Sn, where each s; is a syntactic category containing variables with level
1.

We now define the set of expressions generated by an alphabet A = (S, V, E,Cp,Cg).
We assume a countable set of variables, V, for each syntactic category s € V.

Definition 3.4 (expressions) Let A= (S,V, E,Cy,Cg) be an alphabet. The set of expres-
sions generated by A is inductively defined as follows:

variables If x € Vi, then x is an expression with arity s of level 0;

applications If e € E with arity (ay ..., a,) — s of level | > 1 and if eq, ..., e, are expressions of
arity ay . .., a,, respectively, then eey...e, € E of arity s;

abstractions If e is an expression with arity s of level 0 and if x4, ..., z,, are distinct variables with
arities aj ..., a,, of level 0 respectively, then (z1,...,xy)e is an expression with arity
(a1,...,4m) — S.

The logical expressions are those with level O arities. The term expressions are those log-
ical expressions which inhabit syntactic categories containing variables and the proposition
expressions are those logical expressions which inhabit one of the o1, ..., 0p,. O

Here application produces new expressions, while abstraction produces expressions which
can be applied to other expressions of arity of level > 1.

Substitution has to take place simultaneously over all expressions which have been applied
to the initial expression. Given an expression ee; ... e,,, we substitute ¢ for x in the following
way: eej...enlt/x] =eei[t/x].. . en[t/x].

The previous definitions have provided us with a language for a logical system, however
it is yet to be labelled. Intuitively, the logical expressions will correspond with the term
expressions of a logic and propositions will corresponds with it’s propositions. So we need
to label each of the logical expressions and propositions with a world. We introduce W as
a countable set of worlds or labels and R as a binary relation over W. The relation is only
needed for global connectives. We make this precise in the following definition.



Definition 3.5 (labelled and relational formulae) Let W be a countable set of worlds
(labels) and R a binary relation over W. If w € W and ¢ is a proposition (or logical
expression) then w : ¢ is a labelled formula. If wy and wy are worlds then wiRws is a
relational formula. |

The above definition is a modification of Definition 2.1.3 in [Vig00]. We have moved from
the term labels to worlds to stress the semantic content implicate in the definition. We now
need to define the semantic content used to classify (and define) connectives before providing
the natural deduction rules for these systems together with a Kripke semantics.

For # to be a local connective, the truth of the formula w : #¢; ... ¢, depends on the
truth of each w: ¢y,...,w: ¢,. In other words, a local connective can only be applied to
formulae which all hold at the same world.

For # to be a global connective, the truth of the formula w: #¢; ... ¢, depends on the
truth of each wy:¢4,...,w,: ¢, and we must have that Rww ...w, holds.

Since we have an underling Kripke model, we can also give a truth relation with respect
to the model M. We have that for a local connective #, we have

Eumw:#or...¢n iff Fpqw:igr and ... and FEpay wigy,

while for a global connective #, there are two cases. This depends on the metalevel quan-
tification in the evaluation clause of #, which can be either universal or existential. If # is
universal we have

Em wier ... oy iff for all wy, ..., w,((Fm Rww; ... wand g wyigp and ...

and ):./\/l Wp—1 :¢n—l) lmply ):./\/l Wp ¢n)

and if # is existential we have
Eam w:#Hor ... ¢y, iff there exist wy, ..., w,(EFym Rww; ... w, and = wi:¢p and ...

and v wn_1:0,_1 and [ Wy @y

Since global connectives also have a relation on worlds, we also need to define this with
respect to the truth relation.

Eum Rwwy . .owy, iff (w,w, ... w,) €R

where R is an n + 1-ary relation on M.

Finally, we need to have rules and axioms which allow us to create a proof system. We
now define a labelled natural deduction system. We also need to have a consequence relation,
we define - as a subset of the powerset of propositions cross the powerset of propositions.

Definition 3.6 (labelled natural deduction systems) Let A = (S,V,E,Cr,Cq) be an
alphabet and let = be a consequence relation over A. A labelled natural deduction system for
F s given by the following:

10



A set of axioms;

For each local connective # € Cp, an introduction rule schema of the form

[withia] - [withp,]
w: oy w:Q; w: oy 41
w:H#(¢1. .. On)
For each local connective # € Cp, an elimination rule schema of the form

4] L]

w:H(Pr... Pn) Wixy w':xp
; e
w'T

where the p minor premises of the form w:x; are derived from the set of assumptions
Iy, for1 <i<np.

For each universal global connective # € Cg, an introduction rule schema of the form

[wy:q] - [wp_1:Pn_1]|[Rwwy ... w,]

Wy Pp,
w#¢1¢n

For each universal global connective # € Cg, an elimination rule schema of the form

"y,

w#¢1¢n w1:¢1...wn,1:¢n,1 walwn

#E

Wy Pp
For each existential global connective # € Cg, an introduction rule schema of the form
W1:P1 ... Wy Oy Rwwy...w,

WiHFPL - Pm

For each existential global connective, an elimination rule schema of the form

"y,

11



[Wy: ] [W: O] [Rwwy . .. wy)

WIHP ... Op w'
w'
We shall refer to the labelled natural deduction system L for = over A. O

4B

It is common to require natural deduction systems to enjoy the symmetry between the
introduction and elimination rules for each connective and that these rules be, in a suitable
sense, inverses of one another [Sun01]. We need to ensure that our formulation does not
permit examples of the “tonk” form, [Hod01] which introduce inconsistency. Avoiding “tonk”
means we can only infer a formula from what we necessarily had to know to infer the formula
[HodO1]. The problem is that the introduction rules for tonk are

tonk
tonk I  and % tonk E,

¢ tonk
from which it follows that, for all ¢ and ¢, ¢ - 1. This pair of rules violates the condition
that introduction and elimination rules be inverses of one another.
To avoid “tonk”, we define the following property which our system must have, which
corresponds to normalization. This condition is sufficient to prevent consistency for each of
the different classes of connectives.

Definition 3.7 (local reduction property) Given a proof 11 in our natural deduction
system which contains an application of the introduction rule #1 followed immediately by an
application of the elimination rule #E (for the same connective) which takes the result of
the introduction rule as its major premise, then the introduction and elimination rule can be
eliminated, leading to a more direct proof of the conclusion. O

Intuitively, this corresponds to the philosophical idea give by [Hod01]; avoiding “tonk”
means that we can only infer a formula from what we necessarily had to know to infer the
formula.

We show why a system with “tonk” fails. Assume we have a proof containing an appli-
cation of tonk I followed immediately by tonk E.

—  tonk 1
A tonk B
tonk E

12



If we were to eliminate this step, we would not obtain a more direct proof of the conclusion
since the only way we could have proved B from A above would have been to use the “tonk”
introduction and elimination rules.

So far apart from a relation on worlds, we have not really given much semantic information
to the labelled deductive system. In the definitions above, each global connective comes with
a relation on worlds. The natural question is to ask how do each of these relations interact.
This interaction is given by a Horn relational theory. This is a theory generated by sets of
rules of the form

m

1 1 m
Row;...w, - Rw"...w,

Riwl oWy
The different rules needed for generating different modal logics come from correspondence
theory.

To write down a labelled natural deduction system, a choice of base system is required
when is then extended by the rules of the relational Horn theory. To describe any proposi-
tional modal logic, the base system N (B) is taken to be the rules required to give the modal
logic K. The connectives used in the definition of K are all local except for O which is
global. The rules are the following:

[w:¢p D 1] [w: )
w': L B w:y L wipDY w:ie _
w:¢ w:p DY w: ’
[wRw']
wig e w:0¢ wa’D 5
w:0¢ w': g

So if we wish to extend this system to S5 using an appropriate relational Horn theory
N(T), we have to add the following rules:

wRw' wRw w Rw”
symmetry
w' Rw wRw

reflexivity

transitivity

wRw "

3.3 Soundness and completeness of labelled natural deduction sys-
tems

A labelled natural deductive system comes with an implicit Kripke model M and we will
show soundness and completeness for the system with respect to this model. We will begin
by showing that it is sound and complete for any propositional modal logic. This result is

13



taken straight from [Vig00] and we consider a base system N () as defined above together
with a relational Horn theory N(7). We only sketch the main details of the results, we do
not deal with the case where Skolem functions are involved. To deal with this case, we need
to extend Definition 3.8 to include constants which will deal with Skolem functions and we
also need to consider the Horn relational theory as corresponding to a collection of restricted
convergency axioms. The details for this can be found in [Vig00]. We present the soundness
and completeness to demonstrate that the labelled natural deductive systems do characterize
a sensible class of logics.

We follow [Vig00] and start by defining a Kripke frame for our propositional modal logic
N(L).

Definition 3.8 (Vigano) A Kripke frame for N(L) is a pair WV, R), where W is a non-
empty set of worlds and R C W x W. A Kripke model for N(L) is a triple M = (W, R, B),
where (W, R) is a frame for N(L), and the valuation B maps an element of W and a
propositional variable to a truth value (0 or 1). We say that a frame OV, R) and a model
(W, R, B) have some property of binary relations (e.g. transitivity) iff R has that property.
O

Definition 3.9 (Vigano) Given a set of labelled formulae T' and a set of relational formulae
A, we call the ordered pair (I'y A) a proof context. When I'y C I'y and Ay C Ag, we write
(I, Ay) € (T2, Ag) and say that (', Ay) is included in (I'y, Ag). When w:¢ € T', we write
w:¢ € (I, A) irrespective of A, and when wRw' € A, we write wRw' € (I', A) irrespective
of U'. Finally, we say that a label w occurs in (I'; A), in symbols w <1 (I, A), if there exists a
¢ such that w:¢ € I' or there exists a w' such that wRw' € A or w' Rw € A. O

Since we have a fixed base system, we are only concerned with showing the truth of the
connectives O and O. Thus we have the following definition of truth.

Definition 3.10 (Vigano) Truth for a relational or labelled formula ¢ in a model M, =
o, is the smallest relation satisfying:

Em wRw iff (w,w') € R;

Fuwip i Blw,p) =1

Ermw:d DU iff B w:g implies = w:;
Eymw:0¢  iff for all w', =y wRW implies | w':¢.

When E=pm ¢, we say that ¢ is true in M. By extension:

Eum D means that = w:¢ for allw:¢ € T
Ev A means that = wRwW' for all wRw' € A;
Euvm (I,A)  means that Ep T oand Ea A,

A Epm wRw  means that =y A implies = wRW'
A EwRw  means that A =5 for all M;

[y A Ea w: ¢ means that =a (T, A) implies = w: ¢;
DA Ew:¢  means that T, Apw: ¢ for all M’

14



The truth relation above is the same as the usual truth function for modal logics if we
remove the world label and consider the relation as being true at a particular world.

We are now in a position to state and prove the soundness result for labelled propositional
modal logics.

Lemma 3.11 (soundness (Vigano)) Let N(L) = N(K)+N(7) be a labelled propositional
modal logic. Then we have that

(i) A by wRw' implies A = wRw', and
(ii) T, ANy w:p implies T, A = w:¢.

Proof Let M = (W, R,N) be an arbitrary model for N(£). We prove (i) by induction
on the structure of the derivation of wRw' from A. The base case, where wRw' € A is
trivial. There is one induction step for each Horn relational rule of N(7'), and we just prove
transitivity; the other cases are similar.

For transitivity, we assume that R is transitive and consider an application of the rule
trans,

I I,
wRw' w Rw” ,
trans

wRw"

where II; and II, are the derivations Ay Fy (o) wRw' and A Fy ) w'Rw”, with A = AjUA,.
By the induction hypotheses, Ay Fyy wRw' implies Ay = wRw', and Ay Fy(e) w' Rw”
implies Ay = w' Rw”. Assume that =,y A. Then, from the induction hypotheses we obtain
Em wRw and | w' RW”, ie. (w,w’) € R and (w',w”) € R. Since R is transitive, we
conclude = wRw” by Definition 3.10.

We prove (i) by induction on the structure of the derivation of w:¢ from I" and A. The
base case, where w:¢ € T is trivial. There is one step for each inference rule of N(K), and
we prove the rules | and O.

Consider an application of the rule L F,

[w:pD L]
II
w': L
wid
where II is the derivation I'y, A Fy(ey w': L, with I't = I'U {w:¢ D L}. By the induction
hypothesis I't, A Fygy w' @ L implies I't, A = w': L. We assume |=5¢ (I', A) and prove

Eam w:¢. Since £ w': ¢ for any w’, form the induction hypothesis we obtain = I'y, and
therefore £ w:¢pDw: L, i.e. Ew:¢ and = w: L by Definition 3.10.

1FE
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Consider an application of the rule D1,

[w:¢]
II
w:Y
)
w:p DY
where II is the derivation I't, A Fy) w9, with I't = T'U {w : ¢}. By the induction
hypothesis, I'1, A Fn )y w:¢ implies I't, A = w:¢. Assume =x (I, A). Since g w:p for
any w, from the induction hypothesis £ I'1, and therefore Ep w: ¢, i.e. F=p w:gp D by

Definition 3.10.
Consider an application of the rule D F,

1 1,
w:p DY w:e
D)
w:p
where II; and II, are the derivations I't, A sy w: ¢ D1 and T'y, A Fy(g) w : ¢, with
I' =Ty UTy. By the induction hypotheses, I't, A by () w:¢ Do implies I't, A E w: ¢ D
and I'y, A Fy(g) w: ¢ implies I'y, A |= w:¢. We assume =5 (I, A). From the induction
hypotheses, we have that = w:¢ D¢ and = w:e and thus = w:e by Definition 3.10.
Consider an application of the rule OF,
[wRw']
II
w':
w:0O¢
where II is the derivation I'; Ay Fy(z) w': ¢, with Ay = AU {wRw'}. By the induction
hypothesis, I', Ay Fynzy) w': ¢ implies I, Ay |= w' 1 ¢. Assume = (I, A). Considering
the restriction on the application of O/, we can extend A to A’ = A U {wRw"} for an
arbitrary w” 4(T", A), and assume =p A’. Since =04 A’ implies =4 Ay, from the induction
hypothesis we obtain = w': ¢, that is | w” : ¢ for an arbitrary w” A(T, ) such that

F=m wRw”. We conclude |=pq w:0¢ by Definition 3.10.
Consider an application of the rule OF,

I Iy
w:0¢ wRw'
w': ¢
where II; and II, are the derivations I', Ay Fyzy w: O¢ and Ay Fy() wRw', with A =

Ay U Ay, Assume o (I,0). Then, from the induction hypotheses we obtain =y w: O¢
and =y wRw', and thus =y w': ¢ by Definition 3.10. O

I

E

arl

OF

16



Before we can move on to completeness for a labelled propositional modal logic a few
more definitions and results are needed. The proof of completeness follows a Henkin-style
proof an so we need to have a definition of a maximally consistent extension of our proof
context. We does this in the usual way.

Definition 3.12 (Vigano) Let N(L) = N(K)+ N(7T) be consistent system, i. e. /() w:
L for every w. A proof context (I, A) is N(L)-consistent iff T, A Wiy w: L for every w.
(I, A) is N(L)-inconsistent iff it is not N(L)-consistent. O

We will abuse by notation by talking about consistent and inconsistent proof contexts in
general rather than N(L£)-consistent and inconsistent proof contexts. To keep the notation
down, we introduce negation, which is defined as follows:

Fam w:g iff Py w:d
iff Eaq w:¢ implies aq w: L

with inference rules

[w:¢]
w:l L w:=g w:gzﬁ_‘E
w:=g w: Ll

this is a derived rule from N(K) and so we can just add it to the system without worrying
about loss of soundness. We can now formulate the following result for labelled propositional
modal logics.

Proposition 3.13 (Vigano) If (I', A) is consistent, then for every w and every ¢, either
(TU{w: ¢}, A) is consistent or (I' U {—¢}, A) is consistent.

We now define the deductive closure of the relational Horn theory,

Definition 3.14 (Vigano) Let N(L£) = N(K) + N(T) be a labelled propositional modal
logic, let An(zy be the deductive closure of A under N(L), i.e.

An(e) =des {wRW'|A F gy wRw'}.

From this definition and Proposition 3.13, we can deduce that
IA ey ¢ i T, Aney Fae) ¢, and that Ay(z) might be empty when A is empty and for
example, N (L) is N(K).

Definition 3.15 (Vigano) A proof context (I'; A) is maximally consistent iff

17



(i) it is consistent,
(ii) A= AN(g), and
(iii) for every w and every ¢, either w:¢ € I' orw:¢ €T, O

We now begin to prove the results that lead up to completeness.

Lemma 3.16 (Vigano) Ewvery consistent proof context (I'y A) can be extended to a mazi-
mally consistent proof context (I'*; A*).

The usual proof of this result for unlabelled modal logics uses witnesses, here we use
witness words which is the appropriate concept for labelled systems.

Proof We extend the language of N (L) with countably many new constants for witness
worlds. Let w range over a worlds, v range over the witness worlds and u range over both.
We enumerate the formulae by [q,ls, ... and when [; is u: ¢, we write —l; for u:—¢. Starting
from (g, Ag) = (I, A), we inductively build a sequence of consistent proof contexts by
defining (I';41, Aj11) to be:

o (I, A), if (I'; U{li41}, A) is inconsistent; else
o (I;U{lis1}, As), if L1 is not u:—¢; else
o (IyU{u:—ng,v:9}, A;U{uRv}) for a v < (I'; U{u: -0}, Ay), if ;41 is u: 0.

Every (I';, A;) is consistent. To show this we show that if (I'; U{u:=0¢}, A;) is consistent,
then so is (I'; U {u:—¢,v:—¢}, A; U {uRv}, A;); the other cases follow by construction. We
proceed by contraposition. Suppose that

I'U{u:=0¢,v: ¢}, A; U{uRv} Fney uj: L
where v A(I; U{u:=0¢}, A;). Then by LE,
I U{u:=00}A; U {uRv} Fy(g) v: o,

and O7 yields
Fi U {US_'¢}, Az l_N(C) u: D¢.

Since also
Fi U {UI_\DQb}, Az |_N(£) U,IJ_,

by —=F we have
LU {u: =06}, A by us L,

i.e. (I U{u:=¢}, A}, A,;) is inconsistent. Contradiction.

Now define
" = UI’z and A" = U(Al)N(ﬁ)

i>0 i>0

18



We show that (I'*; A*) is maximally consistent by proving that it satisfies the conditions in
Definition 3.15. For (i), note that

if (U I, U A;) is consistent, then so is (U Ty, U(Ai)N(£)>.

>0 >0 >0 >0

Now suppose that (I'*, A*) is inconsistent. Then for some finite (I, A") included in (I'™*, A*)
there exists a w such that IV, A’ Fy() u: L. Every labelled formulae [ € (IV,A’) is in
some (I';,A;). For each [ € (I",A’), let ¢; be the least j such that [ € (I';,A;) and i =
max{i|l € (I",;A")}. Then (I",A’) C (I';, A;), and (I';, A;) is inconsistent, which is not the
case. Condition (i7) is satisfied by the definition of A*. For (i), suppose that ;11 ¢ (I'*, A*).
Then l;11 ¢ (Dyy1, Ajyq) and (I U {41}, A;) is inconsistent. Thus, by Proposition 3.13,
(I'; U {=li+1, A;) is consistent, and —l;1; is consistently added to some (I';, A;) during the
construction, and therefore —l;; € (I'*, A*). O
We now state and prove some properties of maximally consistent proof contexts.

Proposition 3.17 (Vigano) Let (I'*, A*) be a mazimally consistent proof context. Then
(Z) A* "N(g) uiRuj Zﬂ uiRuj e A*.
(ii) T*, A* Fny u: ¢ iff u:gp € I'.

(i1i) uw:p D € T* iff u:¢ € ' implies u:1p € T'*.

() w;:0¢ € I'* iff u;Ru; € A* implies u;:¢ € I'* for all .

Proof (7) and (i7) follow immediately by definition and Proposition 3.13. We only prove
(1v); (v) follows analogously. From left-to-right direction, suppose that u;:0¢ € I'*. Then,
by (i14), I'*, A* F () wi: O, and, by OF, we have A* () u;Ru; implies I', A* Fy oy u;: ¢
for all u;. By (i) and (i¢), conclude that u;,Ru; € A* implies u;:¢ € I'* for all u;. For the
converse, suppose that u;:0¢ ¢ I'*. Then u,;:0¢ € I'*, and, by the construction of (I'*, A*),

there exists a u; such that w;Ru; € A* and u;:¢ € I'". O
We are now in a position to define the canonical model.

Definition 3.18 (Viagno) Given a mazimally consistent proof context (I'*, A*), we define
the canomnical model M® = (W R BY) for the proof system N(L) as follows:

o WO = {ulu< (T, A%)};

o (ui,u;) € RY iff u;Ru; € A*;

o BYu,p) =1 iffu:p el O
We now have two more propositions and then we get completeness.

Proposition 3.19 (Vigano) w;Ru; € A* iff A* =0 u;Ru;.
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Proposition 3.20 (Vigand) u:¢ € (I', A*) iff I, A* =0 u: .

Proof We proceed by induction on number of times D and O occur in u: ¢. We
begin by proving the base case where u : ¢ is u; : O, with the other base cases being
analogous. For the left-to-right direction, assume w;: 0 € I'*. Then, by Proposition 3.17,
u;iRu; € A* implies u;yp € I'*, for all u;. Proposition 3.19 and the induction hypothesis
yield T, A* =pc uj @ for all u; such that A* =y wRuj, te. I, A" Epe w0 Oy
by Definition 3.10. For the converse assume u; : =0t € I'*. Then, by Proposition 3.17,
w;Ru; € A* and w;: = € I'*, for some u;. Proposition 3.19 and the induction hypothesis
yield A* = o w;Ru; and I, A* =0 uj: =), d.e. T, A* =y c u;: ~0¢ by Definition 3.10.
O

Lemma 3.21 (completeness (Vigand)) Let N(L) = N(K) + N(7) be a labelled propo-
sitional modal logic. Then the following holds:

(i) A = wRw' implies Ay wRwW', and
(ii) T, A = w:¢ implies T, Ay w:é.

Proof (i) If A V/n(z) w;Rw;, then w; Rw; ¢ A*, and thus A* [~y w; Rw; by Propo-
sition 3.19. (it) If I' U {w : =¢}, A Fy(g) wy @ L, and then I' A Fyey w: ¢. Therefore,
by Proposition 3.16, (I' U {w: =¢}, A) is included in a maximally consistent proof context
(T'U {w : =¢)*, A*). Then, by Proposition 3.20, I' U {w : =¢})*, A* =y w : 0, ie.
(DU {w:—=¢})*, A" Fpc w:¢, and thus T') A e w: . a

Theorem 3.22 (soundness and completeness) Let N(L = N(K)+ N(7) be a labelled
propositional modal logic. Then the following holds:

(i) A= wRw iff Ay wrw', and
(i) T, A Ew:¢ iff I, A Fney w:o.

Thus we have soundness and completeness for a labelled propositional modal logic with
respect to it’s underlying Kripke model. We now show that a labelled propositional non-
classical logic is sound and complete with respect to it’s underlying Kripke model. We have
dealt with soundness and completeness for two different classes of logics because the second
case is more general. Here we have arbitrary connectives with relations and the logics do not
correspond as cleanly as the propositional modal logics do to the underlying Kripke model.
A propositional non-classical logic N (L) comprises of a base N(B) and a Horn relational
theory N (7).

Definition 3.23 (Vigand) A (Kripke) frame for N(L) is a tuple (W, R, *), where W
is a non-empty set of worlds, 1 € W is the actual world. R = {Ri|i € I} is the set of
relations over VW corresponding to R, and * is a function of type W DO W. A (Kripke) model
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M = W, R, *,B) for N(L) consists of a frame and a function B mapping elements of W
and propositional variables to truth values (0 or 1), where

Favw:p iff B(w,p) = 1.

= is extended to labelled formulae with local and global connectives and to relational for-
mulae as above, and when FEap ¢, for ¢ a labelled formula or a relational formula, we say
that ¢ is true in M. By extension:

Em T means that Epyp w:¢ for all w:¢ € T
Evm A means that = Rywwy ... w, for all Ryww; ... w, € A;
Euvm (T, A) means that Ep I and Ea A,

A Enm Rowwy .. w, means that [Ea A implies F=pap Riwwy . .. wy;
A E Rwwy ...w, means that A Ep Ryww ... w, for all M;

| AN VR TIH0) means that = (0, A) implies | w: ¢
CA Epqw:g means that T, A Epx w: ¢ for all M.

a

Some logics require truth to be monotonic, e.g. intuitionistic logic. To capture this,
we define a partial order on worlds C, where for intuitionistic logic C coincides with the
accessibility relation. We define the atomic monotony condition, which we require B to
satisfy. For any w; and w; and for any propositional variable p,

if =y wiipand Ea w; Cwj, then Epaq w;ip. (1)

We can generalize this condition, by induction, to any arbitrary formulae. However,
this does not work when we mix classical and intuitionistic implication, for example. This
problem is solved by introducing the notion of a persistent formula. An example of an
intuitionistic/classical hybrid logic can be found in [nDCH96].

Definition 3.24 (Vigano) A formula ¢ of an intuitionistic/classical hybrid logic is
persistent iff

(i) it is atomic, or
(i1) it is of the form B — C or =B, where = and — are intuitionistic, or
(#13) it is of the form B ANC or BV C, and B and C' are both persistent. O

We now introduce the generalized version of (1), which is proved by induction.

Proposition 3.25 (Vigano) For any w; and w;, and for any persistent formula ¢,

if Emwiid and E=ap w; Cwj, then =i w;:é.
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We also need a similar condition for relational formulae. In this case we require that for
any n + l-ary relation R; that for all j < n,

if E=pm Riwp ... wjmqwjwjqy ... w, and FEayp w T wy,

then =um Riwp ... wj—qwwjiy ... w,

and
if Eam Riwg ... wp_qw, and Ep w, C w, then Ep Rywg ... w,_qw.

We can now prove soundness:

Lemma 3.26 (soundness (Vigano)) Let N(L) = N(B) + N(7) be a propositional non-
classical logic. Then the following holds:

(i) AFy) Raww, ... wy, implies A = Raww; ... w,, and
(ii) I') A Fney w:¢ implies T, A = w: .

Proof Let M = (W,,R*, R *,B) be an arbitrary model for N(£). We prove (i) by
induction on the structure of the derivation of the relational formula R,ww; ...w, from A.
The base case Ryww, ...w, € A is trivial and there is one step case for each Horn relational
rule of N(7). We prove the case where the rule involves applications of the following rules
for a ternary relation R",

H1 H2 Hl HQ
Rabx RYzcd and RYabr R%xcd
assoc 1 assoc 2
R*bef(a,b,c,d, x) RYaf(a,b,c,d,x)d

where 11 is the derivation A; Fy () R*abr, and 1l is the derivation Ay Fy () R*xed, with
A = A; UA,y. Assume that R" is associative and that =, A. Then from the induction
hypotheses we obtain =,y R*abxr and | R*xed, and we conclude = R%bef(a,b, ¢, d, )
and = RYaf(a,b,c,d,x)d.

We prove (ii) by induction on the structure of the derivation w: ¢ from I' and A. The
base case w : ¢ € I', is trivial, and there is one induction step for each inference rule of
N(B). We deal with applications of C*I, C*E, C°I, and C°E, where C° is an existential
global connective and C" is a universal global connective.

Consider an application of the rule M"I,

[wy 1] - [Wye1: Pur][RPww1 ... wy)

H1
w:M"¢y...P;
! cvI

where II; is the derivation I't, A Fy(z) wy ¢y, with I't = T'U {wy 1 ¢1,..., wye1 @ Gy}
and Ay = AU {R"ww; ... w,}. The induction hypothesis is I't, Ay Fy(z) wy : ¢, implies
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[, Ay | wy ¢y, Assume o (I, A). Considering the restriction on the application of M"I,
we can extend I' and A to IV =T U{w|:¢1,...,w,_1:¢u_1} and A" = AU{R "ww] ... w,}
for arbitrary wi,...,w), A(I',A), and assume o [V and F=a A'. Since a0 IV implies
Fam Iy and =0 A’ implies =0 Ay, from the induction hypothesis we obtain = w), : ¢, for
arbitrary wi,...,w!, A(I',A) such that ¢ RUww) ... w), and =y W) oy, ..., EFm wl_y:
¢u—1. We conclude pq w:C%py ... ¢, from the definition of |-

Consider a application of the rule C*F,

1_-[0 Hl Hu—l Hu

w:C%y ... 0, Wy : co Wy Oy RYwwy ... wy
¢r...¢ 1291 1:Pu—1 1 CE

Wy Py

where Il is the derivation I'g, Ag Fy gy w:C%@1 . .. ¢y; 11; is the derivation I';, A; ey w;: ¢;
I, is the derivation A, Fyizy RUwwy ... wy; T = Uyejep, T and A = (g, Ai- Assume
Exm (T, A). Then, from the induction hypotheses we obtain g w: C¥y ... ¢y, [ w1 :
O1y s EM Wyt Py1, and FEp R*Mwwy . .. w,, and thus [ wy : ¢, from the definition of

Fm-

Consider an application of the rule C¢I,

Hl He He—i—l
Wiy e We:de Rfwwi...w,
1191 1 ool
w:C1 ... Pe

where Il; is the derivation I';, A; () wi: ¢y, for 1 <i < e; Il is the derivation A Fy(y)
Rrwwy ... we; ' = ;. T and A = ;g Ai- Assume =p (I',A). Then, from the
induction hypotheses we obtain = wy: 1, ..., Fum we:¢e and Fp REwwy . .. we, and thus
Eam w:Cé¢y ... ¢ from the definition of =p.

For C°E, let II be the derivation

[wy: ]+ [we: de|[REWwwy . .. w,]
II; 11,
w:CPr ... Pe Y B
Y

That is, Il is I', A Fy(z) y:1p, where, by the restriction on C°E, the labels wy, ..., w. do not
occur in (I, A) and are different from w and y. Moreover, II; is the derivation I', A Fy (s
w:C°Py ... ¢, and Il is the derivation I' U {wy : ¢1, ..., we: P}, AU {RWw; ... we} e
w’ : 1. By the induction hypothesis for II;, we have that I'' A Ex w : C¢y ... ¢, and
thus, from the definition of =, there exist yi,...,y. such that Fa y1:01,. .., Fm Ye: Ge
and Fup Rwyp ... y.. We can extend I' and A to IV = T"U {w] : ¢1,...,w, : ¢.} and
A" = AU{Rww ... w,} for arbitrary wi, ..., w. 4(I', A), and from the induction hypothesis
for TIy we conclude T'; A =4 y: 9. O
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We now prove completeness by a Henkin-style proof. To obtain the necessary counter-
model, we extend the canonical model by 'theory — counter-theory® pairs. This method of
extension is general enough for us to prove the necessary completeness results for the class
of logics we are dealing with.

Definition 3.27 For any system N(L) = N(B) + N(T), let An(c) be the deductive closure
of A under N(L), i.e.

AN(E) = {szwl ce wn|A |_N(C) Riwwl .. wn}

O
We proceed by defining a maximal proof context.
Definition 3.28 A proof context (I', A) is mazimal with respect to a: ¢ iff
(i) A = An(), and
(i) y:b & (U, A) iff TU{y:d}, Ay a:¢. 0

We now need to extend a proof context which provides the countrapositives to complete-
ness can be extended to a maximal proof context.

Lemma 3.29 (Vigano) If ', A V/n(z) a: ¢, then (I', A) can be extended to a proof context
(I'*, A*) that is maximal with respect to a:¢.

Proof We extend the language of N (L) to include countably many constants for witness
worlds. We let ¢ range over the constants for witness worlds and w range over worlds
and the new constants. Let [y,ls,... be an enumeration of all labelled formulae in the
extended language. We build an sequence of proof contexts from (I'g,Ag) = (I, A) by
defining (I';41,[11) as follows:

o if Fz U {li+1}7 Az |_N(£) (IZQS, then (FZ‘+1, Ai—i—l) = (F, A)
o if Fz U {li+1}7 Az |7/N(L) a:¢, then

—if [;11 is w : C%py ... ¢, then we add witnesses to its truth, i.e. for ¢i,...,t. /
<](Fz U {w:ce¢1 Ce ¢e}7 Az),

Figp =T U{w:Cy ... e, t:01,. .., Wi}
Ai—i—l = AZ U {Rewtl .. .te}

— if li—l—l is not w :Cegbl ce gbe» then (Fi+1, Ai+1) = (Fi—i—l U {li+17 Az)
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Every (I';, AA;) is such that I';, A; /n(z) w:¢ to show this we show that
if I, Ay Vvey wig then Uiy, Ay vy w:o.

The only non-trivial case is the addition of witness to the truth of w:C¢; ... ¢.. Suppose
that
Fi U {w:Ceqﬁl - .¢€,t12¢1, oo 7te:¢e}7Ai U {Rewtl .. .te} }_N(ﬁ) w:qb

where t1,...,t. A0 U{w:C; ... 0.}, 4A;). Then we can apply C°FE, and thus
Fi U {w:CengI e qbe}, Az |_N(£) U)Qb

Contradiction.
Now define

" = UFZ and A* = U(AZ)N([:)

i>0 i>0

Then, (I''A) € (I'*, A*) and a:¢ ¢ (I'*, A*). Moreover, (I'*, A*) is maximal with respect to
a:¢. Condition (i) in Definition 3.28 is satisfied by the definition of A*, and we show that
condition (i7) holds as well. I'*U{y:1}, A* I/n(z) a:1 implies y:4) € I'* by construction. For
the converse, assume that y:¢ € I'". If I U {y: ¥}, A* Fn(g) a: ¢, then, since I'*, A* Fy(p
y:1, by transitivity of derivations we have that I'*, A* k() a:¢. Contradiction. Proof

If we have that A l/n(s) Riww; ... wy, then we can extend A to A" = Ay, so that we
have Ryww; ... w, ¢ A*. We can do this since in the definition of deductive closure we have
that A* Fy(g) Riww; ... wy, iff Ryww, ... w, € A"

Lemma 3.30 (Vigano) Let (I'*, A*) be maximal with respect to a:¢. Then we have:
(i) A Fyey Riwws .. wy, iff Rjww; ... w, € A,
(ii) T, A" Fyey wiy iff wip € T,

(11i) w:C"® ...¢y € I iff R'ww; ... w, € A" andwy:¢1 € T and ... and wy_1: ¢y € T*
imply wy, : ¢, € T, for all wy, ..., w,.

(v) w:Cpy...¢. € T*ifff RFww; ... we € A" and wy: ¢y € T* and ... and w.: ¢, € I'*, for
some wy, . . ., We.

(v) w:pr Ao €T iff w:py € T and w:pg € T,
(vi) w:p1 Vo € T* iff w:py € I or w:py € T*.
(vii) w:py Do € T* iff w:gpy € T* implies w: ¢y € T*.

Proof The proof of (i) is straightforward.

(1) Suppose that ', A* Fney w 9. If w:ep ¢ I'*, then, since (I'*, A*) is maximal
with respect to a: ¢, I U {w: ¢}, A* Fyn) w: ¢, and thus, by transitivity of derivations,
I, A* () a:¢. Contradiction. The converse holds by definition.
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(i77) Suppose that w:C"¢; ... ¢, € I'". Then I'*, A* Fy(oy) w:C¢y ... ¢, by (i7). Now if
Rlwwy ... w, € A* and wy:¢ € I and ... and wy,_1:¢,_1 € I'*, we conclude w, : ¢y € I'*
by (i), (ii) and C*E. For the converse, assume that w:C%¢; ... ¢, ¢ I'*, and prove that there
exist wy, ..., w, such that R*ww, ... w, € I'" and w;:¢; € [ and ... and w,_1:¢,1 € I'*
imply w, 1 ¢ I'*. By (i) and (ii), the assumption yields

" U{w:C% ... o0u}, A ey azo.
Now if for all wy, ..., w,,

I U {w1 :¢17 ey Wy—1 2¢u71},A* U {R“ww1 R wu} l_N(E) wu:qﬁu,

then, by C*I, we have I'", A* Fy(z)y w:C%®1 . .. ¢y, and thus I'', A* Fy(z) a: ¢ by transitivity
of derivations. Contradiction.

(1v) Suppose that Rww; ... w, € A* and wy:¢; € I and ... and we_1: 0.1 € T'* imply
We: P ¢ I'*, for all wy, ..., w.. Then, by (i) and (i7), we have

"U{wiion, .. Wy @y}, A U{ R wwy ... wy} F(g) Wy du,s

for all wy, ..., we. Now, if w:C; ... ¢, € I'*, then, by (i4), I, A* Fnizy w:Cy ... ¢, and
thus I'*, A* () a:¢ by C°E. Contradiction. For the converse suppose that w:C¢; ... ¢, ¢
['*. Then

r"u {w:C€¢1 c. (be}, A* |_N(£) GI¢.
If for some wy, ..., we, Reww; ... w, € A" and wy:¢; € I'" and ... and w,: ¢, € I'*, then,
by (¢), (i) and C°I, we have I, A* by ) w:C%; ... ¢, and thus I, A* Fn(z) a: ¢, by
transitivity of derivations. Contradiction.

The proofs of (v) and (vi) are straightforward and so we only prove (vi). Suppose that
wipr Vo €T Mfw:py ¢ I and w:¢e ¢ I, then

"U{w:d}, A" Fney a:g and T U{w:do}, A" By a: ¢,

and thus I, A* Fy(z) a: ¢ by (i4) and AE. Contradiction. For the converse suppose that
w:p; €M fori=1ori=2. Ifw:¢;Vps &I, then

"U{w: g1V o}, A Fygy a:é.

By (i) and VIi for ¢ = 1 or i = 2, the assumption yields I'*, A* Fy(z) w: ¢y V ¢, and thus
[, A* Fn(g) a: ¢, by transitivity of derivations. Contradiction.
(vii) Suppose that w:¢1 Do € I and w: ¢y € T, If w:¢pq ¢ ', then

r-u {w:(bg},A* l_N(E) CLI¢.

By (i7) and DI, the assumptions yield I'', A* Fy(z) w: ¢o, and thus I, A* Fy(z) a: ¢ by
transitivity of derivations. Contradiction. For the converse suppose that w:¢; € I'* implies
wigg € T Ifw:dy Dy ¢ ', then

| {w:gf)l D) qbg},A* l_N(ﬁ) a:<b.
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By (i) and D1, the assumptions yield I'', A* -y (z) w: ¢y D ¢g, and thus I', A* bz a: ¢
by transitivity of derivations. Contradiction. O
We can now define the canonical model.

Definition 3.31 (Vigano) Given a proof context (I'*; A*) mazimal with respect to a: ¢, we
define the canonical model M® = (W% RY, R xC, BC) for the system N(L) as follows:

e W = {wlw < (T*, A%)}, where € = 0 and w** = w*;

o (w,wi,...,wy) e R iff Rww, ... w, € A*, and
Cc .
(w,wy ..., we) € R iff REwwy ... w, € A%;

o BYw,p) =1 iffw:p e O

The usual definition of R*" as (w,wy,...,w,) € R iff {¢,|C'b1... ¢y € W,y €
W,...,Py—1 € wy—1} C w,, does not apply since this definition does not imply k(s
R"ww; ...w,. This means that completeness would not hold since we would have cases
where /() R*ww, ... w, but (w,wi,...,wy) € C*“ and thus Eave Rfwwy ... w,. So we
define (w,w; ..., w,) € Cv" iff RUwuwy ... w, € A*, which implies the usual definition. We
thus have

Proposition 3.32 (Vigand) Ryww; ...w, € A* iff A* Eec Rww ... w,.
We need one more lemma then we can prove completeness.
Lemma 3.33 (Vigano) w:¢ € (I, A*) iff I', A* = pc w:ih.

Proof We proceed by induction on the number of local and global operators that occur
in ¢, and we only prove the case where w : ¢ is w : C%¢; ... ¢,; the other cases follow
analogously.

For the left-to-right implication, assume that w : C%¢y...¢, € I'*. Then, by Lemma
3.30. R*ww;...w, € A* and wy:¢, € ' and ... and w,_1; € I’ imply w, : ¢, € I'*, for
all wy,...,w,. Propositions 3.32 and the induction hypotheses yield I, A* = ¢ wy : ¢y
for all wy,...,w, such that A* e R'ww; ... w, and T* A* e wy:¢; and ... and
I A" e Wyo1:Gu_1, t.e. T A" =0 w:C%y ... ¢, from the definition of truth.

For the right-to-left implication, assume that w : C%¢;...¢, ¢ I'*. Then, by Lemma
3.30, we have that R*ww;...w, € A* and wy:¢; € ' and ... and w,_1:¢,_1 € I'* and
Wy : ¢, ¢ T, for some wy,...,w,. Proposition 3.32 and the induction hypotheses yield
A* Epe R'wwy . ..w, and T% A* = e w)l:¢p and ... and ', A* e wy—1:¢y—1 and
[ A" e wy: by, 6. T A e yo w:C¥y ... ¢, from the definition of truth. |

Now we can prove completeness.

Lemma 3.34 (completeness (Vigand)) For the system N(L), the following holds:

(i) A= Ruwuw ... wy, implies A by Roww; ... w,, and
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(ii) I') A = w:¢ implies T', A gy w: .

Proof (i) If A V) Riww, ... wy, then Rpww, ... w, ¢ A*, and thus A* }&yc
R;ww; ... w,, by Proposition 3.32. Hence A [~ c Riwwy ... w,.

(it) If T, A ney w: ¢, then we extend (I, A) to a proof context (I'*, A*) maximal with
respect to w:¢. Then, by Lemma 3.33, I'*, A* £ 0 w:¢, and thus, I', A £ e w:o. O

We summarize the results in the following theorem.

Theorem 3.35 (soundness and completeness) For the system N(L), the following
holds:

(i) A = Ruwws ... wy, iff A by Rawws ... w,, and
(ii) T, A Ew:¢ iff I, A ey w:o.

4 Judged Proof Systems

4.1 Introduction

We introduce the idea of a judged proof system by first studying how to capture the various
modal logics. This provides the motivation for further work on judgements. We note that
the labelled systems discussed in the previous chapter capture a greater range of modal logics
than tht next section, since our discussion here requires that we have an axiom corresponding
to the geometric condition on the Kripke frame. There are more geometric conditions than
known corresponding axioms. However the judged systems are more general than this and
as we will show in Section 7?7 can capture labelled systems.

To conclude this section, we provide the definitions of both a Hilbert-style and natural
deduction judged proof system. This then leads into the next section where we provide
a semantics for any judged proof system which is a hybrid of Hilbert-style and natural
deduction.

4.2 Judged Proof Systems for Modal Logic

Let us suppose, that for some language L, we have a Hilbert-type or natural deduction
system L. The basic ides of a proof in such a system is that of a labelled tree. The labels of
the tree are formulae of L. Successor nodes are generated by the axioms and inference rules
of £ subject to the following condition

(*) The formula which labels a node which is not a leaf must follow from the formulae
which label its successors by one of the inference rules of L.

Such systems are said to be pure [Avr91l, AHMP9S8] if the condition (x) has the following
localness property: that, at a given node, it can be checked by examining just that node and
its successors. Examples of rules which fail to have this localness property are the O-rule in
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the standard Hilbert-type presentation of S4, which requires the global condition that the
premiss be a theorem, and O [ in Prawit’s natural deduction system for S4 [Pra65|, which
requires the global condition that all of the hypotheses have O outermost.® Systems which
require such global conditions in order to determine local correctness are said to be impure.
From the point of view of logical frameworks, impure systems are problematic for at least
the following two reason: firstly, from a structural point of view, the formal description of
global conditions may require ad hoc additions either to the language of the framework or
to the representation mechanism or to both; secondly, checking such global conditions can
be computationally expensive.

It is common practice to give both Hilbert-type sand natural deduction presentations of
logics as systems for deriving formulae that are bare propositions ¢. In such formulations,
Hilbert-type and natural deduction inference rules can be considered to have the form

Al(Fl) l_il .. Am(f‘m) l_im (bm
vI'y... Ty, m

Eprir e

i=1

C

where each A;(T;) denotes a context, i.e., a collection of bare propositions, which includes
the components of T', (", I';) denotes a combination of components of the I';s and C' is
a possible side condition, concerning things like occurrences of variables or occurrences of
modalities. Typically, these side-conditions are global conditions which must be checked at
the application of the rule.

However, by moving from bare propositions ¢ to judged propositions j(¢), with a given
logic exploiting possibly many different judgements, we find that global correctness con-
ditions can be rendered local.® The technique is best understood by considering a (quite
general) example, from which the general situation should be clear.

Our subsequent informal discussion applies to Hilbert-type presentations of minimal,
intuitionistic and classical first-order and higher-order predicate logics and minor variations
thereon, as well as to the family K, KT, K4, KT4 (or S4), KT45 (or S5) and K L of modal
logics, as discussed in [AHMP98]. It also applies to the following systems from [AHMP92],
and some minor variations thereon: Kleene’s three-valued logic; classical first-order logic
with (a version of) Hilbert’s choice operator, classical A-calculus; call-by-value A-calculus;
and, with care, Hoare’s logic.

Consider any system L, over a language L, drawn from the collection described above,
in particular suppose we have the following O rule:

¢

— O (¢ depends on no assumptions)

Do

°In a Hilbert-type system, any rule of proof, i.e. a rule with no side-formulae, is also an example. Rules
with side-formula are called rules of derivation.

6In fact, we can make a stronger claim: that presentations based on bare propositions are formally
inadequate. However, the development of the supporting argument is beyond our present scope.
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Here the condition that ¢ depends on no assumptions, .e. that ¢ be a theorem, is a global
one on the Hilbert-type proof of ¢. To check that the rule O has been used correctly, we
must check that all of the formulae at the leaves of the Hilbert-type proof of ¢ are themselves
theorems.

By reconstructing £ (cf. propositional S4) as a judged logic with two judgements, true
and valid, we can render the check for theoremhood a local one. The presence of the judge-
ment valid allows us to separate the rules of a system into two groups. The first group
contains the usual rules of classical logic and allows the inference just of the propositions
judged true. The second group consists of the rules for O which can be use to derive valid
propositions only in valid contexts. All axioms are judged valid.

Each of true and valid is a symbol with propositional arity, so that the pairs (¢, true) and
(¢, valid) are formulae of judged £. The nodes of a proof in judged £ are thus labelled with
such pairs. Following [AHMP98], we say that such a tree is a judged L-proof if the following
conditions are satisfied:

e The tree is a legitimate proof-tree in the system L£’, which is the system obtained from
L by transforming all rules of proof into rules of derivation (by adding side-formulae
in the obvious way);

e A node which is not a leaf is labelled valid if and only if all of its successors are so
labelled;

e Any node derived by a rule of proof of £ is labelled valid;
e Axioms of L are labelled valid.

The first group of rules includes the following judged version of the O rule:

(¢, valid)
(O(¢), valid)
Rules from the first group are accessible to valid propositions via the following connecting
rule: (6. valid)
,vali
—C
(¢, true)

A straightforward argument by induction on the structure of L-proofs, judged L-proofs
and L'-proofs leads to the following lemma:

Lemma 4.1 (judged systems [AHMP98]) The erasing of the labelling judgement is a
compositional bijection between:

1. L' -proofs and judged L-proofs in which all nodes are labelled valid;

2. L-proofs and judged L-proofs in which all leaves which are not axioms are labelled true.
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Proof We show that there is a bijection between L’-proofs and judged L-proofs by
induction over the structure of the tree of £'-proofs.

We assume that the tree has just one node which is both a leaf and a root. There are
no rules of proof to transform into a derivation, so there is a bijection regardless of whether
the node is an axiom or not.

We now assume that we are at a node which has two leaves. If we have used a rule of
proof to join the two nodes, we just add a side condition to the rule and we have a bijection.
If we have not used a rule of proof then there is a bijection and we are done.

We assume that we are at a node which has one successor which is not a leaf. If the rule
used to join these is a rule of proof then we turn it into a derivation and add the necessary
side condition and we have a bijection. If it is not a rule of proof then we just take the
obvious bijection.

We assume that we are at a node which has two successors which are not leaves, then we
look at the rule used. If it is a rule of proof, then we add the necessary side condition and
we have a bijection. Otherwise, we do nothing and have a bijection.

We show that there is a bijection between L-proofs and judged L-proofs by induction
over the structure of the tree of L-proofs.

We assume that the tree has just one node which is both a leaf and a root. If it is an
axiom, it will be labelled as valid in judged £ and we take the obvious bijection. If it is not
an axiom, it is labelled as true in judged £ and again we take the obvious bijection.

We assume that we are at a root which has two leaves which are both axioms. In judged
L they are both labelled valid by assumption. We take the bijection between them.

Staying at the same node, we assume that one is not a bijection and this leaf is now
labelled true in judged £ by assumption. Again we have a bijection.

Finally, at this node, we assume that both of the leaves are not axioms and are thus they
are both labelled true in judged £ by assumption. We take the same bijection.

We now assume that we are at a node with one successor which is a leaf. If this leaf
is not an axiom, it is labelled true in judged £. We apply the induction hypothesis to the
subtree below the node we are looking at and the subtree at the successor which is not a
leaf to obtain a bijection these. Finally, we need to show a bijection at the node we are
considering. We see that in £ it has just one leaf which we map to the lead which is labelled
true in judged £ and use the bijections from the induction hypothesis. Similarly, if it is an
axiom. O

The formulation of judged systems is such that their metatheory is rather simple and
elegant. Specifically, we ensure the purity of the proof systems by allowing, in a judged
consequence relation, several consequence relations to be treated simultaneously. Repre-
sentations of logical systems in this way, using many judgements, are called non-uniform
representations by Avron [Avr91l]. In our running example of Hilbert-type presentations of
modal logics, we can state, informally, a theorem which explains the value of using judged
systems in logical frameworks.

Let Xyj() be the signature which represents a logic from the family K, KT, K4, KT
(or S4), KT45 (or S5) and KL, formulated as a judged Hilbert-type systems.
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Before we give the signatures for the Hilbert-type systems, we must give the signature for
the underlying language and the encoding function for this language.” We have the following
signature for the underlying language;

o :Type
s_) 700

O :0—o0

D:0—0— 0

and the encoding function from the language to o is given by

ex () =gifzxeX
ex(mo) = —ex(9)
ex(d¢) = Oex(¢)

ex(¢ DY) = Dex(d)ex(v)

and thus we can define the signature for each of the Hilbert-type systems. We add the
(encoded) rules K, T, 4, 5 and L to get the system we are interested in. We have two
judgements which are given by

true :0 — T'ype

valid: o0 — Type

and the axioms and rules are given by

Nec :1lz:
C Iz

.valid(x) — valid(Ox)
.valid(x) — valid(x)

Ay :Mz:o.Iy:o.valid(z D (y D))
Ay Mz:o.Ily:o0.1lz:0.valid(x D (yD2z)D(zDy) D(rD=z))
Az :Tlz:o.Ily:o0.valid((—wx D —y) D (zDy))
K :Tz:0.1ly:0.valid(O(xDy) D (Ox Dy))
T  :1lz:o.valid(Ox Dx)
4 :Iz:o.valid(Ox D O0x)
5 0. valid(Qx D O0x)
L :Ilz:o.valid(O(Ox D z(D>0Ox)
MPy:1z:0.1ly:0.true(z Dy) — true(z) — true(y)
MPy :1lz:0.1ly:0.valid(x Dy) — valid(x) — valid(y)
0
0

where C' is the connecting rule mentioned earlier.

Theorem 4.2 (encoding judged £ [AHMPI8]) For L one of the family K, KT, K4,
KT, KT45 and KL, there is a compositional bijection between judged L-proofs of
<¢17 |1>7 cry <¢m> |m> |_E <¢7 |>

"These are the same for each of the families of modal logics we are concerned with here except that KL
has ¢, which is given by ¢:0 — 0 — o in the signature and ex (0¢) = Qex ().

32



and canonical AlI-terms M over the signature Xy such that

L, w(A), 1(E) Fryjpy M:ilex(¢))
where
o A = {¢|l; = valid},
o = = {¢;|l; = true},
e j = true if | = true and valid otherwise,

and where I'x and ®x = v,(A),%(Z) are defined as in § 2.5.

A canonical term is one of the form z, \z: A. M or M N which is in f-normal form.

Proof We show that there is a bijection from judged L-proofs to All-terms M by
induction over proofs in judged L.

We consider a proof where just an axiom has been used. These are all labelled valid.
By assumption, we have a constant in the signature for each axiom. Since we have no
assumptions in the proof, we are encoding something of the form

X bz (Ax,valid)

where Az is an axiom and X corresponds to the variables used in the formulae. This

corresponds to
Ux Fs,, 0 Az:valid(ex(Az))

in AT applied to two instantiations of the variables. So taking K as an example, proving
the formulae

(O(p29) > (B > 0Y)
amounts to invoking the axiom K and so in judged £ corresponds to the judged L-proof
=2 (O(¢ 2¢) 5 (B¢ D OY), valid)
which is encoded as the term
z:0,y:0bs, , K:llz:o.Ily:o.valid(O(z Dy) D (Dz D Oy))

and z : 0,y : 0 are just the encoding of syntactic variables used in the proof, i.e. T'x. We
then use the application rule together with Fy, , €x(¢):0 and then with ks, €x (¢):0
to obtain

Kex(p)ex(i):valid(B(¢D¢) O (B¢ D B9))

which is a canonical term in AII.
We now look at how we apply M Py,. This is encoded to the constant

MPy :1lz:0.1ly:0.valid(z Dy) — valid(x) — valid(y)
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and we consider that we already have proofs of x Dy and X which have been encoded to
I'x, Tz Fs,, 4, O1:valid(ex (@) Dex(¥)) and I'x, I's by, ;) Oz:valid(ex(¢)). Without loss of
generality, we take I'x to encode all the syntactic variables in both proofs and similarly I'=
for all the formulae in both proofs. We apply the rule

'ty M:llz:A.B T'ky N:A

'y MN:B[N/z]

twice to obtain the term

Lx, Tz Fsy, 0y MPrex(d)ex(¢):valid(ex(¢) Dex (1)) — valid(ex(¢)) — valid(ex(¥))

to which we apply the same rule twice with I'y,I's Fx, ,, ©1:valid(ex(¢) Dex(¥)) and
Ix, Tz s, 0 O2 :valid(ex (¢)) to obtain

Ix,I'sbs,, MPyex(¢)ex(v)010;:valid(ex (¥))

which is a canonical term in AII.

M Pr, Nec and C' are handled in the same way except that Nec and C' only require one
instantiation of a variable.

To show that this is in fact a bijection, we describe an inverse dx. We first describe it
for the underlying language

dx () =zifreX
ox(=¢) = —0x(¢)
ox(0¢) = O6x(9)

dx(D oY) = 6x(¢) Dox(¥)

and now for the canonical terms of AL

(valid(¢):0) = (¢, valid)
(true(¢):o0) = (¢, true)
Ox(A;My...M,) = A;(0x(My)...0x(M,))
dx(NecMN) = Nec(dx(M))ox(N)
ox(MPrMNPQ) = MPr(6x(M)dx(N))ox(P)ox(Q)
5XEMPVMNPQ) M Py (0x (M )? x(N))dx (P)ox(Q)

5x(CMN) = C(6x(M))dx(N).

Here a rule or axiom followed by a bracketed term means we instantiate the rule or
axiom using that term, i.e. A;(¢p1)) = ¢ D (¥ D ¢) and A;(af) = a D (S D «). This function
is total and well-defined and it is defined so that it is an inverse to €x, thus giving a bijection
between judged L-proofs and canonical All-terms. |

Corollary 4.3 (encoding £ and £ [AHMPI8]) Suppose {¢1,...,Pm, 0} € Px(L).
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1. There is a compositional bijection between proofs in L' of ¢1,...,¢m F ¢ and canonical
MI-terms M such that

FX,’}/U({¢1, e 7¢m}> '_223'(7-[) Mvalld(ex(gzﬁ))

2. There is a compositional bijection between proofs in L of ¢1,...,0m F ¢ and canonical
MI-terms M such that

FXa 7t({¢17 ceey ¢m}) l_Ezj(H) MJ(EX(¢))7

where j is valid, if either m = 0 or no ¢; occurs in the proof, and is true, otherwise.

Proof Any canonical MI-terms where the final type is of the form valid(ex(¢)) means
that it corresponds to a proof in £’ since any All-term which has it’s final node as valid must
have all successors as valid and by Lemma 4.1 there is a bijection.

If j = true then all of it’s successors must be valid and so it corresponds to a proof in £
by Lemma 4.1. If j = valid and m = 0 or no ¢; occurs in the proof, then no assumptions
have been used and so it corresponds to a proof in L. O

Before embarking upon our technical development of judged logics, it will be useful to
consider a range of examples of normative formulations of object-logics and the representation
mechanisms that can be used to encode them in LF, judgements-as-types being our leading
example.

We identify three typical, though not exhaustive, cases. Again, we draw substantially
upon [AHMP9S]| for background.

1. Proof-trees labelled with multiple judgements, encoded using the judgements-as-types
representation mechanism. For examples:

e Hilbert-type formulations, for both truth and validity, of the modal systems, such
as K, K4, KT, 54, etc. discussed above. Two logical judgements, true and valid,
are used.

e Natural deduction formulations, for validity, of the modal logics discussed above.
Two logical judgements, true and valid are used.

e Natural deduction formulations, for truth and validity, of the modal logics dis-
cussed above. Three logical judgements, taut, valid and true are used.

2. Proof-trees labelled (degenerately) with a single logical judgement, encoded using the
worlds-as-parameters representation mechanism. For example:

e Hilbert-type formulations, for truth, of K, K4, KT, S4, etc.. In a worlds-as-
parameters encoding, worlds are introduced via a sort, the “universe” which,
having no constructors, is inhabited only by variables, or “worlds”. The use
of these parameters is purely syntactic. They permit the representation of the
global side-conditions found in the rules of proof, such as “no assumptions”, by

transferring them to metalogical conditions such as “no free variables”. The
details can be found in [AHMP98].
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e Natural deduction formulations, for truth, of K, K4, KT, 54, etc..

3. Proof-trees labelled with a single logical judgement but with additional syntactic,
structural judgements, such as “closed assumptions”, “boxed assumptions” or “boxed
fringe” [AHMP98], encoded using a representation mechanism which is a variation on
judgements-as-types in which the types which encode a consequence correspond not to
propositions that have been judged logically but to propositions that have first been
judged logically and then judged structurally.

We now formally define the judged logical system. For the sake of brevity, and due to
later results, we use the same definitions as the we used to define a labelled system. The
main differences being that we have different inference rules, we do not need as many, and
that we have to define judgements and make sure that all our formulae are judged. We begin
by modifying Definition 3.1.

Definition 4.4 (alphabet) An alphabet is a quintuple A = (S, V, E,C,J) of sets of symbols
defined as follows:

e S is a finite set of symbols with natural number arities;

o V C S is a distinguished subset of S which contains variables;

E is a finite set of expression symbols;

o C C F is a distinquished subset of E which contains connectives;

J is a finite set of judgement symbols.

The main differences are that we have added a set of judgement symbols and not distin-
guished the connectives in any way. The development of the judged system now follows the
development of the labelled deductive system until Definition 3.4. We now continue from
here to define judgements.

An alphabet includes a set of judgement symbols J. We take each j € J to be equipped
with an arity of the form (sq,...,s,,), where each s; is a syntactic category.

Definition 4.5 (basic judgements) Let A = (S,V, E,C,J) be an alphabet. The set J of
basic judgements generated by A is

{j(e1,...,em)lj € J has arity (s1,...,Sm) and, for 1 <i <m, each e; is in s;}
For each syntactic category c, we assume the existence of a judgement null of arity c. a

The term basic judgement derives from the work of Martin-Lof [ML82] on the meanings
of logical constants and rules of inference, which in term derives from Kant [Kan00]. We
let J, K, L, possibly subscripted, range over the basic judgements. Martin-Lof further
constructs general judgements, of the form Az :J.K and the hypothetical judgements, of
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the form J = K. These higher-order judgements should be read, respectively, as the universal
and implication formulae of a metalogic which has basic judgements as its atomic formulae.
This metalogic is non-other than the internal logic of the language (AIl) of the LF logical
framework.®

Definitions 4.4, 3.2 to 3.4 and 4.5 determine a language L. In order to define a logic L,
we must consider consequences and their axiomatization.

For a set S, let ¢(S) denote the set of all finite sequences of elements of S.

Definition 4.6 (judged consequence relations) Let A = (S,V, E,C,J) be an alphabet.
A judged consequence relation (JCR) over A is a pair (J,F), where J is a set of basic judge-
ments over A and FC @¢(J) x J is a binary relation such that:

1. Reflexivity: J = J, for each basic judgement J € J;

2. Transitivity (cut): If AFJ and A, J, A"+ K, then A, A"+ K, for each A, A" € ()
and each J, K € J;

3. Weakening: If At J, then A, A" J, for each A, A" € ¢¢(J) and each J € J.

A judged consequence relation (J,F) is permuting if A, J, KA" = L implies A, K, J, A’ -
L, for each A, A" € ps(J) and each J, K, L € J. a

JCRs provide an abstract characterization of the correct consequences of a logical system.
Access to consequence is provided either via a class of models and satisfaction relations, the
topic of § 5, or via proof systems, to which we now turn.

In the context of LF, we are concerned with two classes of proof system, Hilbert-type
systems and natural deduction systems.’

The use of multiple judgements means that we can avoid systems which are impure in
the sense of (x). However we now have the problem of non-uniformity in the sense of being
of the form of the deductive system defined below. The class of logics which is non-uniform
is smaller than the class of logics which are impure and thus we are admitting a much larger
class of logics.

We write a JCR as just - where the set of basic judgments J is clear from the context.

Definition 4.7 (Hilbert-type systems) Let A = (S,V, E,C,J) be an alphabet and let -
be a JCR over A. A Hilbert-type system for t= is given by the following:

o A set of axioms A C J;

o A set of rules of the form
Jr.. oy

J
where, for 1 <i<m, J; € Jand J € J.

8In this meta-logic, we can follow Martin-Lof and define the hypothetico-general judgements, of the Horn
form Azy:J1... Axp, I - K1, ..., K, b K, which can be read as meta-logical definitions of (Hilbert-type
and natural deduction) inference rules.

9Recall that LF is not concerned with sequent calculi.
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We shall refer to the Hilbert-type system L for = over A. O

Definition 4.8 (natural deduction systems) Let A = (S,V, E,C,J) be an alphabet and
let = be a JCR over A. A natural deduction system for = is given by the following:

o A set of axioms A C J;
e For each connective # € C', an introduction rule schema of the form

[Kia] - [Kin,]

Jp J; Jp
J
in which K;1 = kii(er, ..., en), Kip, = kin,(€1,...,en), Ji = jiler,...,e), for 1 <
1 <p, and J = j(#(e1,...,e,)), and where each e; is of the form e;(¢1,...,Pm): the

inference infers a basic judgement j(#(e1,...,e,)) from p premises Jy ..., J, and can
bind assumptions of the form K, i, ..., Kipn,;

4T

e For each connective # € C, an elimination rule schema of the form

[T] )
k(#(e1,...,en J J
(#(ex ) 4B
J
The p minor premises of the form J are derived from the set of assumptions I';, for
1<e<p.
We shall refer to the natural deduction system L for = over A. O

As with the labelled natural deduction system, we need to ensure that our system is
consistent. This is dealt with in exactly the same way as before. We stipulate that our
system must have the local reduction property, i.e. Definition 3.7. This guarantees that the
introduction and elimination rules for “tonk” cannot be used in our system and that the
introduction and elimination rules for a particular connective are ‘inverses’ of each other.

We are now able to give a general definition of a judged proof system since we have just
defined judged natural deduction and Hilbert-type systems.

Definition 4.9 (Judged Proof System) A judged proof system consists of a language L
determined by Definitions 4.4, 3.2 to 3.4 and 4.5 together with a judged consequence relation

F and a collection of the Hilbert-type and natural deduction inference rules defined above.
O
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Note that the above definition does not exclude pure Hilbert-type and natural deduction
proof systems. We do however wish to include proof systems which contain Hilbert-type and
natural deduction rules. The labelled systems we defined earlier are examples of one of these
hybrid proof systems, the rules for labelled formulae are natural deduction rules while the
Horn relational theory consists of Hilbert-type rules. When we translate labelled systems
into judged systems, we will need to be able to deal with the co-existence of both of these
types of rules.

It is important that our account of logics include an account of theories; in particular
of arithmetic theories. For example, the theory of Peano arithmetic for classical first-order
predicate calculus requires the following extension of the language of first-order predicate

calculus:
Expression symbols 0 arity ¢

succ arity © — ¢
+ arity (4,0) — ¢
= arity (¢,0) — o.

To get Peano arithmetic, we need some axioms and inference rules for these expressions. For
example, the substitution rule fo =,

= (t,u) ¢(t)
¢(u)

the rule of transitivity for =,

tran),
—— (tran)
and the rule of induction,
[¢(x)]
0 succ(x
¢(0)  d(succ(x)) (ind)

Vo o(x)

Definition 4.10 (theories) Let A = (S,V,E,C,J) be an alphabet, & be a JCR over A
together with axioms and inference rules be a proof system. A theory is an extension of the
alphabet together with extra axioms and inference rules for this extension. The alphabet is
extended by adding extra expression symbols to E and the extra axioms and inference rules
which correspond to these extra expressions. O

The use of multiple judgements allows us to deal with multiple impure rules. For each
impure rule, we add a new judgement. We use the same judgement for introduction and
elimination rules of the same connective. There are no new rules added for these new
judgements, so we can only derive one of these judgements when all of it’s premisses are
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judged by the same judgement. This means that when we have used one of the rules using
these new judgements, it must be the case that the leaves of the derivation we are applying
this rule to must have been judged by the same judgement. This means that we do not have
to do the non-local checking required to deal with the side condition which makes the rule
impure in the unjudged case. A consequence of this is that all the axioms must be labelled
with these new judgements and not the original judgement of the system, which we usually
denote by true. Thus we need to introduce a rule which says that given a formula judged
by one of the new judgements, we can deduce that the formula is also judged to be true.
Each of this judgements defines a different consequence relation, which together make up
the consequence relation of the logic. The consequence relation for true, t,, is the usual
consequence relation of classical logic.

5 Kripke Models of Judged Proof Systems

5.1 Introduction

We give a definition of a class of models of object-logics. Starting with the basic indexed
structure, we shall add the structure required to interpret additional connectives by the
requiring the existence of arrows corresponding to the clauses of a satisfaction relation which
defines the connectives. We begin with an informal account of the classes of connectives we
consider, before defining our class of object-logic models.

Our satisfaction relation is to be the one of Kripke forcing [Kri63]. Let W be a set of

worlds and let R be an m+ 1-ary relation over W and write R(w,wy, ..., w,,) for the value of
R at worlds w, wy, ..., wy,. Let ¢ = #(¢1, ..., ¢n) be a formula with outermost connective
# of arity m.

We distinguish two general classes (c.f. § 3.2) of connectives, together with judgements:

1. (#,]) is local if the meaning of (¢, j) at world w depends only on the meaning of each

A
(¢i,]Ji) at each world wy;
{

2. (#,]) is global if the meaning of (¢,]j) at each world w, depends on the meaning
of each (¢;,j;) at world w;, where Ry(w,ws,...,w,,) holds for some chosen relation
Ry over w. We will consider both universal global connectives, in which we permit
universal quantification over the worlds occurring in the definiens and existential global
connectives, in which we permit existential quantification over the worlds occurring in

the definiens.!?

Following this idea, we define Kripke models of object-logics in our usual indexed cat-
egorical setting, following the pattern established for AII, by requiring the base category
to interpret first-order terms, given by some signature, and by requiring the fibres to carry
exactly the structure specified by the satisfaction relation that defines the object-logic.

10Clearly, more complex classes are possible.
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The use of the satisfaction relation to define the connectives arbitrarily has the conse-
quence that we cannot guarantee that a given occurrence of a connective in a formula can
be interpreted in a given model without reference to the interpretation [—] of the syntax in
a model. However, we can require, at the level of prestructures, that there be enough points
to interpret the function symbols of the term language in the base category.

5.2 Kripke prestructures and structures

The basic idea of our functorial treatment of models of the object-logics is one that is
familiar from our treatment of models of A[land its internal logic in [PP06]. At each world,
a prestructure provides, functorially, a functor from environments to values. However, in
contrast with the internal logic of AII, our formulation of object-logics, specially their proof
systems, makes essential use of judged propositions and we should like this to be reflected
in their models.

Adumbrating our coming technical development, an example of the desirability of an
explicit treatment of judgements can be seen in the case of, say, Hilbert-type presentations
of S4. We may be interested in a model X7 which supports the principle

“if valid(¢), then true(¢)”

by virtue of the existence of an arrow
[(T¢, true) [ == [(D, valid)[ 7,
independently of the existence of a proof § such that
Kz,w,pl|l-706:((0¢,valid) Fr (D¢, true)).

In order to include an explicit account of judgements in our models of object-logics, we
modify the category of values, in which propositions are interpreted, to be categories of pairs
of judgements and values. Specifically, we replace each category of values V', i.e., each object
of V, with C'® J, where J is a category of judgements.

Definition 5.1 (category of judgements) A category of judgements
1s defined as follows:

Objects: Judgements j, including a terminal object null;
Arrows: Identities and at least null —— j, for each judgement j. O

Additionally, we may have arrows j — k. which may be used in a model to validate
principles of the kind discussed above. Note that although we have used the syntax of
judgement symbols to describe categories of judgements, we consider any category having
the specified structure to be a category of judgements.
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A judged proposition (¢, j) is interpreted in a category of judged values formed by forming
a product (in C) of a category of judgements and a category of values. The transition in
the semantics from values to judged values is directly, and deliberately, analogous to the
transition from proof trees to proof trees labelled with judgements, which is characterized
using the techniques of Lemma 4.1.

Definition 5.2 (judged values) A category of judged values is a category

Vel

where J is a category of judgements, V is a category (of values) and ® is the product in C.
O

We are always able to construct the category of judged values because both V' and J
live in the category of small categories and functors which is cartesian closed. Thus there is
always a product operation defined in this category which we are able to apply to V' and J.

For example, in our judged view of intuitionistic propositional logic, we have just one
judgement, proof. In this case, the category of judgements J is exactly

proof

OO

null 1proof

and a judged proposition (¢, proof) is interpreted as an object [[¢]]1,€§ ® proof of V® J. A
proof ¢ of (¢, proof), from judged assumptions I', is interpreted as an arrow

[6] %; ®proof

l@onull = [g]{? ® proof,

where 0 denotes the corresponding unjudged proof tree, which can be characterized using
the techniques of Lemma 4.1.

When we interpret a logic in a category, we need to make sure that the category has
enough structure to interpret each constant of the language and keeps each constant of the
same sort distinct. We define this condition:

Definition 5.3 (enough points) We say that a category C' has enough points to interpret

a language L if for each constant c: S, there exists an arrow 1 = [S] and for two constants
c1:8 # ¢: S, interpreted 1 - [S] and 1 = [S], we have that for all arrows f:[S] — [S']
that fcy # feo. a
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We are now able to define a Kripke prestructure. The definition of a Kripke prestruc-
ture here has considerably less structure than the definition of a Kripke prestructure for the
{V, D }-fragment of minimal first-order logic. This is because we wish our Kripke prestruc-
ture to provide a model for a wide class of object-logics and so we have to relax the amount
of structure we require in the definition. The conditions required to provide adequate struc-
ture to capture a connective # is provided by >4 which contains the necessary semantic
information to interpret a connective in the model.

Definition 5.4 (Kripke prestructures of Or) A Kripke Or-prestructure is a functor

J W, [BP,V]],
such that:
1. W is a small category of worlds;
2. B is a small cartesian closed category which has enough points to interpret L;

3.V is a (sub)category of judged values such that each J(W)(D), where W € W and
D € B, has a terminal object 170wy (py and finite products, preserved on the nose by
the tnverse image functors;

4. The indezed category J is strict. ]

Structures for Or extend prestructures in the usual way, providing a setting in which
consequences can be interpreted.

Definition 5.5 (Kripke structures for O7) Let J be a Kripke Or-prestructure.
A Kripke Orp-structure is a functor

Kz7: W, [B?, V],
where the category V is defined as follows:
Objects: Categories built of out of V.= J(W)(Y), with

Objects: Arrows

174 4
inV, where A= Ay X ... X Ap;
Arrows: Arrows
@24 4 . B2 )

are arrows A -~ B in V', where B= By X ... X B,,.
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Arrows: Functors Kz(W)(f):Kg(W)(Y) — K7(W)(X), where X LY in B and
KsW)(X) and Ks(W)(Y) are objects of the category V at world W. The functor
has the following properties:

1. The functor Kz (W)(f) takes an object of Kz (W)(Y), the arrow f& o, and returns
an object in K7 (W)(X), which is the arrow:

TIW)(Hfe.c)

KsW)(N(Jee) = [JTmN@) = =" gm)(N(©e);

2. The functor Kz (W)(f) takes an arrow of Kz(W)(Y), Ay x...x A, - Byx...x
B,,, and returns the arrowv = J(W)(f) (), where Cyx. .. xCpy —— Dy x... XD,
where J(W)(f)(A:;) = C; for 1 <i<m and J(W)(f)(B;) = D; for1 <j <n.
a

In order to define even the structure carried by models of Or, we require an interpretation
[—], of the syntax of Or in a structure K7: the relations Ry and >4 defining a connective
# are predicted on the interpretations of the propositional arguments taken by #.

Definition 5.6 (Kripke models of Or) A Kripke Or-model consists of a pair

(K. [=1x2); where Kz is a Kripke structure for Or and the partial function [—]i? is an
interpretation of Op in Kz, which is defined by induction on the structure of (i) terms,
which are interpreted in B, and (ii) judged formulae, with variables in the set X = {z; :
Sty v oy Tt Sm}, which are interpreted in the fibre over [Si]c? x ... x [Sn]e? M We begin

J
by interpreting sorts:

e For each basic sort S, [S[i? is (a choice of ) an object of B.

The terms are interpreted,exploiting the cartesian closed structure of B, as follows:
e For each variable x-S, [z]i! = [S[i? P [STi?:

e For each constant c¢:S, [[C]]Z}D =1-> [[SH%’;"

e For each function symbol f:(S1,...,S,) — S, [fl? = T1=) [S:]k?) L [STk?
where p is determined by the CCC structure of B in the usual way [LS86];

o Term-formation by application is interpreted by function space application in B;
The predicates symbols are also interpreted in B:

e For each predicate symbol P:Sy,...,S, — T,
w, wopy (127 [S:]27
[Pz = (IsTep) M= ks,

the internal hom in B;

"' Note that if = = 0, then [j(¢(X))]? is an object of K7 (w)([1]i?).
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We now interpret judged formulae.

e For each basic judgement j(¢), we have an arrow

1L [fi(o)]” Ky

in Kg(W)(X), where X = [Si]ic? x ... x [Su]l and the free variables of ¢ are
$1351,...,$n38n,'

e For each local connective #, satisfaction relation >y, [j(#(d1,- .., ¢m))]e :5 is defined
as follows: f € >u(fi,..., fm) if and only if there exists arrows

fi= Dol (T4 <3001

for 1 <i <m at world w which imply the existence of an arrow

L TR ) 2

e For each global connective # with associated world relation Ry and satisfaction relation

>y, [(#(é, ... ,¢m))]]q“,é§ is defined as follows: f € >y(f1,..., fm) if and only if there
exist arrows

Wiy 1 Kz
£ = Do)y it Il

for 1 < i <m where Ry(w,ws,...,wy,) imply the existence of an arrow

1L #6n, d)IEs

there is an arrow ;

iof there are arrows
= [i(¢s )]]w“p (T2 [Ki ()] )

at w;, for 1 <i <m such that R#(w,wl,...,wm) and f e >u(fi,..., fm);

o We require the following syntactic monotonicity condition: if [X]¢ ? 15 defined, then
S0 18 [X’]]Z’f;, for every subterm or subformula X' of X ;

o We require the following accessibility condition: if there is an arrow w —— w' in W,

then T (w)([T]2?) = T(w)([T]L* and T (w)([T]2?) = 7 (w)([T]2). =

Note that if X = ), then [j(¢(X))]? is an object of Kz(w)([1]?. Note also the
J J
important of the syntactic monotonicity requirement: the definition of the structure in the
model corresponding to each connective # relies on the definedness of the interpretations of
the propositional argument taken by #.
Also the interpretation of a logical connective takes into account the most general case
of a derivation of a judgement. For a Hilbert-style rule, we do not need the assumptions to

be there and so the derivation becomes 1 — lis(b1, - s dm) i
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5.3 Soundness and Completeness of Kripke Models

We can now complete our semantic view of object-logics by defining the satisfaction of a
proposition in a model. The satisfaction relations >4 are part of the semantic definitions of
the connectives #. Here we are concerned with the satisfaction relation for the whole logic.

Definition 5.7 (satisfaction) Let K; be a Kripke Op-model. K7 satisfies j(¢) at world w
with respect to environment p,

if and only if there is an arrow
T w,
1= [i(®)]kr.

IfT' = ji(é1)s - -, jm(Pm), then we write w, p||—; T if, for each 1 < i < m, w,p|—,ji(¢:)-
We write w, p ||-1 (I Fo, j(¢) or more commonly w, pI |—1j(¢), if w,p|—,T

implics w, p |-7i(®)- 0
We prove a result about monotonicity of satisfaction.

Lemma 5.8 (monotonicity of satisfaction) Let Or be an object-logic and (K, [~]7)
be a Kripke Op-model. If w, p|l—;i(¢), w — w' then w', p||~,j(9).

Proof By the accessibility condition of Definition 5.6, w —— w’ gives us the existence

of an arrow 1 25 [[j(¢)]]l,élj’p and thus ', p |7 j(¢). 0

We refer the reader to the work of Aczel [Acz80], where he presents a logical system
which is very similar in style to the one presented in Definitions 4.4,3.2 to 3.4 and 4.5 except
that it is less general. He only has one judgement true and does not treat logical connectives
in general. In fact, his definition of a Frege structure can be considered as a logic according
to our definition, since we can just add the extra the extra logical connectives A and app
to classical logic. The idea of not being able to define truth internally within a language
and the split between the logic and the metalogic can be captured more explicitly in the
setup we are using. This link between the work of Aczel and our own is expressed by the
comment in the final section that the type theory of Martin-Lof, which we are using here can
be modeled in a suitably chosen Frege structure and we are providing the opposite view that
Frege structures can be expressed in Martin-Lof type theory. The lambda structure of Aczel
can be seen to correspond to the All-calculus that we use as a metalogic. The definition of
an iterative set, the smallest collection of objects x such that every set of y’s is in x can also
be carried over into our setting to allow us to have a concept of an iterative set.

We prove a general soundness and completeness result for a judged proof system. We will
return to these results later on and consider when they hold for specific classes of object-logics
and so obtain some representation results.

Lemma 5.9 (soundness of Or for [~ ) Let (K, [~]c?) be a Kripke Or-model and let
w be any world in this model. If I Fo, j(¢), then w, p,T" |—7j(¢).
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Proof The proof proceeds by induction over the structure of proofs in the object-logic.
We begin with the case where we have an axiom. Here we have j(¢) € I" and so by

induction hypothesis, we have an arrow 1 7, L(o)]e?.

J.
We now look at an introduction rule. We have that w, p,I" |-, ji(¢;) for 1 < i < n,
where I is I" plus any hypotheses. By the induction hypothesis, we have arrows

i (o)l (1L, IKia(0lE) for each 1 <1 <n. By Definition 5.6, we have that there exists an

arrow 1 — li(# (o1, ..., 00))]i? with f € >y(fi,. .., f,) and thus

w, p, U ll=7J(# (01, -+ 6n))-
Finally, we consider an elimination rule. We have that w, p,I" [~ k(#(¢1,...,¢,)) and

w, p,I" |l-7i(¢), where I is I' plus any hypotheses. By the induction hypothesis, we have

arrows 1 [k(#(¢1, - .-, dn))]ic? and [[j(¢)]];é:5([[Kiﬂz§) for 1 < i < n. Since we are in a
Cartesian closed category, we obtain 1 — [j(¢1, ..., ¢n)[ic? and thus w, p,T'[~7j(#). O

To prove completeness, we construct a model where there exists a world wy such that
I' /7 j(¢) implies wo, p,I' Jl=7i(¢). We begin by constructing a categorical structure which
we will prove is a Kripke Op-structure and then give it an interpretation which gives the
result.

Going back to our motivation for constructing Kripke models, we recall that we wish
to use Kripke partiality to determine which proof variables are defined at a world and thus
which formulae have proofs. We take worlds to be collections of proof variables. Thus we
have a proof is true at a particular world if and only if it’s proof variable is at that world or
all the proof variables in it’s assumptions hold at that world.

Informally, our term model has the following structure; a base category which captures
terms, here the objects are products of sorts and the arrows are realizations, and fibres over
the base category which will capture consequence. The objects of each fibre will be proofs
and the arrows proof transformations.

We begin by defining the base category, B(A).

Definition 5.10 Let A be an alphabet. The (base) category B(A) of sorts and realizations
is defined as follows:

Objects: Products of sorts [~ S; such that S; correspond to the syntactic categories of the
language generated by the alphabet,

Arrows: Realizations X (ttn) Y such that x1:S1,...,2,:5 Fo, ti:1; for all 1 <i<mn;
— Identities, written idx, are S; X ... X Sy, Lsm) Sy X ... X Sp.
— Composition is defined as follows: if o0 = X aln) y and p=Y fo10g Z then
oip=X <sl[tj/yj]?:lip[mj/yj]?:1> 7 -

Here variables are understood as a special case of the identity. A variable is just the

identity on a single sort, i.e. .S =, S.
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Before we define out Kripke prestructure, we define a strict indexed category over the
base category, which we will use to construct the Kripke prestructure.

Definition 5.11 We define inductively a strict indexed category E(A) over the base category
cal B(A),

E(A):B(A)P — C,
where C denotes the category of small categories and functors, as follows:

e For each product of sorts, S = S1 x ... x S, in B(A), the category E(A)(S) is defined
as follows:

Objects: Judged formulae j(P(t1,...,t,)) such that x1:51,...,2,:S, Fo, j(P(t1, ..., tn));

Arrows: j(P(ty,...,t,)) LR J(Q(r1, ... ,mm)), where the arrow t is such that Sy X ...x S, X
T &l S1x... xSy xU in B(A), where jJ(P(ty,...,t,)):T and j(W (ry,...,1,)):U;
(Pt ) == J(Q(r1, .., 7m)) and J(Q(r1, .., 7m)) —= J(R(us, ..., up)),
then j(P(t1,...,t,)) b, J(R(uy, ..., up)) is given by
J(P(ty, ... t)) w/Y] J(R(uy, ..., up)), where u is such that Sy x S, x V o Sy X

... X S, x U is an arrow in B(A);

e For cach Y —— X in B(A), E(A)(Y - X) is a functor E(A)(X) AN E(A)Y)
giwven by o*j(P(t1,...,tn)) = J(P(t1,...,tn))|yi/x)™,, where x1:S1,...,2,: S, and
y1: 11, Ym T and o*j(P(th, ... t,)) — J(Q(r1, ..., 1p) = 0*j(P(t1, ..., tn)) —
a*(Q(r1, ..., 1p)). O

Before we construct our Kripke prestructure, we have to define our category of worlds.
To fully exploit the Kripke partiality of the model we are constructing, we take worlds to

be collections of proof variables, this will then tell us what we can and can not prove in the
fibres over the base category.

Definition 5.12 We define a category of proof variables, W, as follows:
Objects: Sets of proof variables {(1,...,(n};

Arrows: Given by subset inclusion. ]

For a proof j(¢) to be defined in a suitable fibre, we need to be over the world containing
at least the proof variable ¢ which corresponds to j(¢). This is the heart of our use of Kripke
partiality.

Over each world X, we place a base category B(A). We define a functor
T(A): W, [B(A), V], which will be our Kripke prestructure. Given an object S = S; X
... x Sy, of B(A), the functor 7 (A)(WW) gives us the following category:

Objects : Judged formulae j(¢) such that
T(A)(W)(S) = x1:51, ..., xS, Fo, j(¢) and ¢ € W;
Arrows : E(A)(X) arrows;
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where ( is the proof variable corresponding to j(¢).

From this, we build the Kripke structure, following the construction defined in Definition
5.5. This construction will give the term model. Need to fill in the details that
this thing is indeed a functor category.

The interpretation required to show that this is a Kripke Op-model is the obvious one, we
interpret the proof object (X) I' oy j(¢) as an arrow 1 — [j(¢)]” in the fibre 7 (W)(T),
where T'= 57 x ... x S, and X = 2,:51,...,2,:95, and (; € W for each (; corresponding
to a proof of j;(¢;) € I'.

From the definition of satisfaction, we have that I' o, j(¢) iff w, p, I |-, j(¢). If we take
wy = (), then we have that T' /o, j(¢) implies wo, p,I" /l-1j(¢), thus we have the following
model existence result.

Lemma 5.13 (model existence) There exists a Kripke Op-model (K7, [~]?) with a
world wy such that if there exists a proof 0: (I o, j(¢)), then

Wo, Py r /”_TJ(QS)

Proof See the previous construction. |
The term model we have constructed above has the correct property to allow us to prove
completeness

Theorem 5.14 (completeness) 6:((X) I' Fo, j(¢)) if and only if w, p, T |—,j(¢).

Proof
(only if) This is soundness, Lemma 5.9.

(if) Suppose 0:((X)[' o, j(¢)), then Lemma 5.13 yields a contradiction. O

6 Judgements-as-types

6.1 Introduction

Having described a judged object-logic, we now describe how to encode this logic into a signa-
ture in the All-calculus and thus how it is represented in a logical framework. The encoding is
the judgements-as-types correspondence, this is a generalization of the propositions-as-types
correspondence discussed in I and well known in the literature.

In particular, following Kant [Kan00] and Martin-Lof [ML82], we consider a metatheory
of object-logics in which the basic units manipulated by rules of inference are judged propo-
sitions rather than the bare propositions. This is the judgements-as-types correspondence.

We describe how to take a proof-object § : ((X)A Fo, j(¢) and translate it to a AI-
term 'y, I'a Fs,,  Ms :j(¢). We encode the inference rules of the object-logic as constants
in the signature of AIl and then construct the term in AIl. The rules of AII allow us to
mimic applications of inference rules in the object-logic and so allow us to construct terms
corresponding to proof-objects in the object-logic.
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Once we have the encoding defined, we are able to talk about the properties of the map
from the syntax of the object-logic to the syntax of MI and it’s properties. In particular,
we are able to define full and faithful encodings, as well as whether or not an encoding is
uniform.

The judgements-as-types correspondence is not the only choice of representation mecha-
nism, worlds-as-parameters is another paradigm we could have employed. The judgements-
as-types correspondence has a more solid philosophical background and is a generalization
of the propositions-as-types correspondence which is the basis for the majority of proof the-
oretic study. The use of a type of worlds which is not constructed seems to be less natural
than the judgements-as-types correspondence.

We look at the judgements-as-types correspondence in two senses; the first is syntactic
and provides us with an encoding mechanism, the second is semantic and provides us with
a morphism of models. These two viewpoints are related in the following way: the encoding
function will induce the morphism of models and properties of the encoding function will
be mirrored in the morphism of models. So a bijective encoding function will induce an
isomorphism of models and a surjective encoding function will induce an epimorphism of
models. We begin by looking at the syntactic judgements-as-types before setting up the nec-
essary categorical framework to describe the morphism and finally exploring the relationship
between the encoding and the induced morphism.

6.2 Syntactic judgements-as-types: Encoding logics in LF

We recall that an object-logic Oy is an alphabet A = (S,V, E,C, J), made up of symbols,
variable symbols, expressions, connectives and judgements and a collection of inference rules.
We encode all of these as constants contained in the signature of AIl. The idea behind the
encoding of the an inference rule is the following; given a rule

G )
i(o)

we think of it being quantified over all ¢ and each of the derivations of the judgements being
given by arrows and the combination of all the derivations being arrows, thus:

‘U s U

[ i o )

With the [] corresponding to IT in the AI-calculus and O corresponding to —. Usually, the
assumptions are understood as being joined by conjunction rather than implication, in the
sense of if we have this assumption and this assumption ..., then we have the conclusion.
With a bit of thought, it can be seen that using implication here instead of conjunction
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will capture enough information to allow us to represent the rule in a logical framework.
Essentially, we are looking at an uncurried version of the rule. If we wanted to use conjunction
here, we would have to use a different type theory as our language since AII does not have
conjunction. There are dependent type theories which have conjunction but using them is
beyond the scope of this paper since we are interested in studying representation rather than
the language used in the logical framework. We make this intuitive notion concrete in the
following definition.

Definition 6.1 (encodings) Let Or be an object-logic, presented either (1) as a Hilbert-
type system, or (2) as a natural deduction system. An encoding of Or in LF is determined
by a pair € = (e5,€) of functions in which €, maps the syntax of Op to All-terms and ¢;
maps the proofs of Or to Nl-terms. An alphabet A = (S,V, E,C,J) is encoded as follows:

o Let s € S\V: if s has arity 0, then s is encoded by a constant s:Type € Yo, or by a
constant s:s' € Yo,., where s': Type is declared to the left of s:s', if s has arity m,
then s is encoded in LF either by a constant

s:(sy — -+ — s,) — Type € Yo,

or by a constant
s:(sp— - — 8y) — & € Xo,

where s': Type € Yo, is declared to the left of s:s' in s':Type € Yo,

o Let s € V: awvariable x € Vy (of arity 0) is encoded in LF by a declaration x:s € T,
where I' is the context within which the declaration is required.

o Lete € E: if e has arity m, then e is encoded in LF by a constant
1 —— 1 — by — 1
where i; is a syntactic category.
e Fach judgement symbol j of arity (s1,...,Sm) is encoded in LF by a constant
ji(sy — ... — ...sm) — Type

Application in L is encoded in LF by application in NlI; abstraction in L is encoded in LF
by abstraction in NI.

1. Hilbert-type systems:

o An aziom Ax of the form j(e(d1, ..., 0m)), is encoded in LF by a constant of the
form

Az:T¢y:o1. ... . Obm.j(e(d1,. .., om))

of M1, where each o; is one of the syntactic categories of propositons distinguised
m A;
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e A rule R of the form

jiler, - ven) . jmler, ... en) .
jler, ... en)
in which, each e;, is of the form e;(¢1, ..., ¢m), is encoded in LF by a constant of
the form
R : H¢r:01. ... . Upp:om jiler,...,en) —
(Jo(er,..oyen) — (.. — jler, ...y en)))
of \II;

2. Natural deduction systems:
o An aziom Ax of the form j(e(¢1,...,¢m)), is in LF by a constant of the form
Az:T¢y:01. ... oy :0m - jle(d1,. ., 0m))

of M1, where each o; is one of the syntactic categories of propositions distinguished

m A;
e The #-introduction rule schema of the form
(K] [Kinl
J, J; Jy v
J

in which K;p, = kip,(€1,...,en),Ji = jiler,....e,), for 1 < i < p, and J =
j(#(eq, ..., en)), and where each e; is of the form e1 (¢, ..., Om), is encoded in LF
by a constant of the form

#I - ¢y:o01, . ... Uy i0m. (K1g — ... — Ky, — 1)
of \I;

o The #-elimination rule schema of the form

4] 1

k(#(e1, - en)) T
E
I i

in which the p minor premisses of the form J are derived from the set of assump-
tions I';, for 1 <1 < p, is encoded in LF by a constant of the form

#E : Tpr:om. ... bm:op. (k(#(e1,. .., em)) —
(ry —J)—...— T, —J)... —J)

of M (here, for brevity, we elide the currying of the I';’s).
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The functions €5 and €; are then determined as follows:

1. We define €5 inductively over the syntax of Or.

o c,(x) =z, where x is a variable;
o c (eer...e,) =¢s(e)...e5(e,), where each e; is an expression;

o (1, .., Tp)e = AT1:81. ... . ATy Sy - €5(€), where each xy: sy is a variable x;
belonging to the syntactic category s;.

2. We define €; inductively over the proof expressions of Or.

o Given a proof variable & for the proof of j(e), €;(§) = £:j(e)

e Given an application of a rule # I or # E to proofs 114, ...11,,, we have
€j<# I(Hl,,H)n»:Gj(# I)GJ(H1>€](HH) a

We extend our definition to theories.

Definition 6.2 (encoding of theories) We extend the encoding function €; to cover the
new inference rules of the theory. O

Theories in which induction is restricted, e.g. 3}-induction, present a further syntactic
challenge for the definition of an object-logic. In an informal meta-theory, we simply restrict
our attention to induction formulae of the appropriate class, e.g. X}-induction. However,
our object-logics are intended as the

The next two definitions are closely related to definitions in [HST94] and [Sim93].

Definition 6.3 (full,faithful encodings) An encoding of an object-logic Or is full if the
Judged consequence § : (X)j1(¢1), .- Jjn(Pn) Forn (@) in the object-logic implies I'x,x; :
J1(@1)s - Tntjn(dn) }_ZOT Ms:j(¢) and faithful if T'x, 21:j1(01), - -, Tp 2 jn(Pn) "on Ms:j(¢)
implies §: (X)j1(#1)s - - in(bn) Fop J(@). We call a full and faithful encoding adequate. O

Definition 6.4 (encoding uniformly) An encoding of an object-logic O is uniform if the
encoding function is surjective. We say an encoding is uniformly full if the encoding is both
uniform and full, similarly we say an encoding is uniformly faithful if the encoding is both
uniform and faithful. |

In [HST94], the term ‘uniform encoding’ is used to denote a stronger property than our
‘uniformly faithful’, requiring a quantification over all possible signatures >, which ‘present’
the logic £. The details of the approach to the representation of logics described in [HST94]
are beyond our present scope.

From now on we will mainly be concerned about uniformly full encodings, since we want
every term in AIl to correspond to a proof in the logic. Any weaker condition than this
would mean that the logical framework would not be fully representing the logic. While
we will have encoding functions which are bijections, these will be special cases rather than
the norm. We are interested in full encodings because we the proof of fullness is just an
induction proof and we are more concerned about proving fullness semantically.
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6.3 Semantic judgements-as-types: a morphism of models

Finally, we are now able to set up we shall call the judgements-as-types morphsim, an
indexed morphism between suitable Kripke models, induced by the judgements-as-types
correspondence. As discussed above, we are concerned with the cases where the encoding
function is surjective or bijective. In these cases, the morphism will be an epimorphism or
isomorphism respectively.

We begin by recalling briefly several key definitions from [PP06]. We keep our presenta-
tion shorter than that given in [PP06] and the reader is referred to this paper if more details
are required. As in [PP06], we notice that the definition of a Kripke model of the All-calculus
is similar to that of a Kripke model of the object-logic. We exploit this similarity by defining
a morphism between them. We recall the definition of a generalized indexed functor.

Definition 6.5 (generalized indexed functors) Let F: A®? — C and G : B? — C
be strict indexed categories. A generalized indexed functor from F to G consists of a triple
T = (B8,7,€) in which f: A — B and v:C — D be functors and € : F;yv = (7;G
is a natural transformation. We extend this definition to functors F : [W,[A%,C]] and
G:[X,[B?, D]]. A generalized indezxed functor from F to G consists of a quadruple

T = (04757% <€w)w€W)a

where a - W — X, B: A — B, v:C — D be functors and, for each object w of W,
€w : F(w);y = B%;G(a(w)) is a natural transformation such that for f:v — w, the
diagram

v Flo)iy —=— 8 G(a(v))
f F(f) G(a(f))
w f(w);7€:>ﬂ"”; G(a(w))
commutes. a

We define the notion of an indexed epimorphism and indexed isomorphism since we will
need these to describe cases of our morphism. Both of these definitions are straightforward.

Definition 6.6 (indexed epimorphisms) A generalized indexed functor T = ((3,7,¢€) is a
generalized indexed epimorphism if B and ~y are epimorphisms and € is a natural epimorphism.
A generalized indexed functor T = (o, 5,7, (€w)w) s a generalized epimorphism if a, [ and
v are epimorphisms and each €, is a natural epimorphism. O

Definition 6.7 (indexed isomorphisms) A generalized indexed functor T = (3,7, €) is a
generalized indexed isomorphism if 3 and y are epimorphisms and € is a natural isomorphism.
A generalized indexed functor T = (a, 3,7, (€w)w) i a generalized isomorphism if o, B and
v are isomorphisms and each €, s a natural isomorphism. O

o4



Now we define the category where all the models live.

Definition 6.8 (category of models) We define the category M of models as follows:

Objects: each object of M is either a Kripke Yo,.-NI-model K7 or a Kripke Op-model Rs'?
Arrows: there are four cases:

1. An arrow
h

(K, 1-Te,) = (K [T,

is given by an indexed functor (o, 3,7, (€w)w) : Ky — K';/ such that if aw = w',

then h([XT¢,) = [XIK,

2. An arrow
h

(R, [-Tr2) - (Rl [

is given by a generalized indezed functor (o, 3,7, (€w)w): Rs — Rl such that

if ax = ', then h([X]3)) = [[X]];ng;
3. An arrow
(K, [-1x,) = (Rs. [-1=)
is given by a generalized indexed functor (a, 3,7, (€w)w): K7 —> Rs such that
aw = x, then h([[{{X}}T]];éj) = [X]%%;
4. An arrow
(Rs. [-Iz2) = (K. [-T,)
is given by a generalized indexed functor («, 3,7, (€w)w): Rs — Kz such that
ar = w, then h([X]%}) = [[{{X}T]];éj.

where { X }r is the result of applying the encoding function € to X .
We show that M is well-defined.

Lemma 6.9 (M is well-defined) The category M described in Definition 6.8 is
well-defined.

Proof We just need to check that arrows compose, since the identity arrow is given by
a special case of one or two depending on whether we are dealing with a Kripke AlI-model or
an Op-model. As long as the encoding function is surjective, we can always find the inverse
function needed to define morphisms of type three. This means that we can always compose

arrows and obtain arrows of the category.

We are almost ready to prove the existence of a morphism of models induced by the
judgements-as-types correspondence. We just need one final piece of terminology. Let

12Notation: to avoid confusion, we use Rs, etc., for object-logic models.
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(Kz.[=]k,) and (Rs, [-]z2) be objects of M. A morphism % between them is an
epimorphism (isomorphism) of models if it is an indexed epimorphism (isomorphism) such
that, abusing notation by allowing X to range over all of the syntax of Or and suppressing

information about worlds,
h([[{{X}}T]]KJ) = [[X]]RS‘

Proposition 6.10 (judgements-as-types epimorphism) Let Or be an object-logic as
defined in Definition 4.9 and let (K7, [~y ), where Kz :[W,[D? V]|, be a Kripke Xo,-
MI-model, where ¥, is the Ml-signature in judgements-as-types correspondence with Orp,
where the encoding is uniformly faithful. Then there is a Kripke Op-model, (Rs, [[—]]%’5),
where Rs:[X, [EP, U], together with an (indexed) epimorphism of models,

h = (aaﬁa’% (ew)w):’CJ A RS)

induced by the judgements-as-types correspondence, which respects the interpretation of syn-
tazx. Specifically, abusing notation by allowing X to range over all of the syntax of Or and
suppressing information about worlds, if [X]%  and [[{{X]}T]],Vg7 are defined, then

h([[{{X}}T]]icg) = [[X]]’RS‘

Proof

e We take X = W with a = 1,. Thus « is an isomorphism.

e We take £ to be the subcategory of D with all pullbacks. This means that £ has
pullbacks together with a terminal object and is thus cartesian closed. We take (3 to
be the subcategory restriction, which is trivially an epimorphism.

e We take U to be a subcategory of V. We take the subcategory which only has objects
formed with fibres over £ and arrows of the foorm A — A. We take v to be the
subcategory restriction, which is trivially an epimorphism.

e Finally, we have to define the natural transformation ¢, for all w € WW. We take this
to be the identity, which will give it all the required properties.

e Finally, we need to show that condition on interpretations holds. This follows from
the uniformity of the encoding function. We have that every object in AIl can be
understand as corresponding to the encoding of an element of the language of Or.
Thus, after an induction over the structure of AIl, we have that

MI{XBrlk,) = [X]r,
holds.
O
We call the epimorphism constructed in Proposition 6.10 the judgements-as-types epi-
morphism. We have the following corollary; if we repeat the above proof with the encoding

function as a bijection, i.e. the encoding is adequate, then we will obtain an isomorphism of
models, which we call the judgements-as-types isomorphism.
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Corollary 6.11 (judgements-as-types isomorphism) Let Or be an object-logic as de-
fined in Definition 4.9 and let (Kz,[~]x ), where Kz :[W,[D, V]|, be a Kripke Yo, -All-
model, where Yo, is the N\I-signature in judgements-as-types correspondence with Or, where
the encoding is adequate and a bijection. Then there is a Kripke Op-model, Rs, [[—]]7_3’5),
where Rs:[X, [E%,U]], together with an (indexed) isomorphism of models,

h = (Oé,ﬁ,’}/, <€w)w):lcj — RS7

induced by the judgements-as-types correspondence, which respects the interpretation of syn-
tazx. Specifically, abusing notation by allowing X to range over all of the syntax of Or and
suppressing information about worlds, if [X]%  and [[{{X]}T]],VCVJ are defined, then

WX Yrlc,) = [X]g,-

Next, we show as another corollary of the existence of the judgements-as-types epimor-
phism, that a model of a representation of an object-logic can be uniformly constructed from
a model of the object-logic. This result generalizes one of Simpson [Sim93], and ...

Corollary 6.12 (induced models) Let Or be an object-logic as defined in Definition 4.9
and let (Rs, [~]z2), where Rs : [X.[€7,UJ], be a Kripke Op-model. Let Yo, be the AI-
signature in judgements-as-types correspondence with Op. Then there is a Kripke Yo, -A1-
model, (K7, [~]x,), where K7:[W,[D?, V]|, induced by the correspondence.

Proof We examine the construction used in Proposition 6.10. We notice that the
subcategories we restricted to are Kripke All-models in their own right and thus we can think
of a Kripke Or-model as a Kripke AII-model. The judgements-as-types correspondence gives
us the corresponding interpretation. O

Finally, we give a general representation theorem.

Theorem 6.13 (representation) Given a judged object-logic Or together with a uniform
encoding, which 1s complete with respect to it’s Kripke model and that the encoded logic
15 complete with respect to it’s Kripke model then the encoding is adequate and there is a
surjection between proofs

d: (X) j1(¢1)7 s 7Jn(¢n) l_OT J((b)

and (proof) terms
Fx, T :j1(¢1)7 ceey Iy Jn(gbn) I_EOT M5 J(¢)
in A1

Proof To show fullness, an induction over the structure of AII is required, we elide the
details since we are more concerned about the proof of faithfulness. The proof of faithfulness
takes advantage of all the framework we have just set up. Let M; be a proof term in Or
with derivation

Ux,ziiji(@1)s - 2o tin(Pn) Fxo, Ms:j(9)
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in AIl. Since ¥p,-All is complete with respect to it’s Kripke model, we have that

FX; 1 :j1(¢1)7 sy Ty Jn(¢n) ):Z)@T M5 J(gb)

holds. We use Proposition 6.10 to obtain a Kripke Op-model where

(X) j1(¢1>7 ce 7Jn(¢n> ):OT J(¢)

holds and since Or is complete with respect to it’s Kripke model, we have that the proof

(X) j1(¢1>7 s 7Jn(¢n) l_OT J(¢>

holds in O7 and we have proved faithfulness.

The surjection between proofs in Op and proof terms in X, .-All follows from examining
the step in the previous argument between the two Kripke models. Given a derivation of a
proof term in Xp,-AIl it corresponds to

Ix, 21:j1(@1), -, @ntin(dn) Fu, Ms:i(9)

in the Kripke model. Since we have an epimorphism between models, by Proposition 6.10,
we know that each proof term has come from a proof

(X) j1(¢1>7 ce 7Jn(¢n> ):OT J(¢)

in the Kripke model. By completeness, this corresponds to a proof

(X) j1(¢1>7 s 7Jn(¢n) I_OT J(¢>

in Op. Thus every proof term in AIl has come from a proof in O7 and so we have a surjection.
O

We have the following corollary:

Corollary 6.14 (representation) Given a judged object-logic Or together with a bijective
encoding function, which is complete with respect to it’s Kripke model and that the encoded
logic is complete with respect to it’s Kripke model then the encoding is adequate and there is
a bijection between proofs

d: (X) jl(qbl)v L aJn(¢n) I_OT J(Qb)

and (proof) terms
FXv Ty :j1(¢1)7 coes T Jn(¢n) l_EOT M5 J(¢)
in A1

The proof just uses the fact that an bijective encoding provides an isomorphism of models
rather than an epimorphism, Corollary 6.11.
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7 Representation Theorems

7.1 Introduction

All the previous work has been done to allow us to prove representation theorems. These
are results which tell us which object-logics can be encoded in LF. Rather than dealing with
individual object-logics as in the literature, [AHMP92, HHP93|, we have dealt with general
classes of object-logics. We have done this to avoid being ad-hoc as well as allowing us to
develop not just representation theorems but a theory of representation. In the later sections,
we deal with more specific classes of object-logics obtained through repeating the previous
work with respect to labelled deductive systems.

There are two aspects to a representation theorem, both of which are concerned with the
relationship between a proof in the object logic and a derivation of a proof term in AII:

1. The first condition is characterized by properties of the encoding. A full encoding
means that

(X) 1(@1); -+ Jn(@n) For i(9)
implies
Ux,21:1(b1), oy ot jn(dn) l_EoT Ms:j(¢)

while a faithful encoding means the opposite implication holds. A full and faithful
encoding is adequate.

2. The second is a more direct relationship between the proof and the proof terms. We
are interested in any properties that a map between them might have, i.e. is it a
surjection or bijection.

Proving that an encoding is full is just an induction proof and is relatively straightforward.
We are not concerned with proving fullness because we are interested in the semantics of
the object-logic and AIl. Analyzing the semantics is done with the aim of providing proofs
of faithfulness. The current proofs of faithfulness have been done proof-theoretically. This
can be difficult since the proof involves showing that any derivation in Allis essentially
the representation of a derivation in the object-logic. Faithfulness should be easy to prove
semantically, it should follow from the truth of derivations in AIl. In fact, the proof of
Theorem 6.13 shows how straightforward it can be although we did a lot of work to get
there.

The relationship between proof terms and proofs is again something which is fairly
straightforward to prove semantically. The morphism induced between the Kripke mod-
els, e.g. Theorem 6.10, provides the strength of this map. This is clear with the way the
proof was constructed.

In this section, we will study what properties are required to obtain a faithful encoding
and examine what effect different properties of the encoding function have on the above
properties. The above analysis and the proof of Theorem 6.13 show us that there is a
relationship between the two properties.
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7.2 Representation Theorems

We recall that at the end of Section 6.3, we stated the following relationship between an
object-logic and it’s encoding in AIl. If the encoding was uniform and the object-logic and
encoded logic were complete with respect to their Kripke models then the encoding was ade-
quate and there was a surjection between proofs in the object-logic and their corresponding
proof term in AIl. We gave as a corollary the case where the encoding function was bijective
and thus gave a bijection between proofs and proof terms, as well as the adequacy result.
Throughout the rest of this section, we will only make reference to this special case when the
result either does not hold or is not a corollary of the uniform case. Thus all the theorems
stated below carry across to the adequate case unless otherwise stated. We also do not anal-
yse encodings which are not full, the reason for this is that fullness is proved by induction.
We are concerned with using the techniques we have developed to look at semantic proofs
of faithfulness.

The above representation theorem is quite strong, it requires that both the object-logic
and encoded logic be sound and complete with respect to their Kripke models. We are
interested in finding the weakest versions we can of the conditions on the object-logic and
it’s encoding. It is clear that these two conditions are not mutually exclusive. To understand
how we can weaken this representation theorem, we need to examine it’s proof in detail. The
proof of fullness involves tracing our way around the following diagram:

Kripke Model <— Kripke Model

Or

Yo

T

Closer analysis shows that we are starting from the bottom right corner and tracing
around the diagram until we reach the bottom left corner via the top edge. This means that
we only need to be able to trace the diagram along this route; the completeness conditions
mean that we have a equivalence on both sides which is far stronger than we need. We thus
weaken these conditions:

Lemma 7.1 (representation) Given a judged object-logic Or with a uniform full encod-
ing. If
(X) 1(01), - - -, Jnldn) Fo, i(®)

implies
(X) j1(¢1)7 Tt 7Jn<¢n) l_OT J(¢)
and if
Uy z1:i(é1), -+, T tdn(dn) l_EOT M;:j(¢)
implies

Fx, T :j1(¢1)a s T Jn(¢n) ):ZOT M5 J(¢)
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then the encoding s faithful and there exists a surjection between proofs in O and proof
terms My in Yo, -1

The above side conditions are the minimum to allow us to travel round the diagram and
so is really just a corollary of Theorem 6.13. The conditions on provability and validity
for the object-logic amount to being able to either construct a term model or developing
prime theories, while the conditions on deriviability and validity in Allamount to a proof of
soundness. We will proceed to study the proofs of these conditions in detail to see where
they fail and what is the minimum condition for them to hold.

8 Discussion

Worlds-as-parameters.

The work of Basin, Matthews and Vigano deals in detail with substructural logics like
relevant logic. We have not dealt with this here since while it would be possible to provide a
Kripke model for the object-logic, we would be unable to adequately encode a substructural
logic into LF. The reason for this is that since the meta-logic provided by LF is intuitionistic,
we obtain weakening for free, c.f §2.3. We do not want weakening to be present for a
substructural logic.

The logical framework, RLF [IP98] does provide a suitable meta-logic for representing
substructural logics. The meta-theoretic analysis of an object-logic in LF can be carried out
for an object-logic in RLF but this goes beyond the scope of this paper.

Within the work of Basin, Matthews and Vigano, they deal with quantified modal logics.
These are modal logics where the domain of the semantics is either increasing, decreasing or
fixed. This requires each connective to come with not just a relation (or relational theory)
of worlds but also information about the domain (or domain theory) of the semantics. This
then produces a two-dimensional space of possible logics. It appears that the Kripke models
used in this paper do not carry information about the domain. To deal with these types
of logics, it seems that a new categorical model will be required and possibly a new logical
framework.

The labelled deductive systems of Basin, Matthews and Vigano classify a wide range of

logics but this is not exhaustive. There are a lot of logics which can not be presented in
a labelled deductive system. Within this paper a labelled deductive system was used as a
means to describe a ‘generic’ logic and a natural deduction system, Hilbert-type system or
some sort of hybrid of the two was then extracted from it. This extracted proof system was
then analysed throughout the rest of the paper. It is a conjecture of the authors that any
natural deduction system, Hilbert-type system or hybrid system can be used here, not just
one obtained from a labelled deductive system.
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