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Abstract

An exposition of singular cohomology theory and De Rham cohomology leading
up to the proof of the De Rham theorem using induction on open sets.
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1 Introduction

The aim of this project is to prove the De Rham theorem using induction on open sets. The
first few sections are mainly technical results which will be required in later proofs, while
the last few sections are introductions to singular cohomology and De Rham cohomology
with the final section being a proof of the De Rham theorem itself.

The first section shows the existence of a partition of unity. I have included this section
rather than reference it as the style of proof used here will also be used later on. The
second section covers induction on open sets. This is a little known result and is crucial
to my proof of the De Rham theorem. The third section is on exact sequences. These
appear in all areas of cohomology theory and so are worth their own section. This section
also contains a statement and proof of the five lemma which is an important result in
the theory of exact sequences and will be used in my proof of the De Rham theorem.
The next section is an introduction to singular cohomology. It goes through the basic
definitions and has two key results in it. The first being the existence of the Mayer-
Vietoris sequence for singular cohomology and that the sequence gives the calculation of
the singular cohomology of Rn. The next section is an introduction to differential forms
on manifolds and culminates in a proof of Stokes’s theorem. Differential forms are the
main elements of De Rham cohomology and Stokes’s theorem is used in my proof of the
De Rham theorem. The next section uses the ideas of the previous section to develop De
Rham cohomology. Again the important results from this chapter are the existence of
Mayer-Vietoris sequences for De Rham cohomology and the De Rham cohomology of Rn.
The final section is a proof of the De Rham theorem using induction on open sets.
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2 Partition of Unity

The main purpose of this section is to define a partition of unity and show that one exists
on any open set of Rn with an open cover. This will be done through a series of lemmas
which will be mostly showing that there exist functions with the certain properties which
can be combined to get a partition of unity. The books used in this section are[4], [6], [7],
[10], [11] and [13]. Firstly, I want to define the support of a function.

Definition 2.1 (Support of a Function). Let f : U → R with U ⊂ Rn. The support
of f is the set suppU (f) = {x ∈ U |f(x) 6= 0}.

The support of a function picks out the area where it is non-zero.
The next lemma and its corollaries just show the existence of functions which will be

required in the proof of a partition of unity.

Lemma 2.2. The function ω : R→ R defined by ω (t) =

{
exp

(−1
t

)
, if t > 0

0, if t ≤ 0
issmooth

Proof. Only need to check smoothness at t = 0 and it is enough to show that

limt→0+

ω(n−1) (t)

t
= 0 ∀ n ≥ 1

Differentiating n times gives the existence of polynominals p0, p1, p2, . . . which satisfy
ω(n)(t) = pn

(
1
t

)
exp

(−1
t

)
for t > 0 and n ≥ 0. We now have

limt→0+

((
1

t

)k

exp

(
−1

t

))
= limx→∞

xk

exp (x)
= 0

Corollary 2.3. For real numbers a < b there exists a smooth function ψ : R→ [0, 1] such
that ψ (t) = 0 for t ≤ a and ψ (t) = 1 for t ≥ b.

Proof. Set ψ(t) = ω(t−a)
ω(t−a)+ω(b−t)

Corollary 2.4. For x ∈ Rn and ε > 0 there exists a smooth function φ : Rn → [0,∞) such
that Dε(x) = φ−1 ((0,∞)) where Dε(x) = {y ∈ Rn| ‖y − x‖ ≤ ε}, ie the disc of radius ε
centred at x.

Proof. Define φ by the formula

φ(y) = ω
(
ε2 − ‖y − x‖2

)
= ω

(
ε2 −

n∑
j=1

(yj − xj)
2

)

Now we have that the support of φ is the closed disc of radius ε centred at x, ie

suppU φ = Dε(x)

The next few lemmas look at the properties of open sets required for the proof of the
existence of a partition of unity.
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Lemma 2.5. An arbitrary open set U ⊂ Rn can be written in the form U =
⋃∞

m=1 Km,
where the Km are compact and Km ⊂ K◦

m+1 for m ≥ 1. K◦ means the interior of the set
K.

Proof. Let Km = D2m (0) \⋃
x∈Rn\U D 1

2
m (c). This satisfies the necessary conditions.

Lemma 2.6. For an arbitrary open set U ⊆ Rn and a cover V = (Vi)i∈I of U by open
sets, it is possible to find a sequence (xj) in U and a sequence (εj) of positive real numbers
that satisfy the following conditions :

(a) U =
⋃∞

j=1 Dεj
(xj)

(b) For every j there exists i (j) ∈ I with D2εj
(xj) ⊆ Vi(j)

(c) Every x ∈ U has a neighbourhood W that intersects only finitely many of the balls
D2εj

(xj)

Proof. Choose Km (m ≥ 1) as in lemma 2.5. Set K0 = K−1 = ∅. For m ≥ 1 let Bm =
Km \K◦

m−1, Um = K◦
m+1 \Km−2. For every x ∈ Bm we can find ε (x) > 0 such that D2ε(x)

is contained in both Um and at least one of the sets Vi. The Heine-Borel property for Bm

ensures the existence of Xm,j ∈ Bm and εm,j > 0 (1 ≤ j ≤ dm) such that

(i) Bm ⊆ ⋃dm

j=1 Dεm,j
(xm,j)

(ii) Every D2εm,j
(xm,j) is contained in Um and at least on of the sets Vi

Now re-index the families (xm,j) and (εm,j), where m ≥ 1 and 1 ≤ j ≤ dm. From (i) and
(ii) we get

U =
∞⋃

m=1

Bm ⊆
∞⋃

m=1

rm⋃
j=1

Dεm,j
(xm,j) ⊂

∞⋃
m=1

Um ⊂ U

which proves (a). (b) follows straight from (ii). To prove (iii) for every x ∈ U choose
m0 ≥ 1 with x ∈ Um0 . Since Um ∩ Um0 = ∅ when m ≥ m0 + ζ, it follows that Um0 can
intersect Dε (xm,j) only when m ≤ m0 + 2.

We now have enough information to prove the existence of a partition of unity.

Theorem 2.7 (Existence of a Partition of Unity). If U ⊆ Rn is open and V = (Vi)i∈I

is a cover of U by open sets then there exist smooth functions φi : U → [0, 1] satisfying

(i) suppU (φ1) ⊆ Vi for all i ∈ I

(ii) Every x ∈ U has a neighbourhood W on which only finitely many φi do not vanish

(iii) For every x ∈ U ,
∑

i∈I φi (x) = 1

φi is a partition of unity which is subordinate to the cover V.

Proof. Choose (xj), (εj) and i (j) ∈ I as in lemma 2.6. Apply corollary 2.4 to find smooth
functions ψj : Rn → [0,∞) with Dεj

(xj) = ψ−1 ((0,∞)). Condition (c) from lemma 2.6
guarantees that the function ψ : U → R given by ψ (x) =

∑
j ψj (x) is smooth because

the sum is finite on a neighbourhood of any x ∈ U . From (a) of lemma 2.6 we have that
ψ (x) > 0 for all x ∈ U .
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Let ψ̃j : U → [0,∞) be given by ψ̃j (x) = ψj (x) ψ−1 (x). These are smooth with

Dεj
(xj) = ψ̃j

−1
((0,∞)) and

∑
j ψ̃j (x) = 1 for all x ∈ U . Set φj =

∑
ψ̃j, for i ∈ I,

summed over the set Ji of indices j for which i (j) = i (in particular φi = 0 when Ji = ∅).
By lemma 2.6 (c), it follows that φi is smooth on U . These functions satisfy (ii) and
(iii). It just remains to show (i). Every x ∈ suppU (φi) has a neighbourhood W ⊆ U
that satisfies lemma 2.6 (c). Thus the restriction of φi|W becomes a sum of finitely many

ψ̃jν |W with jν ∈ Ji. There is at least one jν ∈ Ji, with x ∈ suppU

(
ψ̃jν

)
= Dεjν

(xjν ) ⊆
D2εjν

(xjν ) ⊆ Vi we have x ∈ Vi.
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3 Induction on Open Sets

In this section I want to prove a theorem on how induction can be applied to open sets.
It will be the main result used in the proof of the De Rham theorem. The book used in
this section is [7]

Theorem 3.1 (Induction on Open Sets). Let M be a smooth n dimensional manifold
equipped with an open cover V = (Vβ)β∈B. Suppose U is a collection of open subsets of M
that satisfy the following four conditions:

(i) ∅ ∈ U
(ii) Any open subset U ⊆ Vβ diffeomorphic with Rn belongs to U

(iii) If U1, U2, U1 ∩ U2 belong to U then U1 ∪ U2 ∈ U
(iv) If U1, U2, . . . is a sequence of pairwise disjoint open subsets with Ui ∈ U then their

union
⋃

i Ui ∈ U
Then M belongs to U
The following lemma is required for the proof.

Lemma 3.2. Given the conditions of theorem 3.1. Let U1, U2, . . . be a sequence of open
subsets of M with compact closure, which satisfy:

(a)
⋂

j∈J Uj ∈ U for any finite subset J

(b) (Uj)j∈N is locally finite

Then the union
⋃n

i=1 Ui belongs to U .

Proof. Firstly need to show that Uj1 ∪ Uj2 ∪ . . . ∪ Ujm ∈ U is true for every set of indices
j1, . . . jm. This is done by an induction argument on m. The cases m = 1, 2 follow from
(a) and theorem 3.1.(iii). So let m ≥ 3 and assume that the claim is true for sets of
m− 1 indices. Let V = Uj2 ∪ . . .∪Ujm and Uj1 ∩ V =

⋃m
ν=2 Uj1 ∩Ujν ∈ U . Now apply the

induction argument to the sequence (UJ1 ∩ Uj)j∈N. This together with theorem 3.1.(iii)
gives us Uj1 ∪ . . . Ujm ∈ U . By (a) we have Ui ∩ Uj ∈ U and so

m⋃
ν=1

(Uiν ∩ Ujν ) ∈ U (1)

for any set of 2m indices i1, j1, . . . , im, jm.
Inductively, define index sets Im and open sets Wm ⊆ M as follows:

I1 = 1,

W1 = U1,

and for m ≥ 2 Im = {m} ∪ {i|i > m, Ui ∩Wm−1 6= ∅} \
m−1⋃
j=1

Ij (2)

Wm =
⋃

i∈Im

Ui
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If Im−1 is finite, then Wm−1 has compact closure and (b) implies that Wm−1 only
intersects finitely many of the sets Ui. This shows inductively that Im is indeed finite for
all m. Moreover, if m ≥ 2 does not belong to any Uj with j < m then by definition of
Im, Ij belongs to Im. Hence N is the disjoint union of all the finite sets Im.

All finite unions are in U , so Wm ∈ U . If Im = ∅, Wm = ∅ ∈ U . Similarly, (1) shows
that

Wm ∩Wm+1 =
⋃

(i,j)∈Im×Im+1

Ui ∩ Uj ∈ U

(2) implies that Wm ∩ Wk = ∅ if k ≥ m + 2. If the intersection were non-empty, then
∃i ∈ Ik with Wm ∩ Ui 6= ∅, and by (2) i ∈ Ij for some j ≤ m + 1.

By theorem 3.1.(iv), the following sets are in U :

W (0) =
∞⋃

j=1

W2j
, W (1) =

∞⋃
j=1

W2j−1
, W (0) ∩W (1) =

∞⋃
j=1

(Wm ∩Wm+1)

By theorem 3.1.(iii) , ∪∞i=1Ui = W (0)
⋃

W (1) ∈ U
Proof. (of theorem 3.1)

Consider the special case where M = W ⊂ Rn is an open subset. Here we use the
maximum norm on Rn,

‖x‖∞ = max1≤i≤n|xi|
whose open balls are the cubes

∏n
i=1 (ai, bi). Recall lemma 2.6, if the proof is repeated

with the norm being replaced by the maximum norm and Dεj
(xj) becomes ‖ ‖∞-balls Uj,

we find that we have a sequence of Uj which satisfies:

(i) W =
⋃∞

j=1 Uj =
⋃∞

j=1 Uj

(ii) (Uj)j∈N is locally finite

(iii) Each Uj is contained in at least one Vβ

A finite intersection Uj1 ∩ . . . Ujm is either empty or of the form
∏n

i=1 (ai, bi) which is
diffeomorphic to Rn. Thus by lemma 3.2 W ∈ U .

In the general case, firstly consider an open coordinate patch (U, h) of M , h : U → W
a diffeomorphism onto an open subset W ⊆ Rn. W is covered by (h−1 (Vβ))β∈B and let

Uh be the open sets of W whose images by h−1 belong to the given U . Thus by lemma
3.2 U ∈ U for each coordinate patch.

If M is compact then cover M by a finite cover of coordinate patches and apply the
above argument to see that M ∈ U .

If M is non-compact use a sequence of coordinate patches with compact closure instead
of Dεj

(xj) in the proof of lemma 2.6 to get a locally finite cover of M

This is a very powerful theorem as will be shown in my proof of the De Rham theorem.
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4 Exact Sequences

Exact sequences arise in all forms of cohomology so I want to cover them now before
moving onto singular cohomology and De Rham cohomology. The books used in this
section are [5], [7], [8],[9] and [12].

Firstly I want to define an exact sequence.

Definition 4.1 (Exact Sequence). A sequence of Abelian groups and homomorphisms

. . . - An−1

hn−1 - An

hn - An+1

hn+1 - . . .

is called exact if the image of each homomorphism is the kernel of the following ho-
momorphism, ie Im (hn−1) = Ker (hn).

An important result in the theory of exact sequences is the five lemma.

Theorem 4.2 (The Five Lemma). In the following commutative diagram of Abelian
groups, if the rows are exact and α, β, δ, ε are isomorphisms then so is γ.

A
i - B

j - C
k - D

l - E

A′

α

? i′ - B′

β

? j′ - C ′

γ

? k′ - D′

δ

? l′ - E ′

ε

?

Proof. It is sufficient to show:

(i) γ is injective

(ii) γ is surjective

(i) Let c ∈ C and γ (c) = 0. Then δ ((c)) = k′ (γ (c)) = 0. Hence k (c) = 0 since δ
is an isomorphism. So c ∈ Ker (k) = Im (j), choose b such that j (b) = c. Then
j′ (β (b)) = γ (j (b)) = γ (c) = 0. So β (b) ∈ Ker (j′) = Im (i′); choose a′ such
that i′ (a′) = β (b). α is an isomorphism so choose a such that α (a) = a′. Then
β (i (a)) = i′ (α (a)) = i′ (a′) = β (b). β is an isomorphism, so i (a) = b. Therefore
0 = j (i (a)) = j (b) = c. Thus c = 0. Hence γ is injective.

(ii) Let c′ ∈ C ′. Then k′ (c′) = δ (d) for some d ∈ D since δ is surjective. Since
ε is injective and ε (l (d)) = l′ (δ (d)) = l′ (k′ (c′)) = 0, we get l (d) = 0. Hence
d = k (c) for some c ∈ C by exactness of top row. The difference c′ − γ (c) maps to
0 under k′ since k′ (c′)− k′ (γ (c)) = k′ (c′)− δ (k (c)) = k′ (c′)− δ (d) = 0. Therefore
c′ − γ (c) = j′ (b′) for some b′ = β (b) for some b ∈ B, and then γ (c + j (b)) =
γ (c) + γ (j (b)) = γ (c) + j′ (β (b)) = γ (c) + j′ (b′) = c′, showing that γ is surjective.
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This is very powerful as it allows maps to be shown to be isomorphisms without having
to do any explicit calculation. I now want to define a short exact sequence.

Definition 4.3 (Short Exact Sequence). A short exact sequence is an exact sequence
of the form

0 - A
f - B

g - C - 0

Theorem 4.4.

(i)

0
α - A

β - B

is exact iff Ker (α) = 0, ie α is injective

(ii)

A
α - B

β - 0

is exact iff Im (α) = B, ie α is surjective

(iii)

0 - A
α - B - 0

is exact iff α is an isomorphism

(iv)

0 - A
α - B

β - C - 0

is exact iff α is injective, β is surjective and Ker (β) = Im (α). So β induces an
isomorphism C ∼= B

Im(α)

(v)

0 - A
f - B

g - C - 0

is a short exact sequence of vector spaces. Then B is finite dimensional if both A
and C are, and B ∼= A⊕ C

Proof.

(i) (⇒)Exactness at A gives Ker (β) = Im (α) = 0
(⇐)Ker (β) = 0 but Im (α) = 0, so Ker (β) = Im (α), so exact
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(ii) (⇒)Exactness at B gives Im (α) = Ker (β) = B
(⇐)Im (α) = B but Ker (β) = B so Im (α) = Ker (β), so exact

(iii) Follows straight from (i) and (ii)

(iv) The iff part follows straight from (i) and (ii). The first isomorphism theorem tells
us that c ∼= B

Ker(β)
but by exactness Ker (β) = Im (α), thus C ∼= B

Im(α)

(v) Let {ai} be a basis of A and {cj} be a basis of C. g is surjective by (iv) and so there
exists bj ∈ B with g (bj) = cj. Then {f (ai) , bj} is a candidate for a basis for B.
For b ∈ B we have g (bj) =

∑
λjcj. Thus b−∑

λjbj ∈ Ker (g). Since the sequence
is exact Ker (g) = Im (f), so b−∑

λjbj = f (a), so

b− λjbj = f
(∑

µiai

)
=

∑
µif (ai)

Thus b can be rewritten as a linear combination of {bj} and {f (ai)}. It remains to
show that {bj, f (ai)} are linearly independent. bj are linearly independent as they
form a basis of B. f (ai) are linearly independent since f is injective and they form
a basis of A. Thus {bj, f (ai)} is linearly independent. Hence {bj, f (ai)} forms a
basis of B and so B ∼= A⊕ C.

Here are some examples of how to use short exact sequences to calculate groups:

Example 4.5. Let

0 - Z2

f - A
g - Z2

- 0

be exact. What is A?

Case 1 A = Z2 ⊕ Z2

f : Z2 → Z2 ⊕ Z2 f (1) = (0, 1)
g : Z2 ⊕ Z2 → Z2 g (a, b) = b
Ker (g) = {(a, 0) |a ∈ Z2} = {(0, 0) + (1, 0)} = Im (f) So exact

Case 2 a = Z4

f : Z2 → Z4 f (1) = 2
g : Z4 → Z2 g (1) = 1
Im (f) = {0, 2} = Ker (g)
So exact

Example 4.6. Let

0 - Z2

f - A
g - Z3

- 0

be exact. What is A?

A = Z6 = Z3 ⊕ Z2 by theorem 4.4.(v)
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5 Singular Cohomology

In this section I want to cover enough singular cohomology to be able to prove the De
Rham theorem. This means I have to calculate the singular cohomology of Rn and show
the existence of Mayer-Vietoris sequences for singular cohomology. The books used in
this section were [3], [8], [9] and [12].

Throughout this section let X be a topological space and G and Abelian group. We
define the following:

Definition 5.1 (The group of singular n-chains with coefficients in G). Let
Cn (X; G) = Hom (Cn (X) , G). Here Cn (X) is the group of singular chains, which comes
from homology theory and Hom (A,B) is the set of all homomorphisms from A to B.
Then Cn (X; G) is the group of singular n-chains with coefficients in G.

Definition 5.2 (n-cochain). ϕ ∈ Cn (X; G) is an n-cochain and it assigns to each
singular n-simplex σ : ∆n+1 → X a value ϕ (σ) ∈ G.

Definition 5.3 (Coboundary map). The map δn : Cn (X; G) → Cn+1 (X; G) is the
coboundary map. δn acts on an n-chain in the following way:

δnϕ (σ) =
∑

i

(−1) ϕ (σ| [ν0, . . . , ν̂i, . . . , νn+1])

The following property of the coboundary map is important:

Proposition 5.4. δn+1 ◦ δn = 0

Proof.

(δn+1 ◦ δn) ϕ (σ) =
∑
j<i

(−1)i (−1)j ϕ (σ| [ν0, . . . , ν̂j, . . . , ν̂i, . . . , νn+1])

+
∑
i<j

(−1)i (−1)j−1 ϕ (σ| [ν0, . . . , ν̂i, . . . , ν̂j, . . . , νn+1])

If you swap i and j in the second sum, it is equal to the first but with the opposite sign.
Thus they cancel.

Now we can define a cochain complex, cocycles and cochains.

Definition 5.5 (Cochain complex). A cochain complex is a sequence of Abelian groups
and homomorphisms

. . .
δn−1- Cn (x; G)

δn- Cn+1 (X; G)
δn+1 - . . .

where the composition δn+1 ◦ δn = 0 for each n. It is usual to denote the cochain complex
by

C∗ = {. . . δn−1- Cn (x; G)
δn- Cn+1 (X; G)

δn+1- . . .}

Definition 5.6 (Cocycles and Coboundaries). A cocycle is any element of Ker (δ).
A coboundary is any element of Im (δ).
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It is now possible to define the nth cohomology group.

Definition 5.7 (nth cohomology group of X with coefficients in G).

Hn (X; G) =
Ker (δ)

Im (δ)

is the nth cohomology group with coefficients in G.

It is worth noting that Hn (X; G) is an Abelian group. Now we need to extend this
definition to cover pairs of maps (X,A) where A ⊂ X.

Definition 5.8.

Hn (X,A; G) =
Hn (X; G)

Hn (A; G)

To be able to calculate the singular cohomology of Rn the following result is needed.

Lemma 5.9. [Singular cohomology invariant under homotopy]If f, g : (X, A) → (Y,B)
are homotopic as maps of pairs, then the induced homomorphisms

f ∗, g∗ : Hn (Y, B; G) → Hn (X, A; G)

are equal.

Proof. From homology theory we know that the homomorphisms

f∗, g∗ : Hn (X, A) → Hn (Y,B)

are equal. This then gives us our result by duality, ie reverse the arrows before taking
homology groups, then take homology groups to ge the relevant result in cohomology.

Now it is possible to calculate the singular cohomology of Rn.

Proposition 5.10 (Singular cohomology of Rn with coefficients in R).

Hn (Rn;R) =

{
R for n = 0
0 otherwise

Proof. Firstly note that Rn is homotopic to a point. Thus by lemma 5.9 we only need
to calculate the singular cohomology of a point. This can be done explicitly from the
definitions. Firstly we have Cn (pt) = Hom (Cn (X) ,R). Here

Cn (pt) =

{
0 for n > 0
R for n = 0

Thus for n > 0, Hn (pt;R) = 0. Just need to consider when n = 0. Here Hom (R,R) = R.

H0 (pt;R) = Ker(δ)
Im(δ)

where Im (δ) = 0 and Ker (δ) = R. Thus H0 (pt;R) = R. Hence we
get our result.

I now need to look at a specific type of exact sequence called a Mayer-Vietoris sequence
which will be an important tool used in the proof of the De Rham theorem.
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Definition 5.11 (Mayer-Vietoris sequence). Let U1 and U2 be open sets such that
U = U1 ∪ U2. Then the sequence

. . .
δ- Hp (U)

ϕ- Hp (U1)⊕Hp (U2)
ψ- Hp (U1 ∩ U2)

δ- Hp+1 (U)
ϕ - . . .

is called a Mayer-Vietoris sequence. ϕ and ψ will be defined in context.

I now want to prove a theorem which shows that Mayer-Vietoris sequences are exact.

Theorem 5.12. Let U1 and U2 be open sets such that U = U1 ∪ U2. Then the Mayer-
Vietoris sequence of this decomposition is exact.

Proof. We need the following diagram:

Hp (U \ U2; G)
τ∗3

- Hp (U1; G)
δ∗1

- Hp+1 (U \ U1; G)
τ∗4

- Hp+1 (U2;G)

Hp (U)
i∗1 -

τ∗2 -

Hp (U1 ∩ U2;G)
δ∗5- δ∗4 -

i∗3 -

Hp+1 (U \ U1 ∪ U \ U2; G)

i∗7

6

τ∗6

?
τ∗5- Hp+1 (U ;G)

i∗2 -

τ∗1 -

Hp (U \ U1; G)
τ∗4 -
τ∗1

- Hp (U2; G)
δ∗2 -

i∗4
-

i∗2
-

Hp+1 (U \ U2; G)

i∗6

?

τ∗7

6

τ∗3 -
τ∗2

-

δ∗3
-

Hp+1 (U1;G)

i∗1
-

where i1 : U1 → U and i2 : U2 → U are reverse inclusion maps, the δi are the coboundary
maps and the τi are homomorphisms.

We now define the following homomorphisms:

ϕ : Hp (U ; G) → Hp (U1; G)⊕Hp (U2; G) , ϕ (u) = (i∗1 (u) , i∗2 (u))

ψ : Hp (U1; G)⊕Hp (U2; G) → Hp (U1 ∩ U2) , ψ (a, b) = i∗3 (a)− i∗4 (b)

δ : Hp (U1 ∩ U2; G) → Hp+1 (U ; G) , δ (v) = τ ∗1 δ∗4 (v)

These give rise to the following Mayer-Vietoris sequence:

. . .
δ- Hp (U ; G)

ϕ- Hp (U1; G)⊕Hp (U2; G)
ψ- Hp (U1 ∩ U2; G)

δ- Hp+1 (U ; G)
ϕ - . . .

It just remains to show that this is exact and this can be done by looking at the
commutative diagram. To show it is an exact sequence we need to show the following:

(i) Im (ϕ) = Ker (ψ)

(ii) Im (ϕ) = Ker (δ)

(iii) Im (δ) = Ker (ϕ)

(i)Im (ϕ) = Hp (U1; G) ⊕ Hp (U2; G) since i1 and i3 are surjective. Now need to show
that Ker (ϕ) = Hp (U1; G) ⊕ HpU2; G. An element (a, b) is mapped to 0 under ψ if
i3 (a) = i4 (b). This happens if the same element is mapped from Hp (U ; G) to each of
Hp (U1; G) and Hp (U2; G). This is the case here and so Im (ϕ) = Ker (ψ).
(ii)Im (ψ) = Hp (U1 ∩ U2) since i3 and i4 are surjective. Now need to show that Ker (δ) =
Hp (U1 ∩ U2 : G). So we need τ ∗1 δ∗4 = 0. This is true since any element in Hp (U1 ∩ U2)
will be mapped to a coboundary by the coboundary map δ∗4 and then to 0 by τ1.
(iii) Im (δ) = 0 and this is equal to Ker (ϕ) since ϕ is surjective.
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6 Differential Forms on Manifolds

I am going to look at differential forms first before using them to define De Rham coho-
mology. They will be introduced in the context of integration on manifolds which will
give some motivation for the De Rham theorem. The books used in this section were [4],
[6], [7], [10], [11] and [13]. However we first need to cover tensors and alternating tensors
before defining forms.

Definition 6.1 (A Tensor). Let V be a vector space over R of dimension k. A p-tensor
T on V is a multi-linear map T : V p = V × . . .× V︸ ︷︷ ︸

p−times

→ R. As T is multi-linear we have

that

T
(
v1, . . . , vj + av′j, . . . , vp

)
= T (v1, . . . , vj, . . . , vp) + aT

(
v1, . . . , v

′
j, . . . , vp

)

Here are some examples of tensors.

Example 6.2 (Examples of Tensors).
A 1-tensor is just a linear functional on V.
An example of a 2-tensor is the dot product on Rk.
An example of a k-tensor is the determinant.

Here it is useful to define the space of all p-tensors and an exterior product on it.

Definition 6.3 (The space of all p-tensors). Let T p (V ) be the set of all p-tensors on
V .

Definition 6.4 (The tensor product). Let T ∈ T p (V ) and S ∈ T q (V ). Then the
tensor product ⊗ : V p+q → R is defined by

T ⊗ S (v1, . . . , vp, vp+1, . . . , vp+q) = T (v1, . . . , vp) · S (vp+1, . . . , vp+q)

Now I would like to define an extra condition on a p-tensor.

Definition 6.5 (An alternating p-tensor). A p-tensor T is alternating if for all π ∈
Sp , T π (v1, . . . , vp) = T

(
vπ(1), . . . , vπ(p)

)
= (−1)π T .

It is possible to turn any p-tensor T into an alternating tensor Alt (T ) by

Alt (T ) =
1

p!

∑
π∈Sp

(−1)π T π

This is alternating since (Alt (T ))σ = 1
p!

∑
π∈Sp

(−1)π◦σ T π◦σ = (−1)σ Alt (T ) by setting
τ = π ◦ σ and noting that as π ranges through Sp so does τ . We also have the case that
if T is already alternating then Alt (T ) = T .

It now makes sense to define the space of all alternating p-tensors and an exterior
product on this space.

Definition 6.6 (The space of alternating p-tensors). Let Altp (V ) be the vector
space of all alternating p-tensors.
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Definition 6.7 (The wedge product). Let T ∈ Altp (V ) and S ∈ Altq (V ). Now define
the wedge product ∧ : Altp (V )× Altq (V ) → Altp+q (V ) by T ∧ S = Alt (T ⊗ S).

I want to prove two important properties of the wedge product:

Lemma 6.8. If Alt (T ) = 0 then T ∧ S = 0 = S ∧ T .

Proof. First note that Sp+q contains a subgroup G which fixes p+1, . . . , p+q and consists
of all permutations of 1, . . . , p. We can assign to each π ∈ G the permutation π′ which is
obtained by restricting π to (1, . . . , p). Also note that (−1)π = (−1)π′ and that (T ⊗ S)π =
T π′ ⊗ S. Hence

∑
π∈G

(−1)π (T ⊗ S)π =


 ∑

π′∈Sp

(−1)π′ T π′


⊗ S = Alt (T )⊗ S = 0

The subgroup G decomposes Sp+q into a disjoint union of right cosets G◦σ = π◦σ : π ∈ G.
So for each coset we have:

∑
π∈G

(−1)π◦σ (T ⊗ S)π◦σ = (−1)σ

[∑
π∈G

(−1)π (T ⊗ S)π

]σ

= 0

Since T ∧S = Alt (T ⊗ S) is the sum of the partial summations over the cosets of G then
T ∧ S = 0. The same proof can be mirrored for S ∧ T = 0.

Theorem 6.9 (Associativity of the wedge product). The wedge product is associa-
tive, ie

(T ∧ S) ∧R = T ∧ (S ∧R)

Proof. Want to show that (T ∧ S)∧R = Alt (T ⊕ S ⊗R). By definition we have (T ∧ S)∧
R = Alt ((T ∧ S)⊗R) and as Alt is linear we have (T ∧ S) ∧ R − Alt (T ⊗ S ⊗R) =
Alt ([T ∧ S − T ⊗ S]⊗R). Since T ∧ S is alternating we have Alt (T ∧ S − T ⊗ S) =
Alt (T ∧ S)− Alt (T ∧ S) = T ∧ S − T ∧ S = 0. So by lemma 6.8 we have
Alt ([T ∧ S − T ⊗ S]⊗R) = 0 as requires. The proof can be mirrored to give T ∧
(S ∧R) = Alt (T ⊗ S ⊗R).

I now want to show how alternating p-tensors can be studied on a manifold. This is
done by defining a differential form on a manifold which is essentially a function which
assigns to each point of the manifold an alternating p-tensor. A differential form is thus
defined as follows:

Definition 6.10 (A differential form). Let M be a manifold then a p-form ω is a
function which assigns, to every point x ∈ M , an alternating p-tensor ω (x) ∈ Altp (TxM)
where TxM is the tangent space of M .

Here the form is smooth if for any smooth vector fields X1, . . . , Xp on M the function
ω (X1, . . . , Xp) is smooth. It is also possible to define addition, multiplication and wedge
products for forms. This is done pointwise:

(ω1 + ω2) (x) = (ω1) (x) + (ω2) (x)

(λ) (x) = λ (ω) (x)

(ω1 ∧ ω2) (x) = (ω1) (x) ∧ (ω1) (x)

It is also desirable to define the space of all smooth p-forms.
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Definition 6.11 (The space of smooth p-forms). The space of all smooth p-forms is
a vector space and is denoted by Ωp (M).

Here is an example of a 1-form.

Example 6.12. Let f : M → R. Then dfx is a linear map TxM → Tf(x)R = R is a
1-tensor and so the function x 7→ dfx is a 1-form.

This is a very important example as it allows us to define forms in terms of the local
coordinates on a manifold. Let (U,ϕ) be a chart with local coordinates x1, . . . , xn. This
gives 1-forms dx1, . . . , dxn as each xi is a map M → R.

It is now possible to see what effect forms have on smooth maps. Let f : X → Y
be a smooth map and ω be a smooth p-form on Y then it is possible to define a p-
form f ∗ω on X. If f (x) = y then f induces a derivative map dfx : Tx (X) → Ty (Y ).
Now ω (y) is an alternating p-tensor on Ty (Y ) so it can be pulled back to Tx (X) using
the transpose (dfx)

∗. The transpose map A∗ : W ∗ → V ∗ is easily extended to give a map
A∗ : Altp (W ∗) → Altp (V ∗) ∀ p ≥ 0. Now define f ∗ω (x) = (dfx)

∗ ω (f (x)) so that f ∗ω (x)
is an alternating p-tensor on Tx (X) and f ∗ (x) is an p-form on X called the pullback of
ω by f .

It is now possible to define the integration of forms.

Definition 6.13. Let ω = ady1 ∧ . . .∧ dyn ∈ Ωn (V ) where V is a smooth open subset of
Rn. Then

∫
V

ω =
∫

V
ady1 ∧ . . . ∧ dyn ∈ R.

Now using some of the results from section 2 it is possible to extend this definition on
to a manifold.

Definition 6.14. Let M be an orientated manifold with a countable, locally finite, ori-
entated atlas {(Ui, ϕ)}. Let {pi} be a partition of unity subordinate to {Ui} where each
Ui is compact. Given ω ∈ Ωn where n = dim M define

∫

M

ω =
∞∑

j=1

∫

ϕj(Uj)

(
ϕ−1

j

)∗
(pjω)

This is a locally finite sum

It just needs to be shown that this integral is independent of the choice of atlas and
partition of unity.

Proposition 6.15. This integral is independent of the choice of atlas and partition of
unity.

Proof. Let {(Ui, ϕ1)} , {pi} and {(Vj, φj)} , {σj} be two choices of an atlas and a subor-
dinate partition of unity. Then for each j,

∫

m

σjω =

∫

ϕi(Ui)

(
ϕ−1

i

)∗
(Piσjω)

=
∑

i

∫

ϕi(Ui∩Vj)

(
ϕ−1

i

)∗
(piσjω)
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since supp (piσjω) ⊆ Ui ∩ Vj. We have a diffeomorphism ψj ◦ ϕ−1
i : ϕi (Ui ∩ Vj) →

ψj (Ui ∩ Vj) and that det
(
d

(
ψj ◦ ϕ−1

i

))
> 0 by the orientation assumption. As this is

greater than 0 we do not have to worry about putting any minus signs in. Thus

∫

M

σjω =
∑

i

∫

ψj(Ui∩Vj)

(
ϕi ◦ ϕ−1

j

)∗ (
ϕ−1

i

)
(piσjω)

=
∑

i

∫

ψj(Vj)

(
ψ−1

j

)∗
(piσjω)

=

∫

ψj(Vj)

(
ψ−1

j

)∗
(σjω)

If the sum is taken over j both sides agree and we see that the integral is independent
of the choice of atlas and partition of unity.

I now want to look at an object called the exterior derivative which is essential to the
proof of Stokes’s theorem and will play a role analogous to the coboundary map in De
Rham cohomology.

Definition 6.16 (Exterior derivative). Let U ⊂ Rn be open. Define an operator
d : Ωp (U) → Ωp+1 (U) and set d

(
fdxi1 ∧ . . . ∧ dxip

)
= df ∧ dxi1 ∧ . . . ∧ dxip . d is the

exterior derivative.

It is now possible to prove Stokes’s theorem. This is a very important theorem as from
it all the classical theorems of Green, Gauß and Stokes follow along with the fundamental
theorem of calculus. It also links analysis and topology as the boundary operator, ∂, is
purely geometric while

∫
and d are purely analytic.

Theorem 6.17 (Stokes’s theorem). Let M be an orientated manifold with boundary,
dim M = n. Let ω ∈ Ωn−1 (M). Then

∫

∂M

ω =

∫

M

dω

Proof. Both sides are linear in ω so we can assume that ω has compact support contained
in some orientated chart (U,ϕ) for M , where ϕ (U) ⊂ Rn has compact closure. There are
two cases:

Case 1 ϕ (U) ⊂ Interior (Hn), ie ϕ (U) ∩ ∂Hn = ∅

Then
∫

∂M
ω = 0 and

∫
M

dω =
∫
Rn (ϕ−1)

∗
(dω) =

∫
Rn d

(
(ϕ−1)

∗)
. We can write

(ϕ−1)
∗
ω =

∑
i (−1)i−1 aidxi ∧ . . . ∧ d̂xi ∧ . . . ∧ dxn. Here d̂xi means that dxi is omit-

ted from the product. Then d
(
(ϕ−1)

∗
ω
)

=
∑

i
∂ai

∂xi
dx1 ∧ . . . ∧ dxn and so

∫

M

dω =

∫

Rn

∑
i

∂ai

∂xi

dx1 . . . dxn

=
∑

i

∫

Rn

∂ai

∂xi

dx1 . . . dxn
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The integral over Rn can be computed in the standard way as an iterated sequence of
integrals over R1, which may be taken in any order by Fubini’s theorem. So integrating
the ith term with respect to xi:

∫

Rn−1

(∫ ∞

−∞

∂ai

∂xi

dxi

)
dx1 . . . d̂xi . . . dxn

For
∫∞
−∞

∂ai

∂xi
dxi treat the other xi’s as constants and note that ai = 0 outside the compact

set. This implies that
∫ R

−R
∂ai

∂xi
dxi = 0 for large R by the fundamental theorem of calculus.

Thus
∫

M
dω = 0.

Case 2 ϕ (U) meets ∂Hn

Write (ϕ−1)
∗
ω as above. This gives

∫

M

dω =
∑

i

∫

Rn−1

(∫ ∞

−∞

∂ai

∂xi

dxi

)
dx1 . . . d̂xi . . . dxn for i < n

and this is zero as before. So only need to consider

∫

M

dω =

∫

Rn−1

(∫ ∞

−∞

∂an

∂xn

dxn

)
dx1 . . . dxn−1

=

∫

Rn−1

(∫ ∞

0

∂an

∂xn

)
dx1 . . . dxn−1

Fixing x1, . . . , xn−1 we get an = 0 for large xn so the fundamental theorem of calculus
gives us

∫∞
0

∂an

∂xn
= −an (x1, . . . , xn−1, 0). So

∫

M

dω =

∫

Rn−1

−an (x1, . . . , xn−1) dx1 . . . dxn−1

Now consider the inclusion map i : Rn−1 → ∂Hn ⊂ Rn, x 7→ (x, 0). Then i∗ (dxn) =
d (i∗xn) = d

(
nth coordinate of i (x)

)
= 0. We also have that (ϕ−1)

∗
ω =

∑
i (−1)i−1 aidx1∧

. . . ∧ d̂xi ∧ . . . ∧ dxn and i∗ (ϕ−1∗ω) = (−1) i∗andx1 ∧ . . . ∧ dxn−1. Hence

∫

∂M

ω =

∫

∂Hn

(−1)n−1 an (x1, . . . , xn−1, 0) dx1 ∧ . . . ∧ dxn−1

= (−1)n−1 (−1)n

∫

Rn

an (x1, . . . , xn−1, 0) dx1 . . . dxn−1

(extra (−1)n comes from the fact that i changes orientation by that factor)

=

∫

M

∂ω

With Stokes’s theorem I have all the necessary tools from calculus to start looking at
De Rham cohomology.
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7 De Rham Cohomology

In this section I am going to build up the theory of De Rham cohomology. The main tool
used in De Rham cohomology are the differential forms looked at in the previous section.
The theory of De Rham cohomology is going to be very similar to singular cohomology
and this will provide some of the motivation for the De Rham theorem. The books used
in this section were [4], [5], [7], [8], [9] and [13]. I want to start by defining the De Rham
cohomology group.

Definition 7.1 (The pth De Rham cohomology group). The pth De Rham cohomol-
ogy group of U is the quotient space

Hp (U) =
Ker (d : Ωp (U) → Ωp+1 (U))

IM (d : Ωp−1 (U) → Ωp (U))

In particular Hp (U) = 0 for p < 0 and H0 (U) = Ker (d : C∞ (U ;R) → Ω1 (U)).

For this definition to make sense we need d ◦ d = 0. This is true since from our
definition of d we have d

(
fdxi1 ∧ . . . ∧ dxip

)
= df ∧ dxi1 ∧ . . . ∧ dxip and when we apply

d ◦ d to fdxi1 ∧ . . . ∧ dxip we get d
(
df ∧ dxi1 ∧ . . . ∧ dxip

)
= 0 since there is no function

for d to act on, so it maps the entire thing to 0.
I now want to show how a smooth map can induce a morphism on the space of

alternating p-forms. This is done in the following way:

Definition 7.2. Let U1 ⊂ Rn and U2 ⊂ Rn be open sets and φ : U1 → U2 a smooth map.
The induced morphism Ωp (φ) : Ωp (U2) → Ωp (U1) is defined by

Ωp (φ) (ω) (x) = Altp (Dxφ) ◦ ω (φ (x)) where Ω0 (φ) (ω) (x) = ω (φ (x))

I now want to look at a specific example of the morphism induced by a smooth map.

Example 7.3. Let φ : Rn×R→ Rn is given by φ (x, t) = φ (t) x, where φ (t) is a smooth
real valued function. Then

Ωp (φ) (dxi) = xiφ
′ (t) dt + φ (t) dxi

Now given a smooth map φ : U1 → U2 it is possible to associate a linear map

Hp (φ) : Hp (U2) → HP (U1)

by setting Hp (φ) [ω] = [Ωp (φ) (ω)]. This is independent of the choice of representative,
since Ωp (φ) (ω + dv) = Ωp (φ) (ω) + Ωp (φ) (dv) = Ωp (φ) (ω) + dΩp (φ) (v). Also,

Hp+q (φ) ([ω1] [ω2]) = (Hp (φ) [ω1]) (Hq (φ) [ω2])

Now I want to prove a very famous lemma called the Poincaré lemma. It will be useful
for calculation of De Rham cohomology groups.

Lemma 7.4 (Poincaré’s lemma). If U is a star-shaped open set then Hp (U) = 0 for
p > 0 and H0 (U) = R.
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Proof. Firstly, assume U is a star shaped with respect to the origin 0 ∈ Rn. Now want
to construct a linear operator Sp : Ωp (U) → Ωp−1 (U) such that the following holds:

dSp + Sp+1d = id when p > 0

and
S1d = id− e

where e (ω) = ω (0) for ω ∈ Ω0U . If such an operator exists then the lemma is true
because dSp (ω) = ω for a closed p-form, p > 0 and thus [ω] = 0. If p = 0 we get
ω − ω (0) = S1dω = 0 and ω must be a constant. The first stage in constructing our

linear operator is to define an operator Ŝp : Ωp (U × R) → Ωp−1 (U). Now for every
ω ∈ Ω (U × R) it can be written in the form ω =

∑
fI (x, t) dxI +

∑
gJ (x, t) dxt ∧ dxJ

where I = (i1, . . . ip) and J = (j1, . . . , jp). Now define Ŝp (ω) =
∑ (∫ 1

0
gJ (x, t) dt

)
dxJ .

We now have

dŜp (ω) + Ŝp+1d (ω) =
∑
J,i

(∫ 1

0

∂gJ (x, t)

∂xi

)
dxi ∧ dxJ

=
∑

I

(∫ 1

0

∂fI (x, t)

∂t
dt

)
dxI

−
∑
J,i

(∫ 1

0

∂gJ

∂xi

dt

)
dxi ∧ dxJ

=
∑ (∫ 1

0

∂fI (x, t)

∂t

)
dxI

=
∑

fi (x, 1) dxI −
∑

fI (x, 0) dxI

Let φ : U ×R→ U, φ (x, t) = ψ (t) x where φ (t) =





φ (t) = 0 if t ≤ 0
φ (t) = 1 if t ≥ 1
0 ≤ φ (t) ≤ 1 otherwise

. Now

consider the action of Sp (ω) on Ωp (φ), we define this in the following way Sp (ω) =

Ŝp (Ωp (φ) (ω)) where Ŝp : Ωp (U × R) → Ωp−1 (U) as above. Now assume that ω =∑
hI (x) dxI and from example 7.3 we get

Ωp (φ) (ω) =
∑

hI (ψ (t) x) (dψ (t) si1 + ψ (t) dxi1) ∧ . . . ∧ (
dψ (t) xip + ψ (t) dxip

)

So now we have, using the same notation as above

∑
fI (x, t) dxI =

∑
hI (ψ (t) x) ψ (t)p dxI

Thus we have dSp (ω) + Sp+1d (ω) =

{ ∑
I hI (x) dxI = ω p > 0

ω (x)− ω (0) p = 0
.

Now I need to calculate one specific example which will be needed in the proof of the
De Rham theorem.
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Example 7.5 (The De Rham cohomology of Rn). We know that Rn is a star-shaped

open set and so we get Hp (Rn) =

{
0 p > 0
R p = 0

.

In section 5 I showed how to derive the Mayer-Vietoris sequence for singular cohomol-
ogy. I would now like to show how the analogous sequence for De Rham cohomology is
set up. Firstly I want to prove the following result about sequences of alternating groups.

Theorem 7.6. Let U1 and U2 be open sets of Rn with union U = U1 ∪ U2. For ν = 1, 2,
let iν : Uν → U and jν : U1 ∩U2 → Uν be the corresponding inclusions. Then the sequence

0 - Ωp (U) 8
Ip
- Ωp (U1)⊕ Ωp (U2)

Jp
- Ω (U1 ∩ U2) - 0

is exact, where Ip (ω) = (Ωp (i1) (ω) , Ωp (i2) (ω)) , Jp (ω1, ω2) = Ωp (j1) (ω1)−Ωp (j2) (ω2).

Proof. For a smooth map φ : V → W and a p-form ω =
∑

fIdxI ∈ Ωp (W ),

Ωp (φ) (ω) =
∑

(fI ◦ φ) dφi1 ∧ . . . ∧ dφip

So, if φ is an inclusion of open sets in Rn, ie φi (x) = xi, then

dφi1 ∧ . . . ∧ dφip = dxi1 ∧ . . . ∧ dxip

Hence

Ωp (φ) (ω) =
∑

(fI ◦ φ) dxI (3)

Then consider φ = iν , jν for ν = 1, 2. It follows from (3) that Ip is injective, ie
Ip (ω) = 0 then Ωp (iν) (ω) =

∑
(fI ◦ φ) dxI = 0 if and only if fI ◦ iν = 0 for all I.

However fI ◦ i1 = 0 and fI ◦ i2 = 0 gives us that fI = 0 on the whole of U , since U1 and
U2 form a cover of U . We can show that Ker

(
JP

)
= Im (Ip). Firstly note that

Jp ◦ Ip (ω) = Ωp (j2) Ωp (i2) (ω)− Ωp (j1) Ωp (i1) (ω) = Ωp (j) (ω)− Ωp (j) (ω) = 0

where j : U1 ∩ U2 → U is an inclusion. So we have Im (Ip) ⊆ Ker (Jp). Now we have to
show the inverse inclusion. So given two p-forms ων ∈ Ωp (Uν), where ω1 =

∑
fIdxI and

ω2 =
∑

gIdxI . We know that Jp (ω1, ω2) = 0 and Ωp (j1) (ω1) = Ωp (j2) (ω2), which by (3)
gives us that fI ◦ j1 = gI ◦ j2 or fI (x) = gI (x) for x ∈ U1 ∩ U2. We thus define a smooth
function hI : U → Rn by

hI (x) =

{
fI (x) x ∈ U1

gI (x) x ∈ U2

Then Ip (
∑

hIdxI) = (ω1, ω2). It remains to show that Jp is surjective. By section 2, we
can obtain a partition of unity {p1, p2} with support in {U1, U2}. Let f : U1 ∩ U2 → R
be a smooth function. Now use {p1, p2} to extend f to U1 and U2 in the following way.
Since suppU (p1) ∩ U2 ⊂ U1 ∩ U2 it is possible to define a smooth function

f2 (x) =

{ −f (x) p1 (x) if x ∈ U1 ∩ U2

0 if x ∈ U2 \ suppU (p1)
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Analogously we have

f1 (x) =

{
f (x) p2 (x) if x ∈ U1 ∩ U2

0 if x ∈ U1 \ suppU (p2)

Now f1 (x) − f2 (x) = f (x) when x ∈ U1 ∩ U2 since P1 (x) + p2 (x) = 1. Given a
differential form ω ∈ Ωp (U1 ∩ U2) , ω =

∑
fIdxI , the above argument can be applied

to each fI : U1 ∩ U2 → R. This gives functions fI,ν : Uν → R and differential forms
ων =

∑
fI,νdxI ∈ Ω (Uν). This gives Jp (ω1, ω2) = ω.

I need one more lemma before I can prove the existence of Mayer-Vietoris sequences
for De Rham cohomology.

Lemma 7.7. If A∗ and B∗ are cochain complexes then Hp (A∗ ⊕B∗) = HP (A∗) ⊕
Hp (B∗).

Proof. Here we have that Ker
(
dp

A⊕B

)
= Ker (dp

A)⊕Ker (dp
B) and

Im
(
dp−1

A⊕B

)
= Im

(
dp−1

A

)⊕ Im
(
dp−1

B

)
. The lemma follows.

Here is the theorem which shows the existence of Mayer-Vietoris sequences for De
Rham cohomology.

Theorem 7.8 (Existence of Mayer-Vietoris sequences for De Rham cohomol-
ogy). Let U1 and U2 be open sets in Rn and U = U1 ∪ U2. Then there exists an exact
sequence of cohomology vector spaces

. . . - Hp (U)
Ωp (I)- Hp (U1)⊕Hp (U2)

Ωp (J)- Hp (U1 ∩ U2)
Ωp (∂)- Hp+1 (U) - . . .

where Ωp (I) ([ω]) = (Ωp (i1) [ω] , Ωp (i2) [ω]) and Ωp (J) ([ω1] , [ω2]) = Ωp (j1) [ω1]−Ωp (j2) [ω2]
in the notation of theorem 7.6.

Proof. Apply theorem 7.6 to the maps of cochain complexes

I : Ωp (U) → Ωp (U1)⊕ Ωp (U2)

J : Ωp (U1)⊕ Ωp (U2) → Ωp (U1 ∩ U2)

to obtain a short exact sequence of De Rham cohomology vector spaces. Now apply
lemma 7.7, which says that

Hp (Ωp (U1)⊕ Ωp (U2)) = Hp (Ωp (U1))⊕Hp (Ωp (U2))

The theorem follows.

I now want to move onto the main part of the project and prove the De Rham theorem.
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8 The De Rham Theorem

The books used in this section were [5], [7], [8], [9], [12] and [13]. The following journal
articles were also consulated [1] and [2]. I want to start off by stating the De Rham
theorem before explaining what it means and its implications.

Theorem 8.1 (The De Rham theorem). For any manifold M , the cochain map ϕ
induces a natural isomorphism ϕ∗ : Hp (M) → Hn (M ;R) of cohomology groups.

I will define the map ϕ in a bit but firstly I want to comment on the De Rham theorem
and some of it’s implications.

The De Rham theorem answers one of the first questions which springs to mind when
discussing singular and De Rham cohomology. Are they related in any way? The De
Rham theorem says that they will produce the same group to within an isomorphism.
In fact all of the cohomology theories, of which singular and De Rham are but examples
produce the same group to within an isomorphism. This is quite an amazing fact as
singular cohomology is a very topological theory as was shown in section 5, it is derived
from looking at simplicial complexes and cochains on them. De Rham cohomology is
much more analytical. It comes from differential forms on manifolds and the exterior
derivative. It is perhaps strange to see that analysis and topology can be linked in such
a nice way, however Stokes’s theorem in chapter 6 also shows this relationship with the
left hand side of the equation coming from topology and the right hand side coming from
analysis.

Firstly I want to define how to integrate over a simplex.

Definition 8.2. Let T : σ → X be a singular p-simplex in X and ω a differential form.
We can define the integral of ω over T ,

∫
T

ω, as follows. Firstly note that Ωp (T ) (ω) =
fdx1dx2 . . . dxn. We can now take

∫
T

ω to be the n-fold integral of the C∞ real valued
function f over the simplex σ

I now want to define the map ϕ and also explain some of the consequences of it being
an isomorphism.

Definition 8.3. Let ϕ : Ωn (M) → Hom (Qp (M) ,R) be a homomorphism defined by
〈ϕω, u〉 =

∫
u
ω where Qp (M) is the free Abelian group generated by the set of all n-

simplexes in M and u =
∑

aiTi.

Here we have
∫

u
ω =

∑
ai

∫
Ti

ω.
By theorem 6.17, we have that ϕ is in fact a cochain map

Ωp (M) → Hom (Qp (M) ;R)

This map ϕ allows us to have an analytic interpretation of the De Rham theorem. The
De Rham theorem is saying that we can take any form on any manifold and it is possible
to integrate it by mapping it onto a simplex and integrating it there and the result will
be the same as if we had integrated it on the manifold. This is a very useful result as
integrals on non-orientated manifolds are not defined but integrals on simplexes are.

I now want to prove the De Rham theorem.
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Proof. I want to use induction on open sets to prove the De Rham theorem. This requires
use of the main result of section 3; theorem 3.1. There are 4 steps that have to be shown
to be able to prove the De Rham theorem.

Step 1 ∅ satisfies the De Rham theorem
Step 2 Any open subset U ⊆ Vβ diffeomorphic to Rn satisfies the De Rham theorem
Step 3 If U1, U2, U1 ∩ U2 satisfy the De Rham theorem then so does U1 ∪ U2

Step 4 If U1, U2, . . . is a sequence of pairwise disjoint subsets with each Ui satisfying
the De Rham theorem then so does their union

⋃
i Ui

The result then follows from theorem 3.1.
Step 1 Here Hp (∅) = 0 as there are no p-forms on the empty set and Hp (∅;R) = 0

as there are no homomorphisms from the empty set to the reals.
Step 2 Firstly note that diffeomorphisms preserve the cohomology structure so we

have Hp (U ;R) ∼= Hp (Rn;R) and Hp (U) ∼= Hp (Rn). Proposition 5.10 and example 7.5

tell us that Hp (Rn;R) =

{
0 if p > 0
R if p = 0

and Hp (Rn) =

{
0 if p > 0
R if p = 0

Now need to

show that ϕ is an isomorphism. In the case p = 0 we are only integrating a 0-form which
is a continuous function, f , so our integral is the value at a point which is the value of
f integrated at that point. This is not the zero map and so ϕ is an isomorphism. When
p > 0, ϕ clearly maps 0 to 0 and so is an isomorphism.

Step 3 Here the proof requires the setting up of two Mayer-Vietoris sequences and
showing that ϕ links them

Let i : U1∩U2 → U1, j : U1∩U2 → U2, k : U1 → M and l : U2 → M be inclusion maps.
Define cochain maps αΩp (U1 ∪ U2) → Ωp (U1)⊕ Ωp (U2) and β : Ωp (U1)⊕ Ωp (U2) by

α (ω) = (Ωp (k) (ω) , Ωp (l) (ω)) and β (ω1, ω2) = Ωp (i) (ω1)− Ωp (j) (ω2).
Now we need to show that the following sequence is exact:

. . . - Ωp (U1 ∪ U2)
α- Ωp (U1)⊕ Ωp (U2)

β- Ωp (U1 ∩ U2) - . . .

So we need to show that α is injective and β is surjective.
It is clear that α is injective. So it only remains to show that β is surjective. This is

done as follows:
Let {g, h} be a C∞ partition of unity subordinate to the open covering {U1, U2} of M .

Let ω be a differential form on U1 ∩ U2. Then gω can be extended to a C∞ differential
form ωU2 on U2 be defining ωU2 (x) = 0 at any x ∈ U2 \U1. Similarly hω can be extended
to a C∞ differential form on U1 by defining ωU1 (y) = 0 at any point y ∈ U1 \ U2. Then
β (ωU1 − ωU2) = 0.

This sequence then gives rise to the following Mayer-Vietoris sequence.

. . . - Hp (U1 ∪ U2)
α- Hp (U1)⊕Hp (U2)

β- Hp (U1 ∩ U2)
d- Hp+1 (U1 ∪ U2) - . . .

The same thing is done for singular cohomology. Here the required short sequence is:

. . . - Hp (U1 ∪ U2;R)
α′- Hom (U1;R)⊕Hom (U2;R)

β′- Hom (U1 ∩ U2;R) - . . .

Here α′ (f) = (fk, fl) and β′ (f1, f2) = f1i− f2j. Still need to show α′ is injective and
β′ is surjective. It is clear that this is the case.
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This exact sequence gives rise to the following Mayer-Vietoris sequence:

. . . - Hp (U1 ∪ U2;R)
α′- Hp (U1;R)⊕Hp (U2;R)

β′- Hp (U1 ∩ U2;R)
∂- Hp+1 (U1 ∪ U2;R) - . . .

These diagrams can be linked by the homomorphism ϕ in the following way:

. . . - Hp (U1 ∪ U2)
α - Hp (U1)⊕Hp (U2)

β- Hp (U1 ∩ U2)
d- Hp+1 (U1 ∪ U2) - . . .

. . . - Hp (U1 ∪ U2;R)

ϕ

? α′- Hp (U1;R)⊕Hp (U2;R)

ϕ

? β′- Hp (U1 ∩ U2;R)

ϕ

? ∂- Hp+1 (U1 ∪ U2;R)

ϕ

?
- . . .

Firstly need to show that the diagram is commutative.
Given a p-form ω this is mapped to α to (Ωp (k) (ω) , Ωp (l) (ω)). This is then mapped

by ϕ to
(∫

T
Ωp (k) (ω) ,

∫
T

Ωp (l) (ω)
)
. Going the other way around the square, we have ω

mapped to
∫

T
ω which is then mapped to

(∫
T

k (ω) ,
∫

T
l (ω)

)
under α′. These are identical

as we are mapping functions under α′ and forms under α.
Consider an element of Hp (U1)⊕Hp (U2) , (ω1, ω2). This is mapped to Ωp (I) (ω1)−

Ωp (j) (ω2) under β. This is mapped to
∫

T
(Ωp (i) (ω1)− Ωp (j) (ω2)) under ϕ. Going the

other way round the square, ϕ maps (ω1, ω2) to
(∫

T
ω1,

∫
T

ω2

)
which is then mapped to∫

T
(i (ω1)− j (ω2)) by β′. Again these are the same as the map β does the same thing to

forms as β′ does to functions.
Consider an element of Hp (U1 ∩ U2) , ω = fdxi1 ∧ . . . ∧ dxip . This is mapped to

ω′ = df ∧ dxi1 ∧ . . . dxip . By ϕ this is mapped to
∫

T
dfdxi1 . . . dxip . Now consider going

the other way around the square. Firstly, ϕ maps ω to
∫

T
ω =

∫
T

fdxi1 . . . dxip . This is
then mapped to

∫
T

dfdxip . . . dxip .
Thus the diagram is commutative.
By assumptions only need to show that ϕ : Hp (U1 ∪ U2) → Hp (U1 ∪ U2;R) is an

isomorphism. This follows straight from theorem 4.2 as the two maps on both sides of
ϕ : Hp (U1 ∪ U2) → Hp (U1 ∪ U2) are isomorphisms by assumption.

This can be extended to an induction argument to hold for all p, however the case
p = 1 needs to be proved separately. Here we need the following diagram:

0 - 0 - H1 (U1 ∪ U2)
α- H1 (U1)⊕H1bracmU2

β- H1 (U1 ∩ U2) - . . .

0

ϕ

?
- 0

ϕ

?
- H1 (U1 ∪ U2;R)

ϕ

? α′- H1 (U1;R)⊕H1 (U2;R)

ϕ

? β′- H1 (U1 ∩ U2;R)

ϕ

?
- . . .

To be able to apply the five lemma (theorem 4.2) here, need to show that ϕ : 0 → 0 is
an isomorphism. ϕ maps 0 to 0 and so is an isomorphism. Thus the five lemma applies
and so ϕ : H1 (U1 ∪ U2) → H1 (U1 ∪ U2;R) is an isomorphism.

Thus ϕ : Hp (U1 ∪ U2) → Hp (U1 ∪ U2;R) is an isomorphism for all p and so step 3 is
proved.

27



Step 4 Here we need to show that the following diagram commutes isomorphically:

Hp (U)
γ -

∏
α∈A

Hp (Uα)

Hp (U ;R)

ϕ

? γ′-
∏
α∈A

Hp (Uα;R)

∏
α∈A ϕα

?

Where γ : Hp (U) → ∏
α∈A Hp (Uα) , [ω] 7→ [Ωp (iα) (ω)] , ialpha : Uα → U is an inclu-

sion map and γ′ : Hp (U ;R) → ∏
α∈A Hp (Uα;R) , f 7→ fiα. Also ϕα is just the usual map

ϕ but going from HpUα to Hp (Uα;R).
Need to show both γ and γ′ are both isomorphisms. For γ consider each Ωp (iα) unto

the whole of
∏

α∈A Hp (Uα) by defining it as follows:

Ωp (iα) (ω) =

{
Ωp (iα) (ω) on Hp (Uα)
0 on

∏
β∈A, β 6=α Hp (Uβ)

When these are combined to give γ it will be an isomorphism.
For γ′ consider each fiα separately. Each of these is an isomorphism onto Hp (Uα;R)

for each α. It is possible to extend each of these onto the whole of
∏

α∈A Hp (Uα;R) by
defining it as follows:

fiα =

{
fiα on Hp (Uα)
0 on

∏
β∈A, β 6=α Hp (Uβ;R)

Thus have shown that each of the maps is an isomorphism apart from
∏

α∈A ϕα. This
map is also an isomorphism as the diagram is commutative. This proves step 4 and thus
the De Rham theorem.
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